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The behavior of the liquid jet injected into air at 30 atm has been simulated during start-up, steady-state, and shut-down. Use 

has been made of an unsteady axisymmetric code with a finite-volume solver of the Navier-Stokes equations for liquid streams 

and adjacent gas, a boundary-fitted-gridding scheme, and a level-set method for liquid/gas interface tracking.

 The development of the transient jet into the gas involves strong instabilities along the edges and moving front of the transient 

jet. The simulation of the full jet depicts that, for lower Reynolds numbers, the starting liquid jet forms a cap which grows in 

volume as it moves downstream and decelerates along the gas chamber. However, for higher Reynolds numbers the 

mushroom-shaped cap  deforms drastically  within a few microseconds after the start of injection and KH and RT inabilities 

develop on the liquid/gas interface. The simulations show that the primary KH wavelengths are on the order of 100-300 

microns. As the waves convected downstream, their amplitude increases and long ligaments are drawn out of the liquid. These 

ligaments further roll back and entrain air during the process, forming significant vortex structures. This behavior of the jet 

during transients is in good agreement with experimental observations of the transient liquid jet.

 At high Reynolds and Weber numbers, small-scale wavelengths and protrusions become even smaller due to exposure to high 

accelerations normal to their interface. This leads to small-scale RT waves at the edge of the ligaments. The normal 

acceleration on the fingers is of the order of 10^6 m/s^2 and the RT wavelengths are between 10 to 50 microns and increase as 

the primary KH wavelength become longer. During the start-up, the liquid jet is accelerated into the gas; RT instabilities appear 

at the rear side of the jet front. However, during shut-down the jet front decelerates. So, the lighter fluid is accelerating into the 

heavier fluid which is stabilizing on the rear side of the emerging jet and destabilizing on the jet front. A comparison between 

the computed RT wavelengths with classical linear instability theory shows a reasonable agreement. However, the measured 

wavelengths are longer compared to the theory due to the fact that the damping effects of viscosity on the smallest 

wavelengths have not been considered in the theory. The range of unstable wavelengths is consistent with VPF instability 

analysis that predicts stability for sub-micron and super millimeter wavelengths for the same fluid properties. Unstable 

wavelength increase up to 1200 microns during the steady-state portion of injection that is larger compared to start-up. At 

higher Weber and Reynolds numbers, smaller waves and thinner ligaments appear at the liquid/gas interface.

To tackle the resolution problem and capture the shortest unstable surface wavelengths, a new model has been developed to 

examine stream-wise segments of the jet during transients. The frame of reference has been transferred from the laboratory 

frame to an accelerating frame fixed to the liquid. This transformation generates a new term as a generalized body force 

analogous to gravity in equations of motion. The magnitude of the acceleration is derived from full transient jet computations. 

Periodic conditions fore and aft of the segment are used in this liquid-segment model.

The initial disturbances at the interface, i.e., 70-120 microns grow and thin ligaments form at the interface as the gas 

accelerates above the liquid. RT wavelengths about 10-20 microns sit at the back of these fingers similar to the scenario 

described for the full jet. Increasing the magnitude of the acceleration leads to longer and thinner ligaments drawn out of the 

liquid for higher Weber numbers. The KH wavelengths become as long as 200 microns as the boundary layers develop in both 

phases and the secondary instability waves become longer, i.e., 20-35 microns. Therefore, the RT instability is not independent 

of the KH instability for the transient liquid jet. The nonlinear synergism between the longer, highly distorted KH surface waves 

and the shorter RT waves explains the experimental results that droplet sizes are usually smaller than KH wavelengths and 

very close to the RT wavelengths appear as a secondary instability on top of KH instability. The range of unstable wavelengths 

and the unstable structures appearing  at the liquid/gas interface repeat the  scenario described for full transient jet.

Technology Transfer



ARO Grant W911NF-09-1-0208
TRANSIENT HIGH-PRESSURE FUEL

INJECTION PROCESSES
William A. Sirignano, Principal Investigator

Final Report November 21, 2012
Submitted to Dr. Ralph A. Anthenien, Jr.,

Program Manager

Prepared by William A. Sirignano and Dorrin Jarrahbashi
Department of Mechanical and Aerospace Engineering

University of California, Irvine 92697-3975

Summary

The transient behavior of the jet emerging from the orifice during the start-up
and shut-down portion of a typical high-pressure diesel-engine fuel injection
is addressed in the present work. The liquid jet injected into air at high
pressure has been simulated during start-up, steady-state, and shut-down.
Use has been made of an unsteady axisymmetric code with a finite-volume
solver of the Navier-Stokes equations for liquid streams and adjacent gas,
a boundary-fitted-gridding scheme, and a level-set method for liquid/gas
interface tracking. Full jet calculations and analysis have been made. In
addition, to ease the resolution problem and capture the shortest unstable
surface wavelengths, a new model has been developed to examine stream-
wise segments of the jet during transients. The frame of reference has been
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transferred from the laboratory frame to an accelerating frame fixed to the
liquid. This transformation generates a new term as a generalized body force
analogous to gravity in equations of motion. Periodic conditions before and
aft of the segment are used in this liquid-segment model. Consistent results
follow from the two approaches.

The acceleration of the liquid during start-up is about 106 m/s2 at the
orifice exit for high Reynolds numbers. When the jet emerges from the
orifice, drag forces due to the dense ambient air cause a deceleration. The
classical ”mushroom” cap for the developing jet is shredded and non-existent
at high Reynolds number. Also, the dynamic protrusions from the jet surface
created by shear instability are subject to local accelerations that lead to
Rayleigh-Taylor (RT) instability. The higher the Weber and the Reynolds
numbers, the shorter the unstable surface wavelengths which appear; so,
the more challenging is the resolution problem. Effects of the acceleration,
surface tension, and liquid viscosity on the interface instability have been
investigated.

The initial disturbances at the interface, i.e., 70-120 µm grow and thin
ligaments form at the interface as the gas accelerates above the liquid. RT
wavelengths about 10-20 µm sit at the back of these protrusions for both
the full jet and liquid segment analyses. Increasing the magnitude of the
acceleration leads to longer and thinner ligaments or sheets drawn out of
the liquid for higher Weber numbers. The KH wavelengths become as long
as 200 µm as the boundary layers develop in both phases and the secondary
instability waves become longer, i.e., 20-35 µm. Therefore, the RT instability
is not independent of the KH instability for the transient liquid jet. The
nonlinear synergism between the longer, highly distorted KH surface waves
and the shorter RT waves explains the experimental results that droplet
sizes are usually smaller than KH wavelengths and very close to the RT
wavelengths appear as a secondary instability on top of KH instability. The
range of RT wavelengths for both full jet and liquid-segment model shows a
good agreement with the classical instability theories.
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1 Introduction and Literature Review

Understanding, insights, and quantitative descriptions are needed to explain
the factors that relate to the mechanisms for the break-up of injected liquid
streams at high pressure during transients (e.g., start-up and shut-down).
The duration of the start-up and shut-down periods of jet injection will vary
from ten to fifty percent of the injection duration, being higher at lighter
loads. Consider for example the injection system of a typical heavy-duty
Class 8 engine with power in the 150-800 HP range. At heavy load (i.e., high
power) and about 2000 rpm, with jet velocity about 300-400 m/s, the valve
opens over 40 crank-angle degrees. This converts to about 3.3 milliseconds.
The start-up transient covers about 2-4 crank-angle degrees or 0.16 to 0.33
milliseconds. The shut-down transient covers 1-3 crank-angle degrees or 0.08
to 0.25 milliseconds. Fluid in the jet travels the order of several centimeters in
a time of order 0.25-0.33 milliseconds. At light load (e.g., 20-25 max power)
and about 800 rpm, with jet velocity about 200 m/s the valve opens over 10
crank-angle degrees or 2.1 milliseconds. The start-up transient is 2-3 crank-
angle degrees or 0.42 to 0.63 milliseconds. The shut-down transient is 1-2
crank-angle degrees or 0.21 to 0.42 milliseconds and fluid in the jet can travel
about 5 cm in time or about 0.25 milliseconds. Therefore, transient behavior
becomes more significant as the load decreases (private communication with
Dr. Peter Schihl of the U.S. Army Tank and Automotive Command.)

From what is stated above, we see that a better understanding of the
transient behavior of a diesel engine is essential to control the temporal vari-
ations in the fuel/air mixing process and eventually enhancing the combus-
tion process in an engine. Investigating the liquid/gas interface dynamics of
the fuel/air mixture in the early stages of the start of injection and shortly
before the end of injection is very challenging. From the experimental scope
the dense cloud of droplets and vapor surrounding the fuel jet and very small
length and time scales of atomization process makes the optical access to
the jet very difficult. Therefore, there is a lack of knowledge regarding the
transient behavior of the fuel/air mixture, especially, very close to the nozzle
exit. On the other hand, theoretical/computational investigations may lack
sufficient resolution for high Reynolds and Weber number ranges that must
be treated. For example, the Weber number range can be estimated to be
104 or higher based on the values for the engine application: (jet velocity=
200-300 m/s; gas density= O(100 kg/m3); jet diameter= O(10−4 m); surface
tension coefficient O(10−2 N/m.) This will create some challenge in obtain-
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ing the needed resolution. However, although Re number is of O(104), the
flow is transitional and not fully established turbulent flow. Thin boundary
layers are formed in the orifice at these Re values and the liquid jet begins
with thin shear layers.

