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1. INTRODUCTION

Superfluorescence (1) is the phenomenon whereby a collection of atoms
or molecules is prepared initially in a state of complete inversion, and
then allowed to undergo relaxation by collective, spontaneous decay. This
produces Dulses of anomalous intensity (proportional to the square of the
density of active atoms) and of anomalous, temporal duration (inversely
proportional to the density). Since Dicke's initial work (2), there has
been a preponderance of theoretical and experimental work dealing with
this process (3).

With the exception of the more recent work of Bowden and Sung (4),
all theoretical treatments have dealt exclusively with the relaxation pro-
cess from a prepared state of complete inversion in a two-level manifold
of atomic energy levels, and thus do not consider the dynamical effects of
the pumping process. Yet, all reported experimental work (3,5-10) has
utilized optical pumping on a minimum manifold of three atomic or molecu-
lar energy levels by laser pulse injection into the nonlinear medium,
which subsequently fluorescesces.

LU It was pointed out by Bowden and Sung (4) that for a system otherwise
_satisfying the conditions for superfluorescent emission, unless the char-
LL. acteristic superradiance time (1), 7R, is much greater than the pump pulse

temporal duration, tp, i.e., TR >  Tp, the process of coherent optical
pumping on a three-level system can have dramatic effects on the SF. This
is a condition which has not been realized over the full range of report-

n this paper, we present calculational results and analysis for the

effects of coherent pump dynamics, propagation, transverse and diffraction
effects on SF emission from an optically-pumped three-level system. The
full, nonlinear, co-propagational aspects of the injected pump pulse, to-
gether with the SF which evolves are explicitly treated in the calculation.
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_ et only do our results relate strongly to previous calculations and ex-
perimental results in SF, but we introduce and demonstrate a new concept
in nonlinear light-matter interactions, which we call light control by
light. We show how characteristics of the SF can be controlled by speci-
fying certain characteristics of the injection pulse. This leads to
possible applications in laser pulse control and shaping, nonlinear op-
tical information encoding, and unique pulsed LADAR and millimeter wave-
length sources._

In the next section, the model upon which the calculation is based is
presented and the algorithm used in the simulation is outlined. Results
of the calculation are presented and discussed in Section 3. The last
section is used to summarize the results and cite implications and to dis-
cuss future work.

2. MODEL FOR THKEE-LEVEL SUPERFLUORESCENCE

The model upon which the calculation is based is comprised of a col-
lection of identical three-level atoms, each having the energy level scheme
shown in Figure 1. The 1 --- 3 transition is induced by a coherent elec-
tromagnetic field injection pulse of frequency wo nearly tuned to the
indicated transition. The properties of this pumping pulse are specified
initially in terms of the initial and boundary conditions. The transition
3 ,- 2 evolves by spontaneous emission at frequency w . It is assumed that
the energy level spacing is such that -3 . c2 >>cl so that the fields of
frequencies wo and w can be treated by separate wave equations. The
energy levels 2 1 1 are not coupled radiatively due to parity considera-
tions.

Figure 1. Model three-level
A A, atomic system and electric field

tunings under consideration.
e, For the results reported here,

the injected pulse is tuned to
the 1 +-+ 3 transition.
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Further, we neglect spontaneous relaxation in the 3--- 1 transition,
and spontaneous relaxation in the 3 *-+ 2 transition is simulated by the
choice of a small, but nonzero, initial trinsverse polarization character-
ized by the parameter t o- 10-3. Our results do not depend upon nominal
variations of this parameter. The initial condition is chosen consistent
with the particular choice of 'o, with nearly all the population in the
ground state, and the initial values of the other atomic variables chosen
consistently (4,11).

We use the electric dipole and rotating wave approximation and couple
the atomic dipole moments to classical field amplitudes which are deter-
mined from Maxwell's equations. The Hamiltonian which describes the field-
matter interaction for this system comprising N atoms (4), is

-r R 
) 

wi( 
t k r ) 

e
HR(j) i(J)R ( j )  e --- -.. jr_ = ri rr - 2- : 32 2

- _ -i( t - k -r.) -(wt - k -r.

7 4 N)RR3 e W R R 13 e j)

The first term on the right-hand side of Eq. (1) is the free atomic
system Hamiltonian, with atomic level spacings cri, r = 1,2,3; j=l,2, .. ,N.
The second term on the right-hand side describes he interaction of the
atomic system with the fluorescence field associated with the 3 *-+2 tran-
sition, whereas the last term on the right in Eq.(1) describes theinteraction
between the atomic system and the coherent pumping field. The fluorescence

field and the pumping field have amplitudes 00) and wR(j ) , respectively,
in terms of Rabi frequency, at the position of the jth atom, rj. The re-
spective wave vectors of the two fields are k and ko and the carrier fre-
quencies are ( and wo. It is assumed that the electromagnetic field ampli-
tudes vary insignificantly over the atomic dimensions and that all of the
atoms remain fixed during the time frame of the dynamical evolution of the
system.

The atomic variables in Eq. (1) are the canonical operators (4) Rk9,
which obey the Lie algebra defined by the commutation rules (12-14)

[R m ) , (n)l - R (Smn - R(m) (2)[ij R 9A, , R ik 6 ,j (Sm j aik mrn

i,j = 1,2,3; m,n = 1,2,...,N. The Rabi ra es, dM) and c given in
terms of the electric field amplitudes and E(3), respectively, and0 (m) Mdu
the matrix elements of the transition dipole moments, u 32  and u 31  by

3NO
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E(j) E(JJ)EU)E(J)
u32 Cj) o U31 (3a,b)

where we have considered only one linear polarization for the two fields
and propagation in the positive z direction.

It is convenient to introduce a new set of variables in terms of the
old ones. We let

Wk R - R k > Z Rk = (U + i Vk ) , k > ;, (4a,b)

where Uk9,,Vk9 , and Wk9 are real variables, and Uk : Uk , VkQ : Vk

X + iY R X + iY , (4c,d)
R 0 0

where X, Y, Xo and Yo are real variables which are functions of both space
and time.

The equations of motion for the atomic variables are calculated
according to the commutation relation

in = [HRk(i (5)

If the transformation, Eqs. (4) is applied to the hierarchy of Eqs. (5),
the resulting equations of motion for the real variables WkzUkZVkiare

C 1 w(e)
W 3 = XU 32 -YV 321 +  XoU31 - Y o V311 - Y 1 [W31- W') 31 (6a)

32 X -V3 2' + ' oU31 YoV311 - Yll (W32 - 32 , (6b)

U32 = - -1 X YoI2] - YU32, (6c)

V 3 2 = 'SU32 + YW32 - T1[XoV2 1 + YOU211 iV32, (6d)

U31 = AV3 1 + 2- U21 + YV2 11 XWl -31, (6e)

V31 -"U 31 + V21 - YU211 + YoW31 - , (6f)
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21- -U31 V31] - [oU32 - V 1 ' (6g)

V -U21 - -["31 + U311 [xoV32 + oU32J - YV21 , (6h)

where

A) (j) *(i 6) = (i) = . 0. 7
£33 0W 22 0C)- ,H(7

In obtaining Eqs. (6), we have made use of the invariant, tr S = 1,

I _RU +) + (R) (8)
11 22 33

It is noted that I = 0 is satisfied identically in Eqs. (6) for Yll - 0.
For YII 0, the condition, Eq. (8) together with Eqs. (6) constitutes
the statement of conservation of atomic density, i.e., particle number.

The Eqs. (6) are coupled to Maxwell's equations through the polariza-
tions associated with each transition field. It is easily determined that
the Maxwell's equations in dimensionless form in the rotating wave and
slowly-varying envelope approximations can be written in the following form

1 I 2 -Xo 0 ° 0 -u3 1

l P p 'o = d \31 (9a)

+12 X + = d )32 , (9b)

where the variables X, X Yo are the same as those defined in Eqs.
(4), but in units of Yj_. ?n the above equations, we have assumed cylin-
drical symmetry, thus

2 1
PP

The first term on the left-hand side in Eqs. (9a,b) accounts for
transverse effects with normalized radial coordinate p = r/rp where r is
the radial distance and rp is a characteristic spatial width. In Eqs. (9),
ps= z geffP S where geff is the on-axis effective gain,

'2C-
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geff - nfc - 2 (10)
Ps

where N is the atomic number density (assumed longitudinally homogeneous)
and ri is the index of refraction assumed identical for each transition
wavelength. The quantity

d = N(r)/N0 (11)

governs the relative radial population density distribution for active
atoms. Equations (9) are written in the retarded time, r, frame where
T = t - n z/c. From this point on, - in Lqs. (6) is taken to be - = /,)T.

Finally, the first factors on the first terms in Eqs. (9) are the recip-
rocals of the "gain length" Fresnel numbers defined by

2Tr 2

P (12)JPs 9 -1

Ps geffp
5 s

It is seen from Eqs. (9) that for sufficiently large Fresnel number, .-,
the corrections due to transverse effects become negligible. The "gain
length" Fresnel numbers 3' are related to the usual Fresnel numbers
F = 21tr 2 /xL, where L is the length of the medium, by

p
j/F geffL , (13)

i.e., the total gains of the medium. In the computations, diffraction is

explicitly taken into account by the boundary condition that p = pmax
corresponds to completely ahsorbing walls.

The initial conditions are chosen to establish a small, but nonzero
transverse polarization for the 3 - 2 transition with almost the entire
population in the ground state. This requires the specification of two
small dimensionless parameters,-_~lO-3, for the ground state initial popu-
lation deficit, and 6 ~lO- 3 for the tipping angle for the initial trans-
verse polarization for the 3 -+ 2 transition. The derivation for the
initial values for the various matrix elements is presented elsewhere (15).

3. CALCULATIONAL RESULTS AND ANALYSIS

Calculational methods developed earlier (16) and discussed elsewhere
(17,18) were applied to the model presented in the last section to compute



BOWDEN

the effects on SF pulse evolution for various initial conditions for the
injected (pump) pulse. The results presented here demonstrate many facets
of the control and shaping of the SF signal by control of the input signal
initial characteristics.

In Fiqure 2 is shown results of the numerical calculation fir the
transverse integrated intensity profiles for the co-propagating SF and
injected pulses at a penetration depth of z = 5.3 cm in the nonlinear med-
ium. These profiles correspond to what would be observed with a wide
aperture, fast, energy detector. The pumping pulses are labeled by capi-
tal letters and the corresponding SF pulses are labeled by the correspond-
ing lower case letters. Each set of curves represents a different initial
on-axis area for the pump pulse, i.e., curve A) is the reshaped pump pulse
at z = 5.3 cm which had its initial on-axis area specified as Op =T, and
curve a) is the resulting SF pulse which has evolved. All other parameters
are identical for each set of pulses, The initial conditions for the
atomic medium is that nearly all the population is in the ground state 61
at -r= 0, and a small, but nonzero macroscopic polarization exisfs between
levels F3 and c2 . These two conditions are specified by two parameters
c and 6 , respectively, and we have chosen = c =1 -  self-consistently
in terms of the initial values of the matrix elements for the entire sys-
tem. These initial conditions are uniform for the atomic medium and are

the same for all results reported here. Notice that we have neglected
spontaneous relaxation in the pump transition, I -- 3, relative to the SF
transition, 3 +-- 2. This is justified due to our choice of relative os-
cillator strengths (see Figure 2 caption).

These results clearly indicate the coherence effect of the initial
pump pulse area on the SF signal which evolves. %Dtice that the peak in-
tensity of the SF pulses increases monatomically with initial on-axis area
for the pump pulse. This is caused by self-focusing due to transverse
coupling and propagation. For instance, a 2 cr-injection pulse would gene-
.-ate a very small SF response compared to an initial n-injection pulse for
these conditions at relatively small penetration z, or for the correspond-
ing case in one spacial dimension. The delay time Tp between the pump
pulse peak and the corresponding SF pulse peak is very nearly inversely
proportional to the input pulse area. The temporal SF pulse full width at
half maximum (FWHM), Tw is approximately invariant with respect to the in-
jection pulse area.

Figure 3 shows the effect upon the SF pulse of variation in the init-
ial temporal width at half maximum intensity for the pumping pulse. As the
initial temporal width of the injected pulse tw becomes smaller, the SF de-
lay time TV increases whereas the peak SF intensity decreases and the SF
temporal width T. remains very closely fixed. It is clear from these re-
sults that there exists a linear relationship between the time delay To,

$no
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Figure 2. Radially integrated norm-
alized intensity profiles for the SF

5 and injected pulse at z = 5.3 cm pen-
etration depth for 3 different values

30 for the initial on-axis injection
25 pulse area Op,. The SF pulses are in-

211dicated by a, b, and c, whereas the> 2 n

corresponding injected pump pulses
1_ ,3are labeled by A, B, and C. The in-
10 / jected pulses ire initially Gaussian

1/ in r and T with widths (FWHM) r o =
1/"-. 0.24 cm and Tp = 4 nsec, respectively.

A The level spacings are such that
21, 390 970 747 9.37 ,,. 1334 (u 3 -cI)/(E3-62) = 126.6. The effect-

ive gain for the pump transition
17 cm- 1 and that for the SF transition, gs - 291.7 cm-1 . The gain

iength Fresnel numbers for the two transitions areJ-p = 16800 and s =

2278. The relaxation and dephasing times are taken as identical for all
transitions, and are given as T1 = 80 nsec and T2 

= 70 nsec, respectively.
The injected pulse initial on-axis areas are: A) Op =nv; B) Op =27;
C) Cp 3

40

30

25

'I b

>" 2.0

S10

05 A

O0

00f
2 17 390 570 7.47 9.37 1136 13.34

Figure 3. Radially inteqrated normalized intensily profiles for the SF and
injected pulses at z = 5.3 cm penetration depth for 5 different values for
the initial temporal width of the injected pulse. The initial on-axis area
of the injected pulse is , p = 7T and the pump transition and SF effective
gains are g0 = 17.5 cm-1 and qs =641.7 cm-1 , respectively. All other param-
eters except for the Fresnel numbers, are the same as those for Figure 2.
The injected pulse initial temporal widths at half maximum are: A) Tw =
4 nsec; B) w = 3.3 nsec; C) w = 2.9 nsec; D) T = 2.5 nsec; E) T = 2.2
nsec.
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between the peak SF intensity and the corresponding pump pulse intensity,
and the initial temporal width TW of the pump pulse. This is in qualita-
tive agreement with the analytical prediction made in reference 4b, Eq.
5.1, based upon mean field theory. These results emphasize the import-
ance of the initiating pulse characteristics in SF pulse evolution, and
the effect of SF pulse narrowing with approximate pulse shape invariance
by increasing the initial temporal width of the injected pulse. It is
emphasized that all other parameters, including the initial value for the
injected pulse on-axis area, are identical among these sets of curves.

The initial radial width, rp, of the injected pulse was varied and
the effect upon the SF pulse evolution is shown in Figure 4. There is
clearly indicated an optimum value for rp for which the SF peak inten-
sity is a maximum and the SF temporal width Ts is a minimum. If the re-
lation, Eq. (13) is used in conjunction with the values of the parameters
given in Figure 4 and its caption, it is seen that optimization occurs
for a value for the conventional Fresnel number Fs for the SF transition,
Fs z 1. Thus, from Eq. (13) and Fs = 1, we have

gszmax (14)

for the gain-length Fresnel number. Since Fs- l/z the implicatior. is that
Eq. (14) gives the penetration depth, Zmax, at which the SF peak intensity
reaches a maximum in terms of the ratio z/gs. Since this takes both
transverse and diffraction explicitly into account as well as propagation,
this is indeed a profound statement.

Further insight into the implication of Eq. (14) can be obtained by
considering a one-spacial dimension analogy. If the linear field loss is
taken to be entirely due to diffraction, then the one-dimensional linear
loss Ks corresponding to the two-dimensional case specified by -9 s' is
given by

s 2 (15)
2 p

Then, from Eq. (12)
s : gsls (16)

is the effective gain, g s to loss, K , ratio. From the condition, Eq.

(14),

zx (K1) (17)

i.e., zmax is the penetration depth at which the SF peak intensity is a

maximum, and corresponds to one effective diffraction length, as

o6
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Figure 4. Radially integrated normalized
intensity profiles for the SF and inject-

4C A-G ed pulses at z = 5.3 cm penetration depth
3 for 7 different values for the injected

pulse initial radial width at half maxi-30 mum rp. The initial on-axis area Op of

the injection pulse is Op = 2T; the SF
effective gain gs = 758.3 cm- 1 and the

20 pump transition effective gain gp = 14.6
cm-Y; all other parameters are the same
as for Figure 2. The initial radial widths10 0 bat half maximum for the injected pulses
are: a) rp = 0.57 cm; b) rp 0.43 cm;
c) rp = 0.24 cm; d) rp = 0.18 cm; e) rp

,,1 39 570 147 93, 11 ,31 0.15 cm; f) rp = 0.11 cm; g) rp = 0.09 cm.
The corresponding "gain length' Fresnel

numbers are: a)_Cp = 82876, %s = 34010;
b) 4-p = 46898, -s = 19244; c)4 = 14428,

-s = 5922; d) p = 8326, FS = 3416;
e) *.-p = 5602, s= 2298; f) -p = 3422,

4s = 1404; g) Jp = 2082, 5S" = 854.

Figure 5. Radially integrated normalized
A0 I  intensity profiles for the SF and inject-

ed pulses at z = 5.3 cm penetr.ition depth
35 for 4 different values for the injected
30 pulse initial radial shape parameter v

(see text). The initial on-axis area Op
of the injected pulse is Op = 2Tr and the

20 SF effective gain gs = 758.3 cm-1 , where-

/1' as the effective gain for the pump tran-
sition gD = 14.6 cm- 1  All other param-

,0 ,eters are the same as for Figure 2. The
Kinitial radial shape parameters for the

0003 - injected pulses are: A) v = 1; B) v = 2;
2 17 390 5 Y0 1.47 937 !11M 13314 C3 D v 4

* n~A-
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defined by Eq. (15). Carrying the one-dimensional analogy one step fur-
ther, Eq. (16) used in Eq. (13) gives

F = (rz) -  (18)

From Eqs. (16) and (18) we have exhibited the significance of the Fresnel
numbers _ and F in terms of diffraction loss, i.e., -4 can be thought of
as gain to loss ratio, Eq. (16), whereas F can correspondingly be thought
of as the reciprocal of the strength of the diffraction loss, Eq. (18).

The effect on SF pulse evolution of variation of the initial radial
shape of the initiating pulse is shown in Figure 5. The shape parameter
.) is defined in ternv, of the initial condition for the pump transition
field amplitude, oR(r) ,

(r) = a, R(o) ex - r/rp)vl t19)

Thus, for 1 2, the initial amplitude of the injected pulse is radially
Gaussian, wocreas for v = 4, it is radially super-Gaussian. We see from
the results presented ii, Figure 5 that as the initial radial shape of the
injected pulse becomes broader, i.e., larger values for v , the peak in-
tensity of The SF pulse generated becomes larger, and the width -s dimin-
ishes. It is emphasized that all other parameters, including the initial
values for the radial and temporal widths are invariant among these setb
of curves.

The response of SF pulse evolution to changes in the initial temporal
shape of the injection pulse is shown in Figure 6 which compares the effect
of a Gaussian initial temporal shape for the pump pulse, identified by the
temporal shape parameter, ( = 2, with that of a super-Gaussian identified
by i = 4. As for the radial distribution discussed previously, the tem-
poral shape parameter ,a is defined in terms of the initial condition for
the pump transition field amplitude o)R(r) ,

,0 R(-[) = ")R (o)exp I (/! p )] (20)

Again, it is seen that the broader initial pump pulse causes an increase
in the peak SF intensity and a reduction in the delay time TD and SF pulse
width T5s

Finally, Figure 7 shows the effect of variation of the density p of
active atoms. The effective gains, gs and gp, are changed proportionally,
corresponding to a density variation p . The ratio of the SF intensities
is Ic/i = 1.76 and Ib/Ia 2.06; these ratios are larger than the

/1
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S20 \
20

i 
0"

2 17 390 510 7 47 937 1 3 3.

Figure 6. Radially integrated norm- Figure 7. Radially integrated

alized intensity profiles for the normalized intensity profiles for
SF and injected pulses at z = 5.3 cm the SF and injected pulses at z --
penetration depth for two different 5.3 cm penetration depth for three
values for the injected pulse init- different values for the density o,
ial temporal shape parameter - (see of atoms. The on-axis initial area
text). The initial on-axis area Op Op for the injected pulse is I-p = 21.
of the injected pulse is Op =2Tr, Except for the effective gains-and
and the SF effective gain gs = 641.7 Fresnel numbers, the values for all
cm- 1. All other parameters are the other parameters are the same as for
same as for Figure 4(c). The init- Figure 4(c). For each set of
ial radial shape parameters for the curves, the gain values are: a
injected pulses are: a) 2; 5 = 525.0 cm-S; an i 26.3 cm- ;
b) 4. b gs = 641.7 cm-s i g = 32.1 cm-l,

C) gs = 75P..3 cm - I , 9P = .37.9 cm-I.The corrt Sonding Fresnel numbers

are: a) na = 25992, g-s= 4100;

b)b)p =  31724, 5010; c)

b) = 37465, - 5 092 2.
p S
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correspondinq density ratios squared (1), (cl b)2 1 10 and G bl 2 =

1.49. This difference may be due to self-focusing, especially since the
values of the effective gains used in this case are quite high. However,
the ratio of the temporal widths, tw, (FWHM), is within 15 ,̂ of the corres-
ponding inverse ratios of the densities; the same is true for the delay
time, D, of the SF intensity peak with respect to the pump intensity peak.
These results compare qualitatively reasonably well with the mean field
predictions for SF in two-level systems initially prepared in a state of
complete inversion (1).

4. CONCLUSIONS

The results presented here clearly demonstrate the coherence and de-
terministic effects on SF pulse evolution of injection pump pulse initial
characteristics and conditions. It is suggested that effects of the type
discussed here may have in fact been operative in SF experiments and their
results which were published earlier (5-10).

Furthermore, and perhaps of greater importance, we have demonstrated
the control and shaping of the SF pulse which evolves, by specification of
particuldr initial characteristics and conditions for the pumping pulse
which is injected into the nonlinear medium to initiate SF emission. These
manifestations and others of the same class, we call the control of light
by light via a nonlinear medium. This phenomenon constitutes a method for
nonlinear information encoding, or information transfer, from the injection
pulse characteristics to corresponding SF pulse characteristics which
evolve due to propagation and interaction in the nonlinear medium.

Work is now in progress to incorporate the effects of quantum statis-
tics of the SF spontaneous relaxation process (19). We are in the process
of further determination and analysis of the nonlinear interaction between
two co-propagating pulses resonantly, as well as nonresonantly, interact-
ing by a nonlinear medium (19).
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