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PREFACE. 

A SHORT and Eafy Courfe of the Mathematical Sciences 

has long been confidered as a defideratum for the ufe of 

Students in the different fchools of education : one that 

(hould hold a middle rank between the more voluminous and 

bulky colle&ions of this kind, and the mere abftra£l and 

brief common-place forms, of principles and memorandums. 

For long experience in all Seminaries of Learning, and 

particularly in the Royal Military Academy vat Woolwich, 

has fhewn, that fuch a work was very much wanted, and 

would prove a great and general benefit; as, for want of it, 

recourfe has always been obliged to be had to a number of 

other books, of different authors, fele&ing a part from one 

and a part from another, as feemed moft fuitable to the 

purpofe in hand, and reje&ing the other parts: a pra&ice 

which occafions much expence and trouble, in procuring and 

keeping fuch a number of odd volumes, of various modes 

of compofition and form ; befides wanting the benefit of 

uniformity and reference, which are found in a regular feries 

of compofition. 

To remove thefe inconveniences, the Author of the pre- 

fent work has been induced, from time to time, to compofe 

various parts of this Courfe of Mathematics ; which the ex¬ 

perience of many years ufe in the Academy has enabled him 

to adapt and improve to the moft ufeful form and quantity, 

for the benefit of inflruftion. And, to render that benefit 

more eminent and lafting, the Mafter General of the Ord¬ 

nance has been pleafed to give it its prefent form, by order¬ 

ing it to be enlarged and printed. 

As this work has been compofed exprefsly with the in¬ 

tention of adapting it to the purpofes of academical educa¬ 

tion, jt is not defigned to hold out the expe&ation of new 

- in* 
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inventions or difcoveries: but rather to colle& and arrange 

the moll ufeful principles in a convenient pra£lical form, 

demonflrate them in a plain and concife way, and illuftrate 

them with fuitable examples : reje&ing whatever feem to be 

matters of mere curiofity ; and retaining only fuch parts and 

branches, as have a dire£l tendency and application to fome 

ufeful purpofe in life, efpecially in the military profeflion, 

for which the gentlemen educated at this Academy are 

intended. 

As a work of fuch a nature mull neceflarily confilt ol 

matters which have, in a manner, become common property, 

and in a great meafure are contained, in fome lhapeor other, 

in moft books of this kind, it will not be imputed to the 

author, as a crime, that he has availed himfelf of the mate¬ 

rials of fome of the bell books on thefe fciences, from whence 

he may have extra£led, or which he may have imitated ; 

whether they be any of his own former publications, or thofe 

of other authors. 

Neverthelefs it is expe&ed that fomething new may be 

found in many parts of thefe volumes, as well in the matter, 

as in the arrangement and manner of demonftration, efpe¬ 

cially in the geometrical part of this work. And here the 

author hopes he will not be too feverely criticifed if, through 

a delire of rendering this branch more eafy and fimple, he 

has in fome inllances deviated a little from the tedious and 

rigid ftridlnefs of Euclid, particularly in the dodlrine of 

ratios and proportion, which has always been fo greatly 

complained of, efpecially by young ftudents in thefe fciences. 
Royal Military Academy., 

July $otb, 1798. J 

Befides recomputing the examples, and rendering them 

more correct in the numbers, this edition is much enlarged 

in feveral places, and particularly by extending the tables 

of fquares and cubes, fquare roots and cube roots, to upwards 

ot 1000 numbers, which will be found of great ufe in many 

calculations. 0 

QEls io, 1800, 
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GENERAL PRINCIPLES, 

i. Quantity, or Magnitude is any thing that will 
admit of increafe or decreafe; or that is capable of any fort 
of calculation or menfuration : fuch as, numbers, lines, fpace, 
time, motion, weight. 

2. Mathematics is the fcience which treats of all kinds 
of quantity whatever, that can be numbered or meafured.— 
That part which treats of numbering, is called Arithmetic: 
and that which concerns meafuring, or figured extenfion, is 
called Geometry.-Thefe two, which are converfant about 
multitude and magnitude, and are the foundation of all the 
other parts, are called Pure or AbJlraCi Mathematics ; becaufe 
they inveftigate and demonftrate the properties of abftraft 
numbers and magnitudes of all forts. And when thefe two 
parts are applied to particular or pra6Iical fubje&s, they con- 
ftitute the branches or parts called Mixed Mathematics.- 
Mathematics is alfo diftinguifhed into Speculative and Practi¬ 
cal; viz. Speculative, when it is concerned in difcovering pro¬ 
perties and relations; and Practical, when applied to practice 
and real ufe concerning phyfical obje&s, 

Vol. I. B 3. In 



t GENERAL PRINCIPLES. 

3.. In Mathematics are feveral general terms or principles; 
fuch as, Definitions, Axioms, Propofitions, Theorems, Pro¬ 
blems, Lemmas, Corollaries, Scholiums, &c. 

4. A Definition is the explication of any term or word in a 
fcience ; (hewing the fienfe and meaning in which the term 
is employed.—Every Definition ought to be clear, and ex- 
preffed in words that are common and perfefiily well under- 
fiood. 

5. A Proportion is fomething propofed to be proved, or 
fomething required to be done ; and is accordingly either a 
Theorem or a Problem. 

6. A Theorem is a demonftrative propofition ; in which 
fome property is afierted, and the truth of it required to be 
proved. Thus, when it is faid that, The fum of the three 
angles of any triangle, is equal to two right angles, this is a 
Theorem, the truth of which is demonllrated by Geometry. 
—A fet or collefifion of fuch Theorems conflitutes a Theory. 

7. A Proble?n is a propofition or a quefiion requiring fome¬ 
thing to be done ; either to invefiigate fome truth or proper¬ 
ty, or to perform fome operation. As, to find out the quan¬ 
tity or fum of all the three angles of any triangle, or to 
draw one line perpendicular to another.-A Limited Pro¬ 
blem is that which has but one anfwer or folution. An Un¬ 
limited Problem is that which has innumerable anfvvers. And 
a Determinate Problem is that which has a certain number of 
anfwers. 

8. Solution of a Problem, is the refolution or anfwer given 
to it. A Numerical or Numeral Solution, is the anfwer given 
in numbers. A Geometrical Solution, is the anfwer given bv 
the principles of Geometry. And a Mechanical Solution, is 
one which is gained by trials. 