The transient behavior of liquid injection has been the subject of numer-
ous experimental and numerical studies. Different experimental techniques
have been used in the literature to detect the differences between the jet
structures during the transient period of injection compared to the steady
state period (1; 2; 3; 4; 5; 6). The optical measurement techniques such
as shadowgraph and Schlieren imaging and laser-based techniques, e.g., Mie
scattering imaging and laser-induced fluorescence produce obscure images
from the regions of high droplet density near the nozzle since the light scat-
ters from the surface of the droplets. Therefore, these methods lack the
sufficient detailed information about the spray structures near the nozzle; so,
further investigations in this field seems necessary.

Smallwood et al. (7) and Gulder (8) studied the internal structure of
intermittent and highly transient dense diesel sprays using two-dimensional
laser light scattering and transmission techniques. They reported notice-
able and different near-field structures of the transient jet compared with its
steady counterpart. However, the transient jet nearly resembles the steady
jet development at further positions downstream of the nozzle. At about 25-
30 nozzle diameters, the transient jet has an intermittent structure of dense
fluid particles.

Analysis of the transient diesel spray based on the Phase Doppler Particle
Analyzer (PDPA) technique by Kim and Lee (9) depicted that, unlike the
continuous sprays, the development of spray structure was a time-dependent
process for the transient jet. They measured the Sauter Mean Diameter
(SMD) for the whole flow field for the time-dependent jet. The SMD gradu-
ally increased with time after injection and decreased after reaching a maxi-
mum value. They also reported that the need for a broader study to capture
the detailed information on the droplet formation process for transient diesel
sprays is required for high pressure combustion chambers at very high Re
and We numbers.

The ballistic imaging technique provides better images from the near
nozzle structures compared to other optical techniques. The behavior of a
single diesel spray during the injection process was observed by Linne et al.
(10) via ballistic imaging techniques. Their results confirmed the appearance
of periodic structures and distinct and intermittent voids at the interface very
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close to the nozzle exit after about 10 µs of the start of injection. More regular
periodic structures at the interface and uniformly-sized voids together with a
constant width core revealed the characteristics of steady sprays after about
100 µs. The periodic lengths were slightly greater than the orifice diameter
shortly after the injection and increased up to twice the diameter later in
time. X-ray radiography techniques have been successfully applied to find
the internal mass distribution of a diesel spray. However, the two-dimensional
images of high-pressure fuel spray published so far does not reveal the small-
scale structures of the near nozzle and high droplet density regions of the
spray (2; 11; 4; 5).

Most of the numerical studies on transient jet behavior are based on the
extension of the steady-state jet simulations that in turn is dependent on
empirical constants obtained from the experiments, e.g., Abania and Reitz
(12) formulated a new model for unsteady axisymmetric turbulent jets based
on an extension of steady-state gas-jet theory that is shown to be consistent
with Helmholtzs vortex-model. Turner et al. (13; 14) predicted the transient
jet break-up length and its penetration into the gas by modifying the break-
up model previously used for axisymmetric steady jets. Their results showed
better agreement with the experimental data compared with the other break-
up models. From their investigations, the value of acceleration indicates the
time required for the amplitudes and wavelengths of the unstable waves to
reach the critical criterion for break-up. They also showed that the transient
behavior of the jet plays an insignificant role in the overall break-up length
of the jet. However, the transient phase of the jet is crucial in the initial
stripping of the droplets from the coherent jet. Aneja and Abraham (15)
used an axisymmetric model to study the penetration of the liquid fuel in
a constant volume chamber under normal diesel engine conditions. Their
analysis showed sensitivity to the numerical resolution which had been related
to a dependence of the computed Sauter Mean Radius (SMR) of the drops
on the grid resolution.

The three-dimensional simulation of primary atomization of turbulent
liquid jets using the Refined Level Set Grid (RLSG) method by Herrmann
(16) showed that turbulence appears to be the driving mechanism or at least
initiator of atomization within the first 20 diameters downstream of the in-
jector. During atomization, the phase interface exhibits a highly complex,
three-dimensional surface with a large range of different scales. They ad-
mitted that prediction of very small-scale wavelengths during start-up and
shut-down is mesh-size dependent even by using RLSG method. This short-
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coming has also been indicated by Goroshovski and Herrmann (17).
Liquid-fuel injection systems operate under conditions of high Weber

numbers induced by the huge velocity of the jet and high Reynolds num-
bers. Our challenge is to understand the mechanisms of jet flow under these
extreme conditions which lead to the formation of small drops and mist. The
disintegration of liquid jets can be framed in terms of instabilities. The in-
stabilities are well known to be critical in the distortion of the liquid/gas
interface and in the process by which ligaments of liquid are torn from the
jet core. Three kinds of instabilities that can lead to break-up are capillary
instability, Kelvin-Hemholtz (KH) instability (an approximation to shear in-
stability) , and Rayleigh-Taylor (RT) instability. The effects of large accel-
erations superimposed on large velocity differences are possibly an essential
feature in liquid fuel injection systems and a major cause of RT instability.
As the jet emerges from the orifice, drag forces due to entry into the dense
air cause a deceleration. Also, the dynamic protrusions from the jet surface
are subject to accelerations. The signature of this instability is the waves
that corrugate at the free surface at the instant of acceleration. Ultimately,
these waves will finger into the liquid causing it to break-up. There has been
a lack of knowledge in the literature regarding the effects of RT instabilities
on jet break-up during start-up and shut-down transients.

Studying the mechanisms involved in secondary instability and break-up
of droplets due to acceleration could be very promising to predict the effects
of acceleration on liquid streams. Varga et al. (18) described the break-up
of a small diameter liquid jet exposed to high-speed gas jet as secondary RT
instability of the primary KH instability. They proposed a phenomenologi-
cal break-up model for the initial droplet size based on the same acceleration
mechanism that breaks up liquid drops in high speed airstream investigated
by Joseph and co-workers (19; 20). Varga et al. (18) observed that RT insta-
bility was generated on the wave crests resulted from the primary KH insta-
bility. Their model assumes that liquid is inviscid. In fact, the RT instability
depends strongly on viscosity and the effects of viscosity are remarkably well
represented by Viscous Potential Flow (VPF) instability analysis (21; 22).

Joseph et al. (20) investigated the secondary break-up of both New-
tonian and non-Newtonian droplets in a shock tube exposed to very high
accelerations of orders 104 to 105 times the gravity. They claimed that the
Rayleigh-Taylor (RT) instability is the main cause of the break-up. Han and
Tryggvason (23) performed a numerical simulation of the secondary break-up
of droplets exposed to both impulsive and constant body force acceleration

7



for low-density ratios. They added a body force to the axisymmetric Navier-
Stokes equations to simulate the effects of constant acceleration on droplet
surface. They claimed that acceleration controls the break-up mechanism
when the viscous effects are negligible and surface tension is constant. The
study of the break-up mode revealed that for higher accelerations the drop
is deformed in to a very thin film pulled in the downstream direction; that is
an indication of the shear break-up mode. Therefore, the secondary instabil-
ity (RT) due to very high accelerations in transient jet indicates the size of
the smallest liquid ligaments that finally will break-up from the liquid core
and form the droplets. Thus, the estimations of the smallest wavelengths
at the liquid/gas interface can be promising in predicting the droplet size
distribution for jet atomization under very severe conditions.

The first part of this work concentrates on the numerical simulation of a
single transient axisymmetric jet injected into high pressure quiescent air at
very high We and Re numbers during start-up, steady-state, and shut-down
portions of the injection. The jet instabilities during the start-up period in
the near nozzle region, where the length of the jet is less than 5 orifice di-
ameters, are of great importance. This region is of interest due to very high
accelerations that the liquid jet experiences as the pressure is increasing in
the orifice. Simultaneously, the mushroom-shaped cap forms and develops
due to the effects of drag forces acting on the liquid. Finally, the amalgama-
tion of various physical mechanisms leads to highly complicated instability
structures on the jet interface and the cap. Therefore, the near nozzle region
during start-up will be treated carefully in this paper.

The valuable information obtained from the full transient jet simulations
will be used to develop a new model to capture the instabilities at the liq-
uid/air interface with better resolution. These simulations can be extremely
costly if the full jet is being considered numerically. In this new model, a
segment of the jet whose fixed length is longer than the interesting wave-
lengths but still computationally manageable will be considered during the
start-up period of injection. Some comparisons with the classical instability
theories and full jet simulations will be made to verify the usefulness of the
Liquid-Segment model for the various configurations and conditions under
study.

Although a three-dimensional simulation of a liquid jet injected into high
pressure environment provides more detailed information on jet break-up
(16), the axisymmetric liquid-segment model presented in this paper opens a
new gateway for reducing the simulation costs for severe flow conditions, e.g.,
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high Re and high We numbers. Once this axisymmetric model is established
and proved to be helpful in predicting the transient liquid jet instability,
developing a three-dimensional model will be the very next goal to follow in
future.

This paper’s approach will center on the development and use of theo-
retical and computational models to solve the unsteady, multi-dimensional
Navier-Stokes equations for flow through injection and the exiting transient
jet through orifice. Use will be made of the previously developed unsteady
multidimensional code with the finite-volume solver of the Navier-Stokes
equations for liquid streams and adjacent gas, boundary-fitted-gridding scheme,
and level-set method for liquid/gas interface tracking applied by (24; 25; 26).
We will use the model capability to examine the orifice and jet flows during
start-up and shut-down transition, typical of intermittent combustors, pre-
dicting jet formation and resulting axisymmetric instabilities that can lead
to stream break-up. In the proposed model, the observations from the exper-
iments of (10) based on near field ballistic images of a diesel spray during the
start-up, steady-state, and shut-down will provide some guidance to describe
the phenomena observed in our numerical simulation. The Viscous Potential
Flow (VPF) instability theories will also be applied as a mean to validate
the range of unstable wavelengths observed in our simulations.

2 Computational Method

The Navier-Stokes and continuity equations for an incompressible flow fol-
lows:

ρ
∂u

∂t
+ ρ(u · ∇)u = −∇p+ µ∇2u+ F; ∇·u = 0 (1)

where u is the velocity field; ρ and µ are the density and dynamic viscosity
of the fluid, respectively. p is the pressure and F is the body force applied
to the fluid. We consider a finite volume discretization on a staggered grid.
The convection-diffusion problem has been discretized based on the finite
volume method using the QUICK algorithm (27) and the Crank-Nicolson
scheme for discretizing the unsteady term. The coupling of the continuity and
momentum equations is done through the SIMPLE algorithm (28). The level-
set method developed by Osher and co-workers (29; 30) is used for tracking
the liquid/gas interface. The level-set is defined as a distance function with
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zero value at the liquid/gas interface; positive values in the gas phase and
negative values in the liquid phase. It is denoted by θ and all the fluid
properties for both phases in the Navier-Stokes equations can be defined
based on their values and the equations could be solved for both phases
simultaneously. The level-set function is also convected by the unknown
velocity field based on the following equation:

∂θ

∂t
+ u · ∇θ = 0 (2)

In addition, the surface tension force applied on the interface is defined
based on the level-set function and curvature of the interface as is shown
in the third term on the right-hand side of the Navier-Stokes equation as
follows:

ρ
Du

Dt
= −∇p+ µ∇2u− σκδ(d)n (3)

where σ is the surface tension coefficient, δ is the delta function, d represents
the distance from the interface, n and κ are the normal vector directing
toward the gas phase and the curvature of the interface, respectively. For
detailed descriptions on interface tracking (26).

The computational domain and gridding system that consists of an orifice
initially full of liquid and a gas chamber initially filled with quiescent gas is
demonstrated in figure 1(a). The plenum pressure upstream in the orifice is
set to increase exponentially over a period of 0.3 ms until a prescribed max-
imum pressure is reached after which the plenum pressure is held constant
at that cap value for another 0.1 ms. The plenum pressure drives the flow
and the mass flux; the exit velocity of the jet increases with the plenum pres-
sure. At the end of the start-up process, the maximum jet velocity reaches
200 m/s. The no-slip boundary condition on the orifice channel wall and
slip condition on the top wall of the gas chamber have been applied. The
velocity and viscous stress are continuous at the liquid/gas interface. The
computational gird consists of an orthogonal coordinate system based on po-
tential flow solutions in the orifice and a Cartesian coordinate system in the
external flow. There are 4000 and 600 mesh points in the x and r-direction,
with 9600 mesh points lying in the orifice and orifice channel and 2,390,400
in the external flow. The flow properties are summarized in table 1.

Re,We, and Fr numbers have been defined as follows: Re = ρluD
µl

, We =

ρlu
2D
σ

, Fr =
√

uτ
D

= u√
aD

, where u, ρl, µl, σ, D , a, and τ are the mean
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(a) (b)

Figure 1: Physical domain and orthogonal grid (a) Orifice and gas chamber
for full jet (flow from left to right) (b) liquid-segment model.

FluidProperties Liquid (Kerosene) Gas (air)

Viscosity (kg/m.s) 2.7e-3 1.8e-5
Density (kg/m3) 804 38.4 at 30 atm
Surface Tension Coefficient (N/m) 0.028 -
Maximum Jet Velocity (m/s) 200 -

Table 1: Fluid properties

exit plane velocity corresponding to the maximum mass flow rate, the liquid
density, liquid viscosity, surface tension coefficient, orifice diameter, mean
local exit fluid acceleration, and time required for the liquid jet velocity
transition from zero to u at the orifice exit, respectively.

Predicting the jet instability during steady-state followed by the shut-
down process requires the length of the gas chamber to be more than 200
times the orifice diameter which would increase the cost of the simulations
significantly. Therefore, the valuable information obtained from the full tran-
sient jet simulations described above has been used to develop a new model to
capture the instabilities at the liquid/gas interface with better resolution and
lower cost than for the full jet computations. In this new model, a segment
of the jet whose fixed length is longer than the interesting wavelengths but
still computationally manageable, e.g., 1-mm length for a 200-micron initial
diameter will be considered during the start-up period of jet injection. The
gridding system and computational domain has been shown in figure 1(b).
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To consider the effects of acceleration on the fluid motion of this segment,
we transfer the frame of reference from the laboratory frame identified with
(x, t) and the fluid velocity U(x, t) to an accelerating frame in which the
mass center of the segment is stationary, identified with (X, t) and v(X, t)
where v(X, t) = U(x, t) +V(t) and dX = dx +V(t)dt . V(t) is the liquid
injection velocity at the orifice that varies with time only. In other words,
we assume that all the liquid particles travel with the same velocity as the
liquid jet exit. Substituting v(X, t) = U(x, t) + V(t) in 1 and considering
the fact that the spatial derivative of V(t) is zero, the resultant modified
Navier-Stokes equation is obtained as in Equation (4). This transformation
generates a new term ρV̇ as a generalized body force analogous to gravity
in the equations of motion 4. V̇ is the acceleration of the frame of reference
equivalent to the acceleration of the liquid jet emerging from the orifice.

ρ
DU

Dt
= −∇p+ µ∇2U− σκδ(d)n− ρV̇; ∇·U = 0 (4)

The fluid segment consists initially of two concenteric cylinders; liquid
is in the inner cylinder and the gas fills the surrounding outer cylinder. In
our first calculations, the diameters of the inner and outer cylinders are 200
and 800 µm, respectively, and the length of the liquid segment is 1 mm. So,
the outer gas domain has one order of magnitude of volume more than the
liquid domain. The liquid segment diameter is consistent with the jet-orifice
diameter used in full jet simulation. The total number of mesh points is
400,000 (1000 in x-direction and 400 in r-direction); the computational grid
consists of a uniform mesh (∆x = ∆r = 1 µm.)

Use will be made of the same scheme used for full jet simulations consid-
ering the effects of constant body force given in Equation (4). The liquid is
initially stationary and the gas flows over the interface from right to left with
a starting value associated with the velocity of the liquid jet on the axis of
symmetry and acceleration of the liquid jet obtained from the full jet analysis
when the jet has penetrated about 1 mm into the gas. The periodic condi-
tions for pressure and velocity at the right and left boundaries and symmetry
boundary condition at the bottom boundary of the computational domain
have been applied. In addition, the normal gradient of velocity is zero on the
top boundary. The flow conditions are the same as the full transient jet as
shown by Jarrahbashi et al. (31).
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3 Full Transient Jet

3.1 Navier-Stokes and Level-Set Analysis

The axisymmetric CFD code mentioned in the previous section has been
developed to simulate the flow of a liquid through an orifice and the gas
chamber during start-up, steady-state, and shut-down period of injection.
The fluid properties and the computational domain are shown in table 1
and figure 1(a), respectively. Mesh sizes vary from 1 to 10 microns; finer
next to the orifice in the major flow direction and 1 to 2 microns in the
radial transverse direction and time step is 10−8 s. During start-up, the
plenum pressure drives the flow and the mass flux and the exit velocity of
the jet increase with the plenum pressure. The maximum mass flux and
pressure remain constant for about 100 µs during the steady-state period.
During the first 300 µs after the start of injection, jet velocity and orifice
pressure difference increase from initial zero values to 200 m/s and 1.6 MPa,
respectively. The air pressure in the gas chamber is 30 atm and the orifice
diameter is 200 µm. The variation of centerline axial-velocity with time
along the jet axis is shown in figure 2. This figure shows that there is a
time period between the jet start-up at time equal to zero and the arrival of
the jet front at a given downstream position. Obviously, the period becomes
longer as downstream distance from the exit increases. After the jet front
arrives, there begins a period with increasing jet velocity and orifice pressure
drop. This period ends at about 300 µs after start-up. Then, a period
of near-steady jet velocity begins. Once the jet has reached a downstream
position, the instantaneous velocity there is roughly the same value as the
jet exit. During the shut-down period, the centerline velocity decreases from
maximum velocity but does not reach zero in this flow configuration.

Figure 3 shows the radial variation of velocity with time at one orifice di-
ameter downstream of the orifice exit. During the start-up the radial velocity
in liquid phase increases to 180 m/s at the centerline while the pressure is
building up at the exit of the nozzle. Farther from the centerline, the veloc-
ity decreases slightly; thus, the velocity reaches its maximum value at the
centerline. On the other hand, at the liquid/gas interface (r ∼ 100 µm) the
gas flow appears to experience vortical motion very close to the interface.
The deviations seen on the graph at 200 µs close to the interface explains the
effects of these vortical structures. The sharp gradients of velocity profile ob-
served near the interface are a result of the thin gas shear layer with thickness
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Figure 2: Jet centerline axial-velocity
vs. time at different positions down-
stream of the orifice exit, ρg

ρl
= 0.048,

∆pmax = 1.6 MPa, Re = 1600, We =
23000, and Fr = 17.

Figure 3: Velocity profile of the
liquid jet and surrounding gas at
x=1D at different instants of injec-
tion during start-up, ρg

ρl
= 0.048,

∆pmax = 1.6 MPa, Re = 1600,
We = 23000, and Fr = 17.

of the order of 5-10 µm. Applying the continuity of both velocity and shear
stress at the interface, we expect higher velocity gradient in the gas phase
since its viscosity is much smaller than that of the liquid (µg/µl = 0.0068 and
νg/νl = 0.14 for high density gas, i.e. ρg = 38 kg/m3). Therefore, assuming
the shear layer growth rate in the gas phase is associated with the viscous
diffusion, we expect small-thickness shear layer in the gas phase since the
kinematic viscosity of the gas is one order of magnitude smaller than that
of the liquid. The nonlinear waves resulting from hydrodynamic instability
form vortex structures that affect the shear layer near the interface. Pro-
trusions (which are actually dynamic excursions of the interface) grow and
wind from the interface, with small ligaments of fluid breaking from liquid
jet. The protrusions appear to be associated with coherent vortex structures
of the type envisioned by Abania and Reitz (12) and Ning et al. (3). The lig-
aments and drops observed in experiments are actually liquid conical sheets
and fluid rings in our axisymmeteric simulations. Thus, they have been used
interchangeably within this text.

The numerical resolution must be sufficient to capture this vortex struc-
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ture development since these vortices produce the fingers that break-up and
form the spray. For a finger that, in three dimensions, has a location of min-
imum cross-sectional area in the liquid, capillary action can cause this neck
to shrink and cause breaking. The presence of capillary stress in the model
will allow this to happen. For a location in the liquid where local thinning
brings two opposite interfaces close together without forming a neck, the
disjoining pressure might become a factor; however, we have not included
that physics in our analysis. This physics would lead to a local puncture of
the liquid. The tearing of the liquid can be followed by deformations due to
aerodynamic and capillary forces that enhance further break-up. Therefore,
further three-dimensional computations perhaps with consideration of dis-
joining pressure seem necessary to investigate the formation of the droplets
from the ligaments observed in the present axisymmetric simulation. The lig-
aments here are actually conical sheets and what is being observed as droplets
are actually rings of fluid due to the axisymmetric nature of our numerical
simulation; however, the effects of acceleration on the primary protrusions is
the same for both axisymmetric and three-dimensional analysis. For a plane
surface subject to a constant acceleration directing normal to that surface
the temporal growth rate and the maximum amplified RT wavelengths has
been predicted based on the linear instability theory (32). The same effects
has been investigated for the co-flow jet (33) and liquid sheets experiments
(34) that lead to the formation of ligaments and finally droplets.

The accelerating behavior of the liquid jet during the start-up is the main
focus of this research. Figure 4 graphs the length of the jet as it is developing
with time for Re number equal to 1600 and 2000 during the transient and
steady-state period of injection. The jet length (furthest centerline position
of the jet) increases with a positive acceleration for both Reynolds numbers.
The higher Reynolds-number jet has more momentum relative to various
drag effects; so, it penetrates farther and produces a longer jet at comparable
instants of time. For the lower Reynolds number case this lack of momentum
leads to a shorter liquid jet at different stages of injection. During the steady-
state period of injection (300 µs < t < 400 µs) the length of the jet is
increasing with a constant velocity which is nearly the same for both Reynolds
numbers. However, during the shut-down period, the length of the jet is
increasing with a lower rate compared with the start-up and steady-state.
The decelerating motion complies with the concave portion of the graph.

It is instructive to investigate the behavior of a point located on the
centerline at an optional initial position downstream of the orifice that moves
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Figure 4: Length of the liquid jet
vs. time during start-up, steady-state,
and shut-down period for different Re
numbers, ρg

ρl
= 0.048, ∆pmax = 1.6

MPa, We = 23000, and Fr = 17.

Figure 5: Axial position of a liq-
uid point on the centerline mov-
ing from different initial positions
vs. injection time, ρg

ρl
= 0.048,

∆pmax = 1.6 MPa, Re = 1600,
We = 23000, and Fr = 17.

with the liquid velocity at that point. The initial positions of the three
different points selected for this analysis are 1, 2, and 3 diameters downstream
of the orifice, respectively. The horizontal distance traveled by each of these
points vs. injection time have been graphed in figure 5. Three different
segments detected in these curves repeat the same trend described in figure
4 for start-up, steady-state, and shut-down period.

Further analysis of these graphs gives the magnitude of the acceleration
and the constant velocity of the steady-state segment of the jet (see table
2.) According to this table, the acceleration of the liquid jet during start-
up and shut-down is approximately 104 and 105 times greater than gravity,
respectively. So, gravity is insignificant in these calculations. This high
acceleration is consistent with the expectation for RT instability based on
Viscous Potential Flow theory (20). In addition, points initially located at a
further distance downstream of the orifice move with a greater acceleration
during transient portions of the injection and also greater constant velocity
during the steady-state period of injection. Table 2 gives the magnitude of
the acceleration and the constant velocity of the steady-state segment of the
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Acceleration×105 m/s2

X0/D Start-up Shut-down Steady-State Velocity (m/s)

1 1.68 -4.82 70
2 4.02 -11.81 170
3 4.61 -12.04 200

Table 2: Kinematics of the liquid particle motion downstream of the orifice,
Re=1600, We=23000.

jet.
Figure 6 illustrates the formation of a mushroom-shaped cap as the jet

develops along the chamber while the pressure drops and the jet exit velocity
increases during the first 30 µs from the start of injection. The mushroom-
shaped cap grows in volume and vortices at the interface roll back and entrain
air into the rear side of the cap. This figure also illustrates the effects of liquid
viscosity on the jet development for the same pressure difference at the orifice
exit at the same instant of time. The viscosity of the liquid in (b) is 10
times that of (a). The discrepancies between the unstable structures at the
liquid/gas interface on the cap shown in figure 6(a) and (b) are significant.

High Re number jet is associated with longer and thinner ligaments with
RT wavelengths appearing at the rear side of the cap as the magnified window
on the right hand side of the picture illustrates. In other words, the front of
the jet decelerates due to the drag forces acting on it. So, the lighter fluid is
then accelerating into the heavier fluid, which according to RT theory would
be stabilizing on the front side of the jet cap and destabilizing on the rear
side of the jet cap. However, due to the stabilizing effects of viscosity we did
not detect RT waves at the back of the cap for case (b) at 30 µs. However,
as time elapses, longer RT wavelengths compared to case (a) sit at the back
of the jet cap. For Re numbers greater than 1000, the separation of the flow
from the nozzle at the upstream curved corner generates a recirculation zone
that may extend throughout the orifice channel. This phenomenon known as
hydraulic flip entrains air into the orifice and fills the recirculating zone. One
way to avoid hydraulic flip is to increase the length of the orifice channel; the
orifice channel for case (a) is twice that of (b). The effects of cavitation and
flow recirculation on jet instability has been explained (26).

Figure 7(a) shows that the mushroom-shaped cap deforms after 40 µs

17



from the start of injection and well-known KH inabilities appear on the liq-
uid/gas interface. This figure confirms the existence of the second type of
instabilities at the back of the jet cap. These waves appear due to the RT
instabilities. The reason behind this claim is that firstly, unlike the primary
KH wavelengths, RT waves depend upon accelerations normal to the sur-
face of the flow and have smaller wavelengths compared to the primary KH
wavelengths. Secondly, RT wavelengths appear at the edges of the primary
instabilities shortly after the formation of the KH instability at the interface.
Therefore, RT instability can be considered as a secondary instability of the
primary KH corrugation at the interface.

Mormattant and Villermaux (33) investigated the mechanisms responsi-
ble for the formation of corrugations, ligaments, and droplets at the interface
of the liquid jets with a co-flow experiment. They claimed that the accelera-
tion perpendicular to the to the passage of the travelling primary undulations
is responsible for producing the secondary RT instability. In addition, RT
instability occurs when the amplitudes of the primary waves is around its
maximum. The large amplitude protrusions accelerated in the gas stream
develop secondary RT instabilities at their edges. This configuration is very
similar to what we observed numerically for the axisymmetric liquid jet. The
sensitivity of the short-wave RT instabilities to the surface tension has also
been investigated in Marmottant’s experiment. They state that unlike the
KH wavelength that depend on the shear instability at the interface, the RT
wavelengths depend strongly on the surface tension. The effects of surface
tension on jet instability for two instants of injection time have been shown
in figure 8(a) and (b). The surface tension coefficient in (b) is 10 times that
of (a); the Re number equals to 1600 for both cases. Clearly, by decreasing
the surface tension, longer and thinner ligaments form and small wavelengths
appear at the rear side of the jet cap at 30 µs and strong KH and RT waves
appear on the liquid/gas interface at 80 µs. Thus, for the range of Re and
We numbers that we are considering, we expect small-scale wavelengths and
protrusions that become even smaller due to exposure to high accelerations
normal to their interface, i.e., RT instability. The prediction of these small-
scale wavelengths is of great importance.

According to Varga et al. (18), the scale of the primary mean droplet sizes
during the atomization process are close to the most unstable RT wavelength.
The most interesting unstable structures, especially the secondary instability
occurs after the mushroom-shaped cap develops during the first 30 µs after
the start of injection. For lower Re numbers shown in figure 7(b), the RT
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(a) (b)

Figure 6: Jet development at 30 µs, ρg
ρl

= 0.048, ∆pmax = 1.6 MPa (a)

Re = 16, 000, We = 230, 000, and Fr = 17 (b) Re = 1600, We = 230, 000,
and Fr = 17.

wavelengths are significantly larger compared to case (a). This is consistent
with the fact that viscosity has stabilizing effects for shorter wavelengths if
surface tension is constant. Based on the potential flow analysis, the surface
tension has stabilizing effects for high jet velocity and high Re numbers (20).

Figure 9 graphs the severe KH and RT instabilities at the interface and
the size of these wavelengths 30 to 100 µs after the start of injection for Re
and We numbers equal to 16,000 and 230,000, respectively. Primarily, 30 to
40 µm wavelengths appeared at 30 µs after the start of injection turn into 10
to 20 µm wavelengths at 40 µs due to secondary instabilities. Simultaneously,
as the liquid jet develops with time, the primary KH wavelengths increase
to 100 µm at 50 µs and continue to increase up to 300 µm at 100 µs that is
greater than the diameter of the orifice. The RT wavelengths associated with
these longer KH waves also increase to 30 µm at 100 µs compared to 10 to 20
µm wavelengths observed earlier. As mentioned before, the liquid jet builds
momentum at the early stages of the injection while the pressure difference
at the orifice increases. In addition, the drag forces acting on the liquid are
also stronger at the beginning of injection. This corresponds to higher jet
acceleration and high shear stress at the liquid/gas interface leading to small
wavelength KH and RT instabilities. As the jet develops, the acceleration of
the liquid jet and the drag forces decrease; thus, longer wavelengths appear
at the interface.

Figure 10(a) depicts the jet development during the steady-state, i.e.,
350 µs after the start of injection for Re and We numbers equal to 16,000
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(a) (b)

Figure 7: Jet development at 40 µs, ρg
ρl

= 0.048, ∆pmax = 1.6 MPa (a)

Re = 16, 000, We = 230, 000, and Fr = 17 (b) Re = 1600, We = 230, 000,
and Fr = 17.

and 23,000, respectively. The instantaneous interface is displayed and strong
instabilities are seen along the edges and moving front of the jet. As the jet
develops along the chamber the core width of the liquid jet increases and the
ligaments that drawn out of the jet grow in the radial direction. The typical
KH instabilities and RT wavelength can be detected with long wavelengths,
i.e., greater than 400 µm and 70 µm, respectively, which are larger compared
with the start-up.

As figure 10(b) graphs, the instabilities that were initiated prior to the
beginning of shut-down have endured. However, these waves become longer
downstream of the jet and persist for a longer time compared to start-up.
The jet is continuing to be extended during the shut-down although the local
flow rate is now decreasing with downstream distance implying that mass is
accumulating in the forward part of the jet; that is, the jet core velocity
is decreasing with downstream distance such that the jet front has a lower
velocity than the orifice exit flow. On the other hand, during the shut-down
transient the heavier liquid is decelerated into the lighter liquid. Thus, RT
instability appears at the front part of the jet as shown on the magnified
window in figure 10(b).

As was observed in figure 6(a) and 7(a) a few ligaments have detached
from the liquid core as a characteristic of 2D axisymmetric simulations. This
rupturing is not a characteristic of the break-up at later stages since these
ligaments often continue to break-up by capillary instabilities producing a
range of small-scale drops. The break-up of these ligaments is dependent
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(a)

(b)

Figure 8: Jet development at 30 µs (left) and 40 µs (right), ρg
ρl

= 0.048,

∆pmax = 1.6 MPa, Fr = 17, and Re = 1600 (a) We = 230, 000 (b) We =
23, 000.
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(a)

(b)

Figure 9: (a) Unstable structures at the liquid interface during start-up
at 100 µs and magnified picture of the interface (b) KH and RT wavelength
spectrum from the numerical simulation during start-up vs. time (ρg

ρl
= 0.048,

∆pmax = 1.6 MPa, Re = 16, 000, We = 230, 000, and Fr = 17.)
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(a) (b)

Figure 10: Simulated jet development, ρg
ρl

= 0.048, ∆pmax = 1.6 MPa, Re =

16, 000, We = 23, 000, Fr = 17, (a) steady-state at t = 350 µs (b) shut-down
at t = 450 µs.

on the grid resolution. A coarse grid produces thicker ligaments and larger
droplets when detached from the jet core. If we were considering secondary
atomization models these larger droplets would turn into smaller droplets
later in time. This dependence on the numerical grid resolution has been
reported (16).

Figure 11 shows the effects of mesh sizes on the size of detached ligaments
from the interface for mesh size equal to 0.5, 1, and 2 µm at two instants
of injection time, namely 30 and 50 µs after the start of injection. It ap-
pears in all cases that most of the drops and ruptured segments of liquid are
produced near the tip of the liquid jet due to large velocity differences be-
tween the liquid and the stationary gas. However, as the jet develops, more
ligaments break-up from the interface further upstream from the jet head.
These pictures show that a coarse grid produces thicker ligaments and larger
droplets when detached from the jet core. Other than the size of detached
ligaments, the first two cases (i.e., 0.5 and 1 µm) show similar behavior in
terms of the jet velocity, jet penetration and interface instability; however
the ligaments of the 2 µm-case detach from the interface before they curl
at the back of the jet head as was observed in the first two cases. In other
words, the 2-µm resolution seams insufficient to capture the jet penetration
behavior during start-up. Therefore, the grid resolution on which the level
set function has been solved coupled with Navier-Stokes equations dictates
the break-up length and diameter of the ruptured segments of the liquid jet.
The interface thickness based on which the liquid and gas properties have
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Figure 11: Impact of grid-resolution at 30 µs (top) and 50 µs (bottom),
ρg
ρl

= 0.048, ∆pmax = 1.6 MPa, Re = 16, 000, We = 23, 000, Fr = 17:

∆x = ∆r = 0.5 µm (left), ∆x = ∆r = 1 µm (center), ∆x = ∆r = 2 µm
(right).

been defined equals to three mesh sizes, i.e., 3 µm for 1 µm grid resolution.
So, our results are consistent with accepted findings in the spray atomization
field. The hydrodynamic stabilities can be predicted well by computation.
However, the prediction of the break-off of ligaments and droplets will have
quantitative inaccuracies.

The independency of the solution on the size of the computational domain
has been investigated. The difference in axial velocity of liquid points located
on the axis of symmetry close to the jet tip (e.g. 2D downstream of the orifice
at 30 µs after the start of injection) for a computational domain twice the
length and height, i.e., 4D and 40D, is less than 0.003%. The number of mesh
points in both axial and radial directions is also doubled keeping the mesh
size ∆x = ∆r = 1 µm. The unstable structures at the interface for these two
computational domains demonstrated in figure 12 show similarities in terms
of wavelengths and shape of ligaments. Here, the total mass of liquid in the
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Figure 12: Impact of the size of computational domain, 20D length and 2D
height (left), 40D length and 4D height (right) at 30 µs after the start of
injection, ∆x = ∆r = 1 µm, Re = 16, 000, We = 230, 000, and Fr = 17.

computational domain is prescribed to vary with time. So, we have used the
Liquid-Segment model of section 4 to evaluate the reliability of our level-set
technique. For that model, constant liquid mass with time is prescribed.

The qualitative characteristics of the unstable interface during start-up
that were discussed before agree well with the experimental observation of
(10). They detected periodic structures, voids, and the appearance of liga-
ments, some of which appear to roll-up and entrain air during the process
that is consistent with the unstable structures that we obtained numerically.
In their experiment, the transient liquid jet is injected through an orifice with
155 µm diameter into air at atmospheric pressure at 300 K. The density ra-
tio, Re number, and We number are 0.0011, 16000, and 7.6e5, respectively.
The maximum jet velocity reaches 370 m/s during the steady-state period.

The numerical simulations have been adapted to this flow configuration
in order to investigate the quantitative agreement between them. The range
of unstable wavelengths from the numerical simulation compared with the
experiment has been shown in figure 13. The numerical results demonstrate
both KH and RT wavelengths at different instants of injection time and
the shaded areas show the length of the experimentally observed periodic
structures. The numerical results predict shorter wavelengths compared to
experiments. The RT wavelengths between 10 to 70 µm and KH wavelengths
between 90 to 130 µm have not been reported in the experiment, probably
due the difficulties in detecting the small-scale instabilities close to the nozzle
and the limited spatial resolution of the imaging techniques. However, the
longer unstable wavelengths remain in the predicted range of experiments,
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Figure 13: Wavelength spectrum from the numerical simulation during start-
up vs. injection time for both KH and RT instabilities, compared with the
experiment of (10): gray areas.

i.e., 140-180 and 220-350 µm.
As mentioned before, the early stage of start-up is of great importance.

Very small-scale secondary instabilities at the rear side of the jet cap need
very good resolution to be captured in numerical simulation. Therefore,
we treat the early start-up phenomena using the full transient jet model
discussed above. However, due to the drag forces acting on the bulk accu-
mulated liquid on the jet cap, the jet centerline velocity decreases drastically
in the axial direction. Figure 14 describes the effects of Re number on the
deceleration of the liquid jet during the start-up period of injection, i.e., 100
µs after the start of injection. Based on the results shown in figure 14 for
higher Re numbers, the jet tip moves approximately at the speed equal to the
jet exit velocity and the effects of drag forces are not dominant in the down-
stream direction. In other words, we can assume that the liquid points on
the centerline of the jet have the same acceleration as the jet injection at the
nozzle exit. (14) assumed that the acceleration of the jet exit is immediately
translated to all parcels in the liquid core to capture the initial penetration
phase of the transient jet. This essentially portrays any element of mass
as a ballistic slug of liquid following a constant velocity with time; i.e., the
Lagrangian time derivative is zero although velocity spatially varies in the
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Figure 14: Effects of jet Re number on ambient gas and centerline velocity
with downstream distance at 100 µs, ρg

ρl
= 0.048, ∆pmax = 1.6 MPa, We =

23, 000, and Fr = 17.

downstream direction. Thus, for larger Re numbers we can examine stream-
wise segments of the jet, treating these segments as ballistic slugs coming
from the orifice instead of simulating the full jet. The Liquid-Segment model
for simulating further instabilities at the jet interface after the jet cap has
deformed due to severe instabilities will be discussed in section 4.

3.2 Instability Analysis

There are four physical phenomena which contribute to the hydrodynamic in-
stability: (1) acceleration normal to the interface, i.e., Rayleigh-Taylor (RT)
instability; (2) inertial difference across the shear layer at the jet interface,
i.e., Kelvin-Helmholtz instability; (3) capillary effects; and (4) viscous effects.
The magnitude of the growth rate increases with increasing wave number
(decreasing wavelength); however, surface tension has stabilizing effects on
shorter wavelengths and decreases the growth rate. These four effects are or-
dered above so that, in the dispersion relation for the growth rate obtained for
viscous potential flow discussed by Joseph et al. (20), the four related terms
appear proportional to wave number to the first, second, third, and fourth
power, respectively. So, viscous effects dominate at very short wavelengths
while gravity effects dominate at very long wavelengths. If an acceleration
much larger than gravitational acceleration is applied, short wavelength can
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be experienced; this is the situation in our transient jet. The acceleration
term is destabilizing (stabilizing) when the heavier (lighter) fluid accelerates
into the lighter (heavier) fluid. The Kelvin-Helmholtz instability is a type of
shear instability of the interface of two fluids with a velocity discontinuity
with no shear layer. In reality, two separate boundary layers with different
thicknesses form at the interface and both velocity and the shear stress are
continuous. The effects of this finite-size shear layer on the instability of
two parallel streams with same densities was first investigated by Rayleigh
(35). Marmottant and Villermaux (33) has analysed the transition between
the pure Kelvin-Helmholtz and Rayleigh instability for two parallel streams
and proposes a criterion based on the liquid density ratios, vorticity or shear
layer thickness and the velocity of the less dense fluid, and surface tension.
In satisfying that limit, the Rayleigh instability overcomes the pure Kelvin-
Helmholtz instability. As discussed earlier the shear layer thickness in our
numerical simulation is small; therefore, the shear instability lies within the
Rayleigh limit.

The Kelvin-Helmholtz effect is always de-stabilizing while the viscous ef-
fect is always stabilizing. The capillary effect is always stabilizing when the
surface radius of curvature is sufficiently large; however, it can be important
in the three-dimensional pinch-off of smaller ligaments from the surface. An-
other mechanism that can play a role in the final pinch-off of ligaments is
disjoining pressure. Depending upon the balance between these terms, the
jet will be stable or unstable.

The Rayleigh-Taylor instability is a result of the accelerations perpendic-
ular to the liquid interface that has been the subject of the primary Kelvin-
Helmholtz instability. When the acceleration is directed towards the liquid
(dense fluid) the interface becomes unstable (36; 37). RT instability has been
analyzed (20) as a viscous potential flow. In their analysis Navier-Stokes
equations are reduced to an identity provided that the pressure is given by
Bernoulli’s equation. Liquid acceleration points down against the direction
of height increasing. It is assumed that the heavy fluid is above the light
fluid, or that the light fluid is accelerated into the heavy fluid above. The
following dispersion relation depicts the relation between temporal growth
rate and wave number;
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ω = −k2µl + µg

ρl + ρg
±

[
ρlρgk

2(ug − ul)
2

(ρl + ρg)2
− k

ρl − ρg
ρl + ρg

g − k3σ

ρl + ρg
+ k4

(
µl + µg

ρl + ρg

)2
]1/2

(5)
where ω is the temporal growth rate, µl, µg, ρl, and ρg are the viscosity and
density and the indices l and g refer to liquid and gas, respectively. σ is
the surface tension coefficient, k is the wave number, g is the gravitational
acceleration that can be replaced by the acceleration of the light fluid into the
heavy liquid since this acceleration is considerably greater than gravitational
acceleration (about 105g) as discussed in the previous section. If the quantity
under the root is negative, then the real part is negative and the interface is
stable.

Varga et al. (18) developed a model for the initial break-up of an inviscid
liquid jet by a high-speed coaxial gas stream based on the classic linear
stability analysis by (32), including the effects of surface tension. The RT
instability dispersion relation and wavelength has been predicted as follows:

ω =

[
k(ρl − ρg)a− k3σ

ρl + ρg

]1/2
; λRT = 2π

√
3σ

ρla
(6)

where λRT is the RT instability wavelength and a is the acceleration.
Figure 15 shows a plot of the real part of the growth rate versus wave-

length following Joseph et al. (20) using the same parameters mentioned
in table 1 and acceleration, Re, and We numbers equal to 800,000 m/s2,
1600 and 23000 respectively. Positive values indicate the instability region
while negative values imply stability. Clearly, at sub-micron wavelengths,
where viscosity and capillary effects dominate, we find stable behavior. The
dispersion relation reflected in 5 accounts for both Kelvin-Helmholtz and
Rayleigh-Taylor instabilities. This figure clearly shows that instabilities are
expected in the wavelength range that are found in our simulations, i.e.,
O(10−6 − 10−3 m). As shown for our sub-millimeter, super-micron wave-
length range of interest, unlike the liquid acceleration viscosity and surface
tension are very important.

The liquid jet is accelerating through the orifice during start-up. In addi-
tion, liquid protrusions are exposed to an even higher acceleration normal to
their interface. This normal acceleration causes the secondary RT instability
at their edges. the crests of the primary instabilities moves in the streamwise

29



Figure 15: Real part of the linear growth rate as a function of wavelength
based on VPF instability analysis (20).

direction. We have measured the change of this streamwise velocity of about
10 of each of this crests every 1 microseconds for about 60 microseconds after
the start of injection. This time period has been used since the liquid jet
is experiencing the highest acceleration during this period that is associated
with more complicated unstable structures on the liquid jet. The local accel-
eration normal to the back of the jet cap is denoted by (an) is of the order of
106-107 m/s2 compared to the liquid jet injection acceleration (105-106 m/s2)
discussed in table 2. The the local acceleration (an), The RT wavelengths,
the thickness of the ligaments appeared at the rear side of the jet cap and
on the interface during the first 60 µs from the start of injection shown in
figure 9 for Re and We equal to 16,000, 230,000 for a few selected ligaments
and the local RT instability have been gathered in table 3. The last column
of this table illustrates the theoretical RT wavelength as in 6 that has been
extensively used in many publications as a mean to compare numerical sim-
ulations with experimental observations. Comparing our measurements with
this theory shows a reasonable agreement. The discrepancies stem from the
fact that, as mentioned earlier, this formula does not take into account the
liquid viscosity that has stabilizing effects for shorter wavelengths. Therefore,
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t Thickness an Computed λRT λRT = 2π
√

3σ
ρlan

µs µm m/s2 µm µm

26 11 8.4e6 27 21
36 12 2.3e7 14 13
55 35 2.7e6 40 38

Table 3: RT wavelengths compared with theory for full jet.

the measured RT wavelength is slightly larger compared to the theory.
Discrete Fourier Transform (DFT) of the interface of the jet 250 µs after

the start of injection is illustrated in figure 16. The peaks in the diagram
correspond to the range of wavelengths captured at the interface which is
greater than 100 µm and smaller than 1600 µm at that instant of injection.
Further DFT analysis for the steady-state and shut-down periods not shown
in this picture reveals the fact that shorter wavelengths appear during the
start-up at the interface; as we approach the steady-state period of injection
these short waves grow in length. The decelerating motion of the liquid dur-
ing the shut-down segment of injection is associated with shorter wavelengths
compared with the steady-state period. Averaging the results obtained for
the total injection duration, i.e., 500 µs, shows that the wavelengths charac-
terized by this analysis are predominantly in the range from 10 to 1200 µm.
This result indicates the dimensions of the expected ligaments and droplets
in the initial break-up of the jet and magnifies the fact that detecting the
small waves during start-up and shut-down requires a good resolution in CFD
calculations.

4 Liquid-Segment Model

The full jet instability as discussed earlier originates at a certain point and
develops in space, in the direction of mean velocity, i.e., spatial instability.
Numerical modeling of the spatial problem requires much longer computa-
tional domains to allow the spatial development of the flow. The jet insta-
bility problem simulated in the laboratory frame is now transferred to a new
accelerating coordinate system consistent with the acceleration of the liquid
on the centerline obtained in full transient jet simulation. The gas acceler-
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Figure 16: Fourier analysis of the interface during start-up at 250 µs after
the start of injection, Re = 1600, We = 23000, Fr = 17.

ates over the initially stagnant liquid and the generated instabilities at the
interface will develop temporally. Since the temporal instability dominates
in this model most comparisons reported here especially, the frequency and
amplification rate of the instabilities are mainly qualitative. However, as will
be illustrated the KH and RT wavelengths will stay in the same range as full
transient jet.

We consider two points initially located at 0.65D and 0.85D on the center-
line of the full jet and track these points during the start-up period, i.e., 300
µs and plot the axial velocity vs. time as shown in figure 17. As the graph
shows, for the first 60 µs associated with the formation of the mushroom-
shaped cap, the acceleration increases up to 106 m/s2. The acceleration of
the liquid points remains approximately constant after about 75 µs for both
liquid points. The average acceleration for these two cases is about 800,000
m/s2. We use this value of acceleration in the Navier-stokes equation shown
in 4.

A small segment of the jet, e.g., 1 mm with a 200-micron radius sur-
rounded by air at 30 atm is considered. The liquid is initially quiescent while
the gas blows over the liquid from right to left. The gas initial velocity is
consistent with the maximum velocity of the jet in the laboratory frame when
its penetration length is 1 mm. The computational domain and boundary
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Figure 17: The axial velocity on the
centerline of the full jet vs. injection
time for two starting points, Re =
16, 000, We = 230, 000, Fr = 17.

Figure 18: Liquid/gas velocity
profile vs. radial direction for
liquid-segment at different instants
of time during start-up, Re =
16, 000, We = 230, 000, Fr = 17.

conditions arre described in section 2. The fluid properties are based on the
initial velocity profile consists of a small thickness boundary layer for the
liquid varying between zero to 50 m/s along 100-micron orifice radius com-
bined with a large thickness boundary layer for the gas varying between 50
to 70 m/s along 300 µm in radial direction. Initial disturbances with 100 µm
wavelength have been applied on the liquid/gas interface in observation of
the effects of instabilities due to nozzle cavitation during injection.

The velocity profile of both phases along the radial direction is shown
in figure 18 at different instants of time. The velocity of the liquid and gas
increases with time consistent with the constant acceleration of the frame
of reference. As time elapses, oscillations appear at the velocity profile due
to the surface instability and formation of liquid protrusions and vortical
structures associated with rolled-up ligaments.

Figure 19 illustrates the development of the unstable wavelengths at the
liquid/gas interface at two instants of time. The primary KH waves with
wavelengths of 100-200 µm travel to upstream relative to the liquid (left)
while their amplitude increases and long ligaments (fingers) are drawn out of
liquid. These ligaments turn and roll-up in the flow direction (right to left).
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At the same time, they turn into a very thin film with a blob of liquid at the
end. This phenomenon has been reported (1) for droplets accelerated by a
constant force in a quiescent environment for large accelerations. In addition
to the acceleration of the frame of reference, these ligaments are exposed to
very high local accelerations normal to their interface that make them a good
prey for small-scale RT instabilities (10-50 µm), these secondary instabilities
appear at the edge of the ligaments formed by the primary KH instabilities
at the interface.

Figure 20 illustrates the instabilities due to an acceleration which is two
times that of figure 19 at 15 and 30 µs after the start of injection while other
parameters, i.e., Re, and We numbers, remain constant. Increasing the
acceleration of the frame of reference leads to the formation of longer and
thinner ligaments with smaller RT wavelengths on their crests at comparable
instants of time. It is instructive to investigate the effects of surface tension
on jet instability. According to the viscous potential flow dispersion relation
(21) at sub-millimeter, super-micron wavelength range of interest, unlike the
liquid acceleration viscosity and surface tension are very important. Surface
tension has stabilizing effects for smaller wavelengths; thus, at higher We
numbers we expect smaller wavelengths. A comparison between figures 20
and 21 depicts that at a comparable instant of time after the start of injection
smaller waves and thinner ligaments appear at the liquid/gas interface for
higher We number with constant acceleration, Re, and Fr number.

We have performed a similarity simulation for a segment twice in length
compared to the cases shown so far, i.e., 1 mm. The non-dimensional param-
eters namely, density ratio ρg

ρl
, viscosity ratio µg

µl
, Re = ρluD

µl
, We = ρlu

2D
σ

,

Fr = u√
aD

, and non-dimensional time t∗ = t
√

a
D

should remain constant.
For this purpose liquid and gas viscosity, surface tension coefficient, and ori-
fice diameter has to be twice those values used for 1-mm segment. However,
the acceleration is half of the shorter length segment to keep the Fr number
constant. Furthermore, the mesh size and time step are twice that of the
shorter length segment since the liquid viscosity has twice the value of the
shorter length segment while the density ratio remains unchanged.

We expect wavelengths and ligament thicknesses to be twice that of the
1 mm-liquid segment applying the above mentioned parameters. Figure 22
demonstrates the discrepancies between the interface instabilities for 1-mm
and 2 mm-segment at t*=1.89 for Re,We, and Fr numbers equal to 16,000,
230,000, and 17, respectively. The thicknesses of the blobs at the tip of the
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Figure 19: Instabilities at the liquid/gas interface for liquid-segment model
at two instants of time: t = 15 µs (left) and t = 30 µs (right), Re = 16, 000,
We = 23, 000, Fr = 17, a = 400, 000 m/s2.

Figure 20: Instabilities at the liquid/gas interface for liquid-segment model
at two instants of time: t = 15 µs (left) and t = 30 µs (right), Re = 16, 000,
We = 23, 000, Fr = 12, a = 800, 000 m/s2.
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ligaments indicated in the boxes, wavelengths appeared at the interface, and
the amplitudes of these waves for 2 mm-segment are approximately twice that
of the 1 mm-segment. The discrepancies are at most 2 µm; that is smaller
than the interface thickness, i.e., 3 µm (3 mesh size) for 1 mm-segment
comparable to 6 µm for the 2 mm-segment. The thicknesses of these blobs
are of great significance since the droplet sizes that will eventually detach
from the ligaments probably have comparable sizes.

One of the concerns in applying the level set method for interface tracking
is to check the conservation of mass; especially, when the ligaments become
as small as the grid size leading to their detachment from the liquid core. Re-
initialization technique used in this work (38) improves the mass conservation
of the level set method. These methods known to be effective in maintain-
ing the level set as a signed distance function for capturing more accurate
interface curvature. We expect constant liquid volume in the liquid-segment
model during the injection period as the periodic boundary conditions on
the right and left boundaries of the computational domain implies. However,
there are two factors affecting the liquid volume: firstly, the level set method
deficiency in mass conservation, and secondly, the detachment of the liquid
particles from the liquid jet body as discussed earlier. This issue has been
investigated in figure 23. The liquid volume change with respect to the ini-
tial state during start-up changes from 0 to 0.7% after 100 µs after the start
of computation for a three-micron interface thickness keeping mesh spacing
constant (1 µm). The sudden jumps in the graph corresponds to the local
tearing of the liquid at the edge of the liquid fingers which in turn depends
on the computational grid size. Decreasing the level set interface thickness
leads to a sharper change in fluid properties between the two-phases and lo-
cally thinner ligaments that detach easier from the liquid jet compared with
a three-micron interface thickness. Therefore, the liquid volume change is
higher for smaller interface thickness as figure 23 demonstrates.

The range of KH and RT wavelengths at the liquid/gas interface for the
liquid-segment is shown in figure 24 for 10 to 80 µs after the start of simu-
lation for the liquid segment of length 1 mm with Re,We, and Fr numbers
equal to 16,000, 230,000, and 17, respectively. Initially, KH waves in the
range of 70-120 µm appear at the interface. Then, the wavelengths range
extends due to secondary instability resulting from the acceleration of the
gas blowing over the crests of these waves. The smallest wavelengths on the
spectrum designate the RT wavelengths and the longer wavelengths indicate
the KH instability. We detect waves as small as 10 µm at 20 µs, consis-
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Figure 21: Instabilities at the liquid/gas interface for liquid-segment model
at two instants of time: t = 15 µs (left) and t = 30 µs (right), Re = 16, 000,
We = 230, 000, Fr = 12, a = 800, 000 m/s2.

Figure 22: Similarity simulation for 1 mm-segment (left) and 2 mm-segment
(right) at t∗ = 1.89, Re = 16, 000, We = 230, 000, Fr = 17.
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Figure 23: Effects of interface thickness used in level set method on liquid
volume change with respect to the initial state in the liquid-segment during
start-up, ρg

ρl
= 0.048, ∆pmax = 1.6 MPa, Re = 16, 000, We = 23, 000,

Fr = 17.

tent with the full jet simulation shown in figure 9. It should be noted that
full transient jet and liquid-segment cannot be exactly matched at a specific
computational time due to the different nature of the analysis, i.e., spatial
instability for full jet vs. temporal instability for liquid-segment. However,
the liquid-segment qualitatively agrees with the full jet and predicts the same
range of wavelengths observed in full jet simulations. For example, the pri-
mary KH waves become longer and the RT waves associated with them also
increase in length as time elapses. This trend continues until the largest KH
wave approach 300 µm and RT waves grow to about 35 µm. Once again,
we can deduce that the effects of acceleration are mainly on the secondary
instability. Consequently, the RT instability on the liquid jet should be stud-
ied together with KH instability which in turn is strongly dependent on the
viscosity, density ratios, and the inertia of the two phases.

As mentioned earlier, the liquid-segment model is useful for the time
that the instabilities appear at the interface as well as the mushroom-shaped
cap and KH waves start to form at the interface, i.e., 60 µs after the start of
injection. Therefore, the wavelengths observed at 10 µs for the liquid-segment
model is comparable to 70 µs in the full transient jet analysis.

Different ligaments at the interface have been considered and their lengths,
thicknesses, and the RT wavelengths at their edge have been measured as dis-
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Figure 24: KH and RT wavelength spectrum during start-up vs. time for the
liquid-segment numerical simulation (Re = 16, 000, We = 230, 000, Fr =
17.)
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t Thickness an Computed λRT λRT = 2π
√

3σ
ρlan

µs µm m/s2 µm µm

17 8 2.35e6 43 38
18 12 2.04e6 45 41
19 11 4.07e6 36 29

Table 4: RT wavelengths compared with theory for liquid-segment.

cussed for full transient jet (see table 4.) The measured results show a good
agreement with predicted RT wavelengths as described for full transient jet
simulations. The discrepancies likely stem from the fact that the classical
formulation neglects the effects of viscosity and nonlinearity of the problem.

Based upon the useful information obtained from the axisymmetric liquid-
segment method, we expect that time-dependent, three-dimensional CFD
combined with level-set method can be used for liquid-segment in the fu-
ture to produce useful data relevant to the full jet situation. Development
of the data from the liquid-segment simulation should produce a valid less-
computationally-intensive than full jet analysis predictive three-dimensional
model for initial droplet size and velocity distributions where very high com-
putational resolution is necessary.

5 Conclusions

The behavior of the liquid jet injected into air at 30 atm has been simulated
during start-up, steady-state, and shut-down. Use has been made of an
unsteady axisymmetric code with a finite-volume solver of the Navier-Stokes
equations for liquid streams and adjacent gas, a boundary-fitted-gridding
scheme, and a level-set method for liquid/gas interface tracking.

The development of the transient jet into the gas involves strong insta-
bilities along the edges and moving front of the transient jet. The simulation
of the full jet depicts that, for lower Reynolds numbers, the starting liquid
jet forms a cap which grows in volume as it moves downstream and decel-
erates along the gas chamber. However, for higher Reynolds numbers the
mushroom-shaped cap deforms drastically within a few microseconds after
the start of injection and KH and RT inabilities develop on the liquid/gas
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interface. The simulations show that the primary KH wavelengths are on the
order of 100-300 µm. As the waves convected downstream, their amplitude
increases and long ligaments are drawn out of the liquid. These ligaments
further roll back and entrain air during the process, forming significant vortex
structures. This behavior of the jet during transients is in good agreement
with experimental observations of the transient liquid jet.

At high Re and We numbers, small-scale wavelengths and protrusions
become even smaller due to exposure to high accelerations normal to their
interface. This leads to small-scale RT waves at the edge of the ligaments.
The normal acceleration on the fingers is of the order of 106 m/s2 and the
RT wavelengths are between 10 to 50 µm and increase as the primary KH
wavelength become longer. During the start-up, the liquid jet is accelerated
into the gas; RT instabilities appear at the rear side of the jet front. However,
during shut-down the jet front decelerates. So, the lighter fluid is accelerat-
ing into the heavier fluid which is stabilizing on the rear side of the emerging
jet and destabilizing on the jet front. A comparison between the computed
RT wavelengths with classical linear instability theory shows a reasonable
agreement. However, the measured wavelengths are longer compared to the
theory due to the fact that the damping effects of viscosity on the smallest
wavelengths have not been considered in the theory. The range of unstable
wavelengths is consistent with VPF instability analysis that predicts stability
for sub-micron and super millimeter wavelengths for the same fluid proper-
ties. Unstable wavelength increase up to 1200 µm during the steady-state
portion of injection that is larger compared to start-up. At higher We and
Re numbers, smaller waves and thinner ligaments appear at the liquid/gas
interface.

To tackle the resolution problem and capture the shortest unstable sur-
face wavelengths, a new model has been developed to examine stream-wise
segments of the jet during transients. The frame of reference has been trans-
ferred from the laboratory frame to an accelerating frame fixed to the liquid.
This transformation generates a new term as a generalized body force anal-
ogous to gravity in equations of motion. The magnitude of the acceleration
is derived from full transient jet computations. Periodic conditions fore and
aft of the segment are used in this liquid-segment model.

The initial disturbances at the interface, i.e., 70-120 µm grow and thin
ligaments form at the interface as the gas accelerates above the liquid. RT
wavelengths about 10-20 µm sit at the back of these fingers similar to the
scenario described for the full jet. Increasing the magnitude of the accelera-

41



tion leads to longer and thinner ligaments drawn out of the liquid for higher
We numbers. The KH wavelengths become as long as 200 µm as the bound-
ary layers develop in both phases and the secondary instability waves become
longer, i.e., 20-35 µm. Therefore, the RT instability is not independent of the
KH instability for the transient liquid jet. The nonlinear synergism between
the longer, highly distorted KH surface waves and the shorter RT waves ex-
plains the experimental results that droplet sizes are usually smaller than KH
wavelengths and very close to the RT wavelengths appear as a secondary in-
stability on top of KH instability. The range of unstable wavelengths and the
unstable structures appearing at the liquid/gas interface repeat the scenario
described for full transient jet.
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