9. A Lemma is a preparatory propofition, laid down in 
order to fiiorten the demonftration of the main propofition 

.’which follows it. 
10. A Corollary, or Confeftary, is a confequence drawn im¬ 

mediately irom fome propofition or other premifes. 
ir. A Scholium, is a remark or obfervation made on fome 

foregoing propofition dr premifes. 
v 12. An Axiom, Or Maxim, is a felf-evident propofition; 
• requiring no formal demonfiration to prove the truth of it ; 
but-is received and aflented to as foon as mentioned. Such 
as-. The whole ol any thing is greater than a part of it : or, 

-The whole is equal to all its parts taken together : or, Two 
^quantities that are each of them equal to a third quantity, 
are equal to each other. . ; » . ' • , 

13. A PqJIu- 



GENERAL PRINCIPLES. 3 

13. A Populate, or Petition, is fomething required to be 
done, which is fo eafy and evident that no perfon will helitate 
to allow it. 

14. An Hypotbejis is a fuppofition allumed to be true, in 
order to argue from, or to found upon it the reafoning and 
demon fixation of fome propofition. 

15. Demonstration, is the colle&ing the feveral arguments 
and proofs, and laying them together in proper order, to 
fhew the truth of the propofition under conftderation. 

16. A Direct, Poftive, or Affirmative Demonf ration, is that 
which concludes with the direft and certain proof of the 
propofition in hand.—This kind of Demonflration is moft 
fatisfa&ory to the mind ; for which reafon it is called fome- 
times an OJienfive Demonflration. 

17. An Indirect or Negative Demonflration, is that which 
fhews a propofition to be true, by proving that fome ab- 
furdity would neceflarify follow if the propofition advanced 
were falfe. This is alfo fometimes called Reduflio ad Ab- 

furdum; becaufe it fhews the abfurdity and falfehood of all 
fuppofitions contrary to that contained in the propofition. 

18. Method, is the art of difpofing a train of arguments in 
a proper order, to invefligate either the truth or falfity of a 
propofition, or to demonllrate it to others when it has been 
found out.-This is either Analytical or Synthetical. 

19. Analyffi, or the Analytic Method, is the art or mode of 
finding out the truth of a propofition, by firft fuppofing the 
thing to be done, and then reafoning back ftep by ftep till 
we arrive at fome known truth. This is alfo called the 
Method of Invention, or Refolution ; and is that which is com¬ 
monly ufed in Algebra. 

20. Synthfs, or the Synthetic Method,\ is the fearching out 
truth, by firft laying down fome fimple and eafy principles, 
and purfuing the confequences flowing from them till we 
arrive at the conclufion.—This is alfo called the Method of 
Compofition, and is the reverfe of the Analytic method, as 
this proceeds from known principles to an unknown conclu- 
fion; -while the other goes in a retrograde order, from the 
thing fought, confidered as if it were true, to feme known 
principle or fa<51. And therefore, when any truth has been 
found out by the Analytic method, it may be demonftrated 
by a procefs irt the contrary order, bySynthefis. 

B 2 arith- 
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ARITHMETIC. 

Arithmetic is the art or fcience of numbering; be¬ 
ing that branch of Mathematics which treats of the nature 
and properties of numbers.—When it treats of whole num¬ 
bers, it is called Vulgar, or Common Arithmetic ; but when of 
broken numbers, or parts of numbers, it is called Fractions. 

Unity, or an Unit, is that by which every thing is called 
one; being the beginning of number. As one man, one 
ball, one gun. 

Numb r is either limply one, or a compound of feveral 
units. As one man, three men, ten men. 

An Integer, or Whole Number, is fome certain precife quan¬ 
tity of units ; as one, three, ten.—Thefe are fo called as 
diitinguilhed from Fractions, which are broken numbers, or 
parts of numbers ; as one-half, two-thirds, or three-fourths. 

NOTATION and NUMERATION. 

Notation, or Numeration, teaches to denote or 
•exprefs any propofed number, either by words or chara&ers ; 
or to read and write dowrn any fum or number. 

The numbers in Arithmetic areexprefled by the following 
ten digits, or Arabic numeral figures, which were introduced 
into Europe by the Moors, about eight or nine hundred 
years lince : viz. i one, 2 two, 3 three, 4 four, 5 five, 6 fix, 
7/even, 8 eight, 9 nine, o cipher or nothing. ' Thefe cha¬ 
racters or figures were formerly all called by the general 
name of Ciphers; whence it came to pafs, that the art of 
Arithmetic was then often called Ciphering. Alfo the firft 
nine are called Significant Figures, as diftinguilhed from the 
cipher, which is quite infignificant of itfelf. 

Belide this value of thofe figures, they have alfo another, 
which depends on the place they Hand in when joined to¬ 
gether ; as in the following Table ; 

\ 

Units 
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M 
G 
O 

CO 

&c. 987 

9 8 
9 

w 
G 

d? co 
3 "O 
O G 

CO h 
CO 

T3 CO 
nd 

O 
u 

<-U) 

0 
G -a 

<D 
u, 

"O C/5 3 -G 
G G O G 
G V r~* 3 £5 

X h h T* t-M h 

6 5 4 3 2 

87654 

98765 

9876 
987 

9 8 
9 

• *-* 
G 

D 

1 
2 

3 
4 
5 
6 
7 
8 
9 

Here, any figure in the firft place, reckoning from right to 
left, denotes only its own fimple value; but that in the 
fecond place, denotes ten times its fimple value ; and that in 
the third place, a hundred times its fimple value ; and fo on; 
the value of any figure, in each fucceflive place, being always 
ten times its former value. 

Thus, in the number 1796, the 6 in the firft place denotes 
only fix units, or fimply fix ; 9 in the fecond place fignifies 
nine tens, or ninety ; 7 in the third place, feven hundred ; 
and the 1 in the fourth place, one thoufand ; fo that the 
whole number is read thus, one thoufand feven. hundred and 
ninety-fix. 

As to the cipher o, it Hands for nothing of itfelf, but being 
joined on the right hand fide to other figures, it increafes 
their value in the fame tenfold proportion : thus, 5 fignifies 
only five; but ,50 denotes 5 tens, or fifty ; and 500 is five 
hundred ; and fo on. 

For the more eafily reading of large numbers, they are 
divided into periods and half-periods, each halt-period con¬ 
fining of three figures ; the name of the firft period being 
units; of the fecond, millions; of the third, millions of 
millions, or bi-millions, contracted to billions; of the fourth, 
millions ot millions of millions, or tri-millions, contracted 
to trillions ; and fo on. Alfo the firft part of any period is 
fo many units of it, and the latter part fo many thoufands. 

The 
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The following Table contains a fummary of the whole 
doftrine: 

Periods. Quadrill.Trillions; Billions; Millions; Units. 

Half-per. th. un. th. un. th. un. th. un. tin un. 

Figures. 
-i r'-'-—> 

123,456 ; 789,098; 765,432; 101,234; 567,890 

Numeration is the reading of any number in words 
that is propofed or fet down in figures ; which will be eafily 
done by help of the following rule, deduced from the fore¬ 
going tablets and obfervations, viz. 

Divide the figures in the propofed number, as in the furn- 
mary above, into periods and half-periods; then begin at 
the left-hand fide, and read the figures with the names fet to 
them in the two foregoing tables. 

EXAMPLES, 

Exprefs in words 

34 
96 

ido 

3°4 
6‘34 
9028 

the following numbers; viz. 
15080 
72003 

109026 
483500 

2500639 

7523000 

13405670 

47050023 

309025600 
4723507689 

274856390000 
6578600307024 

Notation is the fetting down in figures any number pro¬ 
pofed in words ; which is done by fetting down the figures 
infiead of the words or names belonging to them in the 
fummary above ; fupplying the vacant places with ciphers 
where any words do not occur. 

EXAMPLES. 

Set down in figures the following numbers : 

Fifty-feven. - - ' , , 
Two hundred eighty-fix. 
Nine thoufand .two hundred and ten. 
I wenty-fevemthoufand five hundred and ninety-four. 

Six hundred and torty thoufand,* four hundred and eighty-one. 
I hree millions, two hundred fixty thoufand, one hundred 

arid fix. 

Four 
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Four hundred and eight millions, two hundred and fifty-five 
thoufand, one hundred and ninety-two. 

Twenty.feven thoufand and eight millions, ninety-Hx thou¬ 
fand two hundred and four. 

Two hundred thoufand and five hundred and fifty millions, 
one hundred and ten thoufand, and fixteen. 

Twenty-one billions, eight hundred and ten millions, fixty- 
four thoufand, one hundred and fifty. 

Of the Roman Notation. 

The Romans, like feveral other nations, exprefled their 
numbers by certain letters of the alphabet. The Romans 
ufed only feven numeral letters, being the feven following 
capitals : viz. I for one ; V for five; X for ten ; L for fifty ; 
C for an hundred; D for five hundred; M for a thoufand. The 
other numbers they expreffed by various repetitions and com¬ 
binations of thefe, after the following manner : 

I = I 
2 = 11 As often as any charafter is re¬ 

3 = IH peated, fo many times is its 
value repeated. 

4 = IIIl or IV A fefs charafter before a greater 

5 = V diminifhes its value. 
6 = VI A lefs character after a greater 
7 = VII increafes its value. 
S = VIII 
9 = IX v " 

10 = X 

50 = L - - ;i , ’ t 
loo — C 
500 = D or 13 For every 3 annexed, this be¬ 

comes 10 times as many. 
1000 r= M or CI3r For every C and 3> placed one 
2cco = MM at each end, it becomes 1© 

times as much. 

5000 = V or 133 A bar over any number, increaC 

6000 = VI es it 1000 fold. 

10000 = X or CCI33 

50000 = L or 1333 
60000 = LX 

100000 = C orCCCI333 

1000000 z. M or CCCC13333 

2000000 = MM 
&c. &c. 

Expla* 
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Explanation of certain Characters. 

There are various characters or marks ufed in Arith¬ 
metic, and Algebra, to denote feveral of the operations and 
proportions ; the chief of which are as follow: 

.* -f* fignifies plus, or addition. 

—■ - - minus, or fubtraftion. 

*• X or . - multiplication. 

>4- - - divifion. 

: :: : - proportion. 

z=£L - equality. 

V - - fquare root. 

- - cube root, &c. 

co - - difF. between two numbers when it is not knowrn 

which is the greater. 

Thus, 
5 + 3* denotes that 3 is to be added to 5. 

6 — 2, denotes that 2 is to be taken from 6. 

7 X 3, ory. 3, denotes that 7 is to be multiplied by 3. 

84-4, denotes that 8 is to be divided by 4. 

2:31:4:6, fhews that 2 is to 3 as 4 is to 6. 

6 + 4—10, fhew'S that the fum of 6 and 4 is equal to 10. 

V3, or 32, denotes the fquare root of the number 3. 

V5, or 5+, denotes the cube root of the number 5. 

72, denotes that the number / is to be fquared. 

* 83, denotes that the number 8 is to be cubed. 

&c. 

OF ADDITION. 

Addition is the colleHing or putting of feveral num¬ 
bers together, in order to find their fum, or the total amount 
of the wrhole. 1 his is done as follows : 

Set or place the numbers under each other, fo that each 
figure may Rand exactly under the figures of the fame value, 

that 
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that is, units under units, tens under tens, hundreds under 
hundreds, &c. ; and draw a line under the loweft nurhher, to 
feparate the given numbers from their fum, when it is found. 
—Then add up the figures in the column or row of units, 
and find how many tens are contained in their fum.—Set 
down exadfly below, what remains more than thofe tens, or 
if nothing remains, a cipher, and carry as many ones to the 
next row as there are tens.—Next add up the fecond row, 
together with the number carried, in the fame manner as the 
firft. And thus proceed till the whole is firiilhed, fetting 
down the total amount of the laft row. 

To prove Addition. 
<■ 

Fir ft Method.—Begin at the top, and add together all the 
rows of numbers downwards ; in the fame manner as they 
were before added upwards ; then if the two fums agree, it 
may be prefumed the work is right.—This method of proof 
is only doing the fame work twice over, a little varied. 

Second Method.—Draw a line below the uppermofl number, 
and fuppofeit cut off.—Then add all the reft of the numbers 
together in the ufual way, and fet their fum under the num¬ 
ber that is to be proved.—Laftly, add this laft found number 
and the uppermofl; line together; then if their fum be the 
fame as that found by the firft addition, it may be prefumed 
the work is right.—This method of proof is founded on the 
plain axiom, that “ The whole is equal to all its parts taken 
together.5’ 

EXAMPLE I. 

5 
5 
6 

Third Method.—Add the figures in 
the uppermoft line together, and find 
how many nines are contained in 
their fum.—Reject thofe nines, and 
fet down the remainder towards the 
right hand diredlly even with the 
figures in the line, as in the annexed 
example.—Do the fame with each 
of the propofed lines of numbers, 
fetting all thefe exceffes of nines in 
a column on the right-hand, as here 5, 5, 6. Then, if the 
excefs of 9’s in this fum, found as before, be equal to the 
exccfs of 9‘s in the total fum 18304, the work is right.— 
Thus, the fum of the right-hand column 5, 5, 6, is 16, the 
excefs of which above 9 is 7. Alfo the fum of the figures in 

the 

3497 
6512 

8295 

18304. 

to 
<u 
c 

o 

<u 0 
X 

W 
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the fum total 18304 is 16, the excels of which above 9 is 
alfo 7, the fame as the former*. 

OTHER EXAMPLES. 

2. 3* 4* 
12345 12345 12345 

O 
C

Q
 

t'' 
O

 67890 87b 
98765 9876 9087 
43210 543 56 
12345 21 234 
6789O 9 1012 

302445 90684 23610 

29OIOO 78339 11265 

30* 2 * 4 * * *445 90684 23610 

* This method of proof depends on a property of the number 9, 

which, except the number 3, belongs to no other digit whatever; 
namely, that “ any number divided by 9, will leave the fame re¬ 
mainder as the fum of its figures or digits divided by 9which 
may be demonftrated in this manner. 

Demon/tration. Let there be any number propofed, as 4658. 
This, feparated into its feveral parts, becomes 4000 4 600 4 50 
4- 8. But 4000 =2= 4 X 1000 = 4X (999 1) = 4 X 999 4* 4* 
In like manner 600 = b x 99 4* 6; and 50:= 5 x 9 4 5* There¬ 
fore the given number 4658 = 4 x 999 4446X 99 464 

5 X 9 + 5 + 8 = 4 X 999 + 6 x 99 + 5 X 9 +4 + 6 + 5 
4 8; and 4658 4 9 = (4 x 999 4 6 X 99 4 5 X 94446 
+ ? 48)4*9. but 4 X 999 + 6 X 99 4 5 x 9 is evidently 
divifibie by 9, without a remainder; therefore if the given num¬ 
ber 46,58 be divided by 9, it will leave the fame remainder as 4 4 6 
45 + 8 divided by 9. And the fame, it is evident, will hold 
for any other number whatever. 

In like manner, the fame property may be {hewn to belong to 
the number 3 ; but the preference is ufually given to the number 9, 
on account of its being more convenient in practice. 

Now, from the demonftration above given, the reafon of the 
rule itfelf is evident; for the excefs of 9’s in two or more numbers 
being taken feparately, and the excefs of 9’s taken alfo out of the 
fum of the former excefies, it is plain that this laft excefs muft be 
equal to the excefs of 9's contained in the total fum of all thefe 
numbers; ail the parts taken together being equal to the whole. 
-1 his rule was firft given by Dr. Wallis in his Arithmetic, 
publifhedin the year 1657. 

Ex. 
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Ex. 5. Add 3426; 9024; 5106; 8390; 1204 together. 
Anf. 27150. 

6. Add 509267; 235809: 72910; 8392; 420; 21; and 
9 together. Anf. 826828. 

7. Add 2 ; 19; 817; 4298; 50916; 730205; 9120634 
together. Anf. 9906891. 

8. How many days are in the twelve calendar months ? 
Anf. 365. 

9. How many days are there from the 15th day of April to 
the 24th day of November, both days included ? Anf. 224. 

10. An army confiding of 52714 infantry* or foot, 5110 
horfe, 6250 dragoons, 3927 light-horfe, 928 artillery or 
gunners, 1410 pioneers, 250 tappers, and 406 miners ; what 
is the whole number of men ? Anf. 70995. 

OF SUBTRACTION. 

Subtraction teaches to find how much one number 
exceeds another, called their difference, or the remainder, by 
taking the lefs from the greater. The method of doing which 
is as follows: 

Place the lefs number under the greater, in the fame man* 
nerasin Addition, that is, units under units, tens under tens, 
and fo on; and draw a line below them.—Begin at the right- 
hand, and take each figure in the lower line or number from 
the figure above it, fetting down the remainder below it.— 
But if the figure in the lower line be greater than that above 
it, firft borrow or add 10 to the upper one, and then take the 
lower figure from that fum, fetting down the remainder, and 
carrying 1, for what was borrowed, to the next lower figure, 
with which proceed as before, and fo on till the whole is 
finifhed. 

* The whole body of foot foldiers is denoted by the word Infantry ; 
and all thofe that charge on horfeback, by the word Cavalry.—Some 
authors conjefture, that the term infantry is derived from a certain 
Infanta of Spain, who, finding that the army commanded by the 
king her father had been defeated by the Moors, affembled a body 
of the people together on foot, with which Ihe engaged and totally 
routed the enemy. In honour of this event, and to diilinguifh the 
foot foldiers, who were not before held in much eftimation, they 
received the name of Infantry, from her own title of Infanta. 

To 



12 ARITHMETIC. 

To prove Subtraction. 

Add the remainder to the lefs number, or that which is 
juft above it, and if the fum be equal to the greater or upper- 
moft number, the work is right *. 

EXAMPLES. 

I. 2. 3. 
From 5386427 From 5386427 From 1234567 
Take 2164315 Take 4258792 Take 702973 

Rem. 3222112 Rem. 1127635 Rem. 531594 

Proof. 5386427 Proof. 5386427 Proof. 1234567 

4. From 5231806 Take 5073918. Anf. 157888. 
5. From 7020914 Take 2766809. Anf. 4254105. 
6. From 8503602 Take 574371. Anf. 7929231. 

7. Sir Ifaac Newton was born in the year 1642, and he died 
in 1727 ; how old was he at the time of his deceafe r 

Anf. 85 years. 
8. Homer was born 2530 years ago, and Chrift 1797 

years ago ; then how long before Chrift was the birth of 
Homer ? Anf. 733 years. 

9. Noah’s flood happened about the year of the world 1656, 
and the birth of Chrift about the year 4000 ; then how long 
was the flood before Chrift ? Anf. 2344 years. 

10. The Arabian or Indian method of notation was firft 
known in England about the year 1150; then how long is it 
fince to this prefent year 1797 ? Anf. 647 years. 

11. Gunpowder was invented in the year 1330 ; then how 
long was this before the invention of printing, which was 
in 1441 ? Anf. 111 years. 

12. The mariner’s compafs was invented in Europe in the 
year 1302 ; then how long was that before the difcovery of 
America by Columbus, which happened in 1492? 

Anf. 190 years. 

* The reafon of this method of proof is evident: for if the 
difference of two numbers be added to the lefs, it mult manifeftly 
make up a fum equal to the greater. 

OF 
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OF MULTIPLICATION. 

Multiplication is a compendious method of Addition, 
teaching how to find the amount of any given number when 
repeated a certain number of times. As 4 times 6, which is 

*4- • v ' 
The number to be multiplied, or repeated, is called the 

Multiplicand.—The number you multiply by, or number of 
repetitions, is the APultipUer.—And the number found, being 
the total amount, is called the Product.—Alfo, both the 
multiplier and multiplicand are, in general, named the 
Terms or Factors. 

Before proceeding to any operations in this rule it is 
neceffary to learn off very perfectly the following Table of 
all the produfls of the firft 12 numbers, fometimes called 
the Multiplication Table, or Pythagoras’s Table, from its 
inventor. 

Multiplication Table. 

I 2 3 4 5 6 7 8 9 10 11 12 

2 4 6 8 10 12 14 16 18 20 22 24 

3 6 9 12 15 18 21 24 27 3° 33 36 

4 8 12 16 20 24 28 32 36 40 44 48 

5 10 15 20 25 3° 35 40 45 5° 55 60 

6 12 18 24 3° 36 42 48 54 60 66 72 

7 14 21 28 35 42 49 56 63 70 77 84 

8 16 24 32 40 48 56 64 72 80 88 96 

9 18 27 36 45 54 63 72 81 90 99 108 

10 20 3° 40 5° 60 70 80 90 100 no 120 

11 22 33 44 55 66 77 88 99 no 121 132 

12 24 36 48 60 72 84 96 jio8 120 132 144 
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T7 multiply any Given Number by a Single Figure, or by any 
Number not more than 12. 

* Set the multiplier under the units figure, or right-hand 
place, of the multiplicand, and draw a line below it.—Then, 
beginning at the right hand, multiply every figure in this by 
the multiplier.—Count how many tens there are in the pro-, 
dudl ol every fingle figure, and let down the remainder 
diredly under the figure that is multiplied; and if nothing 
remains, let down a cipher.—Carry as many units or ones, 
as there are tens counted, to the produd of the next figures ; 
and proceed in the fame manner till the whole is finifhed. 

EXAMPLE. 

Multiply 9876543210 Multiplicand. 
By 2 Multiplier. 

19753086420 

To multiply by a Number confijling of Several Figures. 

f Set the multiplier below the multiplicand, placing them 
as in Addition, namely units under units, tens undertens, &c. 
drawing a line below it.—Multiply the whole of the multi¬ 
plicand by each figure of the multiplier, as in the laft article; 

fetting 

, . . 5678 
* 1 he reafon of this rule is the fame as for 4 

the procefs in Addition, in which r is carried —»—* 
for every 1 o, to the next place, gradually as 32 =r 8x4 
the feveral products are produced, one after 280 70x4 

another, inftead of fetting them all down 24G0 = 600 X 4 
below each other, as in the annexed Exam- 20000 = 5000 X 4 
pie. - - -* 

22712 = 5678 X 4 

+ After having found the produce of the multiplicand by the firft 
figure of the multiplier, as m the former cafe, the multiplier is fup- 
pofed to be divided into parts, and the produfl is found for the fe- 
cond figure in the fame manner : but as this figure Hands in the place 
of tens, the produd muft be ten times its fimple value; and therefore 
the firlt figure of this produd mull be fet in the place of tens; or, 

which 
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Petting down a line of produ&s for each figure in the multi¬ 
plier, fo as that the firft figure of each line may ftand ftraight 
under the figure multiplying by.—Add all the lines of pro- 
du61s together, in the order as they ftand, and their fum will 
be the anfwer or whole product required. 

To prove Multiplication. 

There are three different ways of proving Multiplication, 
which are as below :• 

Firft Method.—Make the multiplicand and multiplier 
change places, and multiply the latter by the former in the 
fame manner as before. Then if the produft found in this 
way be the fame as the former, the number is right. 

Second Method.—* *Caft all the 9*s out of the fum of the 
figures in each of the two fa£k>rs, as in Addition, and fet 
down the remainders. Multiply thefe two remainders 
together, and caft the 9*s out of the produft, as alfo out of 

which is.the fame thing, dire&ly under the figure multiplied by. 
And proceeding in this man¬ 
ner feparately with all the fi- 1234567 the multiplicand, 
gures of the multiplier, it is 4567 
evident that we (hall multiply-- 
all the parts of the multipli- 8641969= 7 times the mult, 
cand by all the parts of the 7407402 = 60 times ditto, 
multiplier, or the whole of the 6172835 = 500 times ditto, 
multiplicand: therefore thefe 4938268 =4000times ditto. 
feveral products being added-- 
together, will be equal to the 5638267489=4567 times ditto. 
whole required product; as in *-- 
the example annexed. 

* This method of proof is derived Lorn the peculiar property of 
the number 9, mentioned in the proof of Addition, and the reafon 
for the one may ferve for that of the other. Another more ample 
demonfira'ion of this rule may be as follows :—Let P and (^denote 
the number of 9*s in the factors to be multiplied, and a and b what 
remain ; then 9P ft- a and pQjft- ^ will be the numbers themfelves, 
and their prodinfl is (9P X 9QJ + (9^ X b) ft- (gQ^X a) ft- 
(a x h) ; but the firft three of thefe produdls are each a precife 
number of 9's, becaufe their factors are fo, eirlxr one or both : 
thefe therefore being caft away, there remains only a x b ; and if 
the 9*s be alfo caft out of this, the excefs is the excefs of p’s in the 
total produft: but a and b are the exceffes in the fa&ors them- 
fclves, and a x b is their produft; therefore the rule is true. 

the 
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the whole produfl or anfwer of the queftion, referving the 
remainders of thefe lafl two, which remainders mult be 
equal when the work is right.—Note, It is common to fet 
the four remainders within the four angular fpaces of a crofs, 
as in the example below. 

Third Method.—Multiplication is alfo very naturally 
proved by Divifion ; for the produft divided by either of 
the faHors, will evidently give the other. But this cannot 
be praflifed till the rule of Divifion is learned. 

• /*’ ' : •; ' ' .1 e T ' . I \ '. •'/. •. , 

EXAMPLES. 

Mult. 3542 Proof. or Mult. 6196 
by 6196 X X 

, X 9 X 
by 3542 

21252 3X\4 12392 
31878 y 2X. 24784 

3542 / \ 3O980 
21252 

» 

I8588 

21946232 ProduH 21946232 Proof. 

OTHER EXAMPLES, 

Multiply 123456789 

Multiply 123456789 

Multiply 123456789 

Multiply 123456789 

Multiply 123456789 

Multiply 123456789 

Multiply 123456789 

Multiply 123456789 

Multiply 123456789 

Multiply 302914603 

Multiply 273580961 

Multiply 402097316 

Multiply 82164973 

Multiply 7564900 

Multiply 849^427 

Multiply 2760325 

by 3. Anf. 

by 4. Anf. 

by 5. Anf. 

by 6. Anf. 

by 7. Anf. 

by 8. Anf. 

by 9. Anf. 

bv n. Anf. 

by 12. Anf. 

by 16. . Anf. 

by 23. Anf. 

by 195. Anf. 

by, 3027; Anf. 

by 579. Anf. 

bY 874359- Anf- 
by 37072.. Anf. 

370370367. 

4931127156. 
617283945. 
740740734. 
864197523. 
987654312. 
IIIIIIIIOI. 

1358024679. 
1481481468. 
4846633648. 
6292362103. 
78408976620. 

2487*3373271- 
4380077100. 

7428927415293* 
102330768400. 

CONTRAC 
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Contractions in Multiplication. 

I. When there are Ciphers in the Factors. 

If the ciphers be at the right-hand of the numbers; mul¬ 
tiply the other figures only, and annex as many ciphers to 
the right-hand of the produdf, as are in both the taffors.—* 
And when the ciphers are in the middle parts of the multi¬ 
plier; negleff them as before, only taking care to place the 
firft figure of every line of produffs exaffly under the 

figure multiplying with. 

EXAMPLES. 

2. 
Mult. 390720400 

by - 406000 

23443224 
15628816 

631014613500 Produffs 158632482400000 

3. Multiply 81503600 by 7030. Anf. 572970308000. 
4. Multiply 9030100 by 2100. Anf. 18963210000. 
5. Multiply 8057069 by 70050. Anf. 564397683450. 

II. When the Multiplier is the Product of two or more Numbers 
in the Table ; then 

* Multiply by each of thofe parts feparately, infiead of 
the whole number at once. 

EXAMPLES. 

1, Multiply 51307298 by 56, or 7 times 8. 

51307298 

359151086 

8 

2873208688 

* The reafon of this rule is obvious enough ; for any number 
multiplied by the component parts of another, muft give the fame 
produff as if it were multiplied by that number at once. Thus, in 
the 1 ft example, 7 times the produff of 8 by the given number, 
makes 56 times the fame number, as plainly as 7 times 8 makes 56. 

Vol. I. C 2. Mui- 
% 

I. 
Mult. 9001635 

by - 70100 

9001635 
63011445 

t 
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Anf. 1141365312, 
Anf. 2142273888. 
Anf. 684323328. 
Anf. 17326526400. 
Anf. 8162315040a. 

2. Multiply 31704592 by 36. 
3. Multiply 29753804 by 72. 
4. Multiply 7128368 by 96. 
5. Multiply 160430800 by 108. 
6. Multiply 61835720 by 1320. 
7. There was an army compofed of 104 #battalions, each 

confining of 500 men; what was the number of men con¬ 
tained in the whole ? Anf. 52000. 

8. A convoy of ammunition t bread, confiding of 250 
waggons, and each waggon containing 320 loaves, having 
been intercepted and taken by the enemy; what is the num¬ 
ber of loaves loft ? Anf. 80000. 

OF DIVISION. 

Division is a kind of compendious method of Subtrac¬ 
tion, teaching to find how often one number is contained in 
another, or may be taken out of it, which is the fame thing. 

The number to be divided is called the Dividend.—• 
Tl>e number to divide by, is the Divijor.—And the number 
of times the dividend contains the divifor, is called the 
Quotient.—Sometimes there is a Remainder left, after the 
divifion is finifhed.. * v 

The ufual manner of placing the terms, is, the dividend 
in the middle, having the divifor on the left-hand, and the 
quotient on the right, each feparated by a curve line; as, to 
divide 12 by 4, the quotient is 3, 

Dividend 12 
Divifor 4) 12 (3 Quotient; 4 fubtr. 
(hewing that the number 4 is 3 times — 
contained in 12, or may be three times 8 
lubtratied out of it, as in the margin. 4 fubtr. 

X Rale.—Having placed the divifor — 
belore the dividend, as above diredl- 4 
ed, find how often the divifor is con- 4 fubtr. 
tained in as many figures of the divi- — 
dend as are juft necelfary, and place the o 
number on the ri^ht in the quotient. — 

Mul- 

* A battalion is a body of foot, confifting of 500, or 600, or 700 

men, more or lefs. 
+ The ammunition bread is that which is provided for, anddif- 

tribured to the foldiers; the ufual allowance being a loaf of 6 
pounds to every foldier, once in 4 days. 

t In this way we refolve the dividend into parts, and find by trial 
how 
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Multiply the divifor by this number, and fet the produdt 
under the figures of the dividend before-mentioned.—Sub- 
tra£l this produft from that part of the dividend under which 
it Hands, and bring down the next figure of the dividend, or 
more if neceffary* to join on the right of the remainder.—Di¬ 
vide this number, fo increafed, in the fame manner as before; 
and fo on till all the figures are brought down and ufed. 

N. B. If it be neceffafy to bring down more figures than 
one to any remainder, in order to make it as large as the 
divifor, or larger, a cipher muff be fet in the quotient for 
every figure fo brought down more than one. 

To prove Division. 

* Multiply the quotient by the divifor ; to this produft 
add the remainder, if there be any; then the fum will be 
equal to the dividend when the work is right. 

how often the divifor is contained in each of thofe parts, one after 
another, and arranging the feveral figures of the quotient one after 
another, into one number. 

When there is no remainder to a divifion, the quotient is the 
whole and perfect anfwer to the queflion. But when there is a re- 
mainder, it goes fo much towards another time as it approaches to 
the divifor : fo, if the remainder be half the divifor, it will go the 
half of a time more; if the 4th part of the divifor, it will go one 
fourth of a time more ; and fo on. Therefore, to complete the 
quotient, fet the remainder at the end of it, above a fmall line, and 
the divifor below it, thus forming a fractional part of the whole 
quotient. 

. * This method of proof is plain enough : for fince the quotient 
is the number of times the dividend contains the divifor, the quo¬ 
tient multiplied by the divifor mufc evidently be equal to the 
dividend. 

There are a ho feveral other methods fometimes ufed for proving 
Divifion, fome of the molt ufeful of which are as follow : 

Second Method.—Subtract the remainder from the dividend, and 
divide what is left by the quotient; fo ihall the new quotient from 
this laft divifion be equal to the former divifor. when the work is 
right., 

Third Method.—Add together the remainder and all the produCU 
of the feveral quotient figures by the divifor, according to the order 
in which they (land in the work; and the fum will be equal to the 
dividend when the work is right. 

C 2 I X A M- 
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EXAMPLES. 

I. Quot. 

3) 1234567 (411522 
12 mu! 

2. Quot. 

37) 12345678 (333666 
37 

4 
3 

1234566 
add 1 

1234567 

Proof. 

ill 

124 
in 

*35 
111 

*5 
15 

6 
6 

7 
6 

Rem. 1 

246 
222 

247 
222 

258 
222 

Rem. 36 

2335662 
1000998 
rem. 36 

12345678 

Proof. 

Anf. 18286521!. 

Anf. 759712289^. 

Anf. 475i6365tV- 
Anf. 2017246^, 

Anf. I42i6ic||. 

Anf. 46886-f|-|. 

Anf. 138 6xtV5V- 

Anf. 80496^^. 

r 3. Divide 73146085 by 4. 

4. Divide 5317986027 by 7. 

5. Divide 570196382 by 12, 

6. Divide 74638105 by 37. 

7. Divide 137896254 by 97. 

8. Divide 35821649 by 764. 

9. Divide 72091365 by 5201. 

10. Divide 4637064283 by 57606. 

11. Suppofe 471 men are formed into ranks of 3 deep, 
what is the number in each rank ? Anf. 157. 

12. A party, at the*diiianee of 378 miles from the head 
quarters, receive orders to join their corps in 18 days ; what 
number of miles muft they march each day to obey their 
orders? ' Anf. 21. 

13. The annual revenue of a gentleman being 38330I; 
how much per day is that equivalent to, there being 365 days 
in the year ? ; Anf. 104I. 

Contractions in Division. 

There are certain contractions in Divifion, by which the 
operation in particular cafes may be performed in a fhorter 
manner; as follows : 

I. Divi- 
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I: Div'tfion by any Small Number, not greater than 12, may 
be expeditioufly performed, by multiplying and fubtradfing 
mentally, omitting to fet down the work, except only the 
quotient immediately below the dividend. 

EXAMPLES, 

3)56103961 4)52019675 5) 1370192 

Quot. 18701320f 

6) 38072940 7} 81390627 8) 23718620 
i 

9) 43081962 II) 57014230 12; 27980313 

II. * When Ciphers are annexed to the Divifor ; cut off thofe 
ciphers from it, and cut off the fame number of figures from 
the right-hand ot the dividend ; then divide the remaining 
figures, as ufual. And if there be anything remaining after 
this divifion, place the figures cut off' from the dividend to 
the right of it, and the whole will be the true remainder j 
otherwife, the figures cut off only will be the remainder. 

EXAMPLES. 

I. Divide 3704196 by 20. 2. Dividd 31086901 by 7100. 

2,0) 370419,6 71,00) 310869,01 (437£fr£i- 
--* 284 

Quot. 18520944 --- 
268 
213 

556 
497 

599 
568 

31 

3. Divide 

* This method is only to avoid a needlefs repetition of ciphers, 
which would happen in the common way* And the truth of the 

principle 
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3. Divide 7380964 by 0-3000. Anf. 3 20-f-f 

4. Divide 2304109 by 5800. Anf. 397y-f£t?* 

III. JVhcn the Divifor is the exaSJ Pnduft of two or more of the 
f nail Numbers not greater than 12: * Divide by each of thofe 
numbers feparately, infiead of the whole divifor at once. 

*N. B. I here are commonly feveral remainders in work¬ 
ing by this rule, one to each divifion ; and to find the true or 
whole remainder, the fame as if the divifion had been per¬ 
formed'all at once, proceed as follows: Multiply the lafi: 
remainder by the preceding divifor, or lafi but one, and to 
the produifi add the preceding remainder ; multiply this fum 
by the next preceding divifor, and to the product add the next 
preceding remainder; and fo on, till you have gone back¬ 
ward through all the divifors and remainders to the firft. 
As in the example following: 

EXAMPLES. 

1. Divide 31046835 by 56 or 7 times 8. 
7 ) 31046835 6 the lafi rem. 
- mult. 7 preced. divifor, 

8) 4435262— 1 firfi rem. — 

■-- \ 42 
554407—6 fecond rem. add 1 the ifi. rem. 

Anf. 554407-^. 43 whole rem. 

principle upon which it is founded, is evident ; for, cutting off the 
fame number of ciphers, or figures, from each, is the fame as 
dividing each of them by 10, or 100, or icoc, &c. according to 
the number of ciphers cut off; and it is evident that as often as the 
whole divifor is contained in the whole dividend, fo often mull 
any part of the former be contained in a like part of the latter. 

* This follows from the 2d contraction in Multiplication, being 
only the converfe of it; for the half of the third part of any thing, is 
evidently the fame as the fixth part of the whole : and fo of any other 
numbers.—The reafon of the method of finding the whole remainder 
from the feveral particular ones, will bed appear from the nature of 
Vulgar Fractions. 1 hus, in the firft example above, the firfi re¬ 
mainder being 1, when the divifor is 7. makes-L; this muft be add¬ 
ed to the fecond remainder 6, making 6\ to the divifor 8, or to be 
divided by 8. But C~ 

t-J. — 12.; and this divided by 8 gives ~ "5I* 

2, Divide 
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2. Divide 7014596 by 72. Anf. 9^42444* 

3. Divide 5130652 by 132. Anf. 388684x2* 

4. Divide 83016572 by 240. Anf. 345902^%. 

' l . 1 

IV. Cemmon Divifion may be performed more concijely, by 
omitting the feveral produ&s, and fetting down only the re%. 
mainders; namely, multiply the divifor by the quotient figures 
as before, and, without fetting down the produdf, fubtradf 
each figure of it from the dividend, as it is produced ; always 
remembering to carry as many to the next figure as were 
borrowed before. 

EXAMPLES. 

1. Divide 304679 by 833. 

833) 3I04679 (3727rrr- 

Anf. 332627-2VV. 

Anf. 5479TTTT- 

Anf. 7947ffrr* 

6056 

2257 
59r9 

88 

2. Divide 79165238 by 238. 

3. Divide 29137062 by 5317. 

4. Divide 62015735 by 7803. 

OF REDUCTION. 

Reduction is the changing of numbers from one name 
or denomination to another, without altering their value.— 
This is chiefly concerned in reducing money, weights, 
and meafures. 

When the numbers are to be reduced from a higher name 
to a lower, it is called Reduction Dejcending; but when, con- 
trarywife, Irom a lower name to a higher, it is Reduction 
AJcending. 

Before proceeding to the rules and queftions of Redu&ion, 
it will be proper to fet down the ufual Tables of money, 
weights, and meafures, which are as follow : 

Of 
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Of ItlONEY, WEIGHTS, and MEASURES. 

' Tables of Money.* 

2 Farthings = 1 Halfpenny f 
4 Farthings = I Penny d 

_I2 Pence .= I Shilling s 
20 Shillings = i Pound £ 

qrs d 
4=i s 

48 = 12= 1 / 

960 = 240 = 20 = 1 

PENCE 

d. 

TABLE. 

S. d. 

SHILLINGS 

S. 

TABLE. 

d. 

20 is 1 8 I is 12 

3° — 2 6 2 . — 24 
40 - 3 4 3 — 36 

5° — 4 2 4 ■— 48 

60 —. 5 0 5 — 60 

70 - 5 10 6 — 72 

80 — 6 8 7 — 84 

90 - 7 6 8 — 96 

100 — 8 4 9 
— 108 

110 — 9 2 10 — 120 

120 — 10 0 11 —- 132 

Troy 

# £ denotes pounds, / fhillings, and d denotes pence. 

| denotes 1 farthing, or one quarter of any thing, 

f denotes a halfpenny, or the half of any thing. 

\ denotes 3 farthings, or 3 quarters of any thing. 

The full weight and value of the Englifh gold and filver coin, 
is as here below ; 

Gold. Value. 

£ * d 

Weight. 

dewtm gr. 

Silver. Value. 

s d 

Weight, 

duut. gr. 

A Guinea 1 1 0 5 9? A Crown 5 0 19 84 
Half-guinea 0 10 6 2 16| Half-crown 2 6 9 'H 
Seven Shillings 070 1 '<A 'hilling 1 0 3 21 

Quarter guinea 0 5 3 . 8* Sixpence 0 6 J Z2~ 

The ufual value of gold is nearly 4I an ounce, or 2d a grain ; 
and that of filver is nearly 5s an ounce. Alfa, the value of any 
quantity of gold, is to the value of the fame weight of ftandard 
filver, nearly as 15 to 1, or more nearly as 15 and i-i/jth to 1. 

Pure gold, free from mixture with other metals, ufually called 
fine gold, is of fuch purity of nature, that it will endure the fire 

' without 
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Grains - marked gr 
24Grains make 1 Pennyweight dwt 
20 Pennyweights 1 Ounce oz 
12 Ounces I Pound lb 

Troy Weight.* 

gr dwt 
24 = 1 oz 

480 z: 20=1 lb 
5760 = 240 nI2—1 

By this weight are weighed Gold, Silver, and Jewels. 

Apothecaries’ Weight. 

Grains - - marked gr 
20 Grains make I Scruple - - -fc or ^ 

3 Scruples - - 1 Dram - - - dr or 3 
8 Drams - - 1 Ounce - - - oz or g 

12 Ounces - - 1 Pound - - - lb or lb 

gr fc 
20 = 1 dr 
60 = 3=1 oz 

480 — 24 = 8 = I lb 

5760 = 288 =r 96 = 12 — I 

This is the fame as Troy weight, only having fome dif¬ 
ferent divifions. Apothecaries make ufe of this weight in 
compounding their Medicines ; but they buy and fell their 
Drugs by Avoirdupois weight. 

Avoir- 

without wafting, though it he kept continually melted. But (li¬ 
ver, not having the purity of gold, will not endure the fire like it: 
yet fine filver will wafte but a very little by being in the fire any 
moderate time ; whereas copper, tin, lead, &c. will not only wafte, 
but may be calcined or burnt to a powder. 

Both gold and filver, in their purity, are fo very foft and flexible 
(like new lead, &c.) that they are not fo ufeful either in coin or 
otherwife (except to beat into leaf gold or filver) as when they 
are allayed, or mixed and hardened with copper or brafs. And 
though mod nations differ, more or lefs, in the quantity of fuch 
allay, as well as in the fame place at different times, yet in Eng¬ 
land the ftandard for gold and filver coin has been for a long time 
as follows, viz. I hat 22 parts of fine gold, and 2 parts of copper, 
being melted together, (hall be efteemed the true ftandard for gold 
coin : And that 11 ounces and 2 pennyweights of fine filver, and 
18 pennyweights of copper, being melted together, is efteemed the 
true ftandard for filver coin, called Sterling filver. 

* The original of all weights ufed in England, was a grain or 
corn of wheat, gathered out of the middle of the ear, and, being well 

dried, 32 of them were to make one pennyweight, 20pennyweights 
one 
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Avoirdupois Weight. 

Drams 
16 Drams - make 
16 Ounces - 
28 Pounds - - - 
4 Quarters - - 

20 Hundred Weight 

Dr 
l6 : 

256 : 

7168 : 
28672 : 

573440 : 

OZ 

I 
l6 

4+8 
' 1792 

3S84o 

marked 
1 Ounce - - 
1 Pound - - - 
1 Quarter - - 
1 Hundred Weight 
1 Ton - - - - 

lb 
1 

28 
112 

2240 

<lr 
1 

4 
80 

dr 

oz 
lb 

<tr 
twt 

ton 

civ-t 
1 ton 

20 = I 

By this Weight are weighed all things of acoarfe or droffy 
nature, as Corn, Bread, Butter, Cheefe, Flefh, Grocery 
Waresj and fome Liquids : alfo all Metals except Silver 
and Gold. 

oz dwt gr 
Note, that lib Avoirdupois = 14 11 15! Troy. 

1 oz 
idr 

Long 

3 Barley-corns make 1 
12 Inches 1 
3 Feet 1 
6 Feet 1 
5 Yards and a half 1 

40 Poles - - 1 
8 Furlongs - 1 
3 Miles I 

692. Miles nearly - 1 

= o 18 si 

— 0 1 3* 

Measure. 

I nch' In 
Foot Ft 
Yard Td 
Fathom Ftb 
Pole or Rod PI 
Furlong Fur 
Mile Mile 
League Lea 
Degree - Deo. or O 

one ounce, and 12 ounces one pound. But in later times, it was 
thought fufficient to divide the fame pennyweight into 24 equal 
parts, ftill called grains, being the lead weight now in common 
ufeand from thence the reft are computed, as in the Tables above. 

' : ‘ In 
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In Ft 

12 — 1 rd 

36 = 3 = 1 pi 

198 - i6f = 5{ == 1 Fur 

7920 ■= 660 = 220 40 — i Mile 

63360 == 5280 = I760 £= 320 = 8 = 1 

Cloth ; Measure. 

2 Inches and a quarter make 
4 Nails - 
3 Quarters - 
4 Quarters - 
5 Quarters - 

4 Qi s 1-5- Inc 

I Nail Nl 
1 Quarter of Yard 
1 Ell Flemilh F F 
1 Yard Td 
1 Ell Englifh EE 
1 Ell Scotch ES 

Square Measure. 

144 Square Inches make 
9 Square Feet - - 

301 Square Yards 
40 Square Poles 
4 Roods 

1 Sq Foot - 
I Sq Yard - 
1 Sq Pole - 
I Rood 
1 Acre 

Ft 
Td 
Pole 
Rd 
Acr 

Sq Inc 

144 = 
1296 = 

39204 = 

1568160 — 

6272640 == 

Sq Ft 

I 

9 = 

I089O ■= 

43560 = 

Sq Td 

1 Sq PI 

3°i— I Rd 

1210 = 40 = 1 Acr 

4840 = l6o = 4 == 1 

By thismeafure, Land, Hufbandmen and Gardeners work 
are meafured ; alfo Artificers works, fuch as Board, Glafs,, 
Pavements, Ptaftering, Wainfcotting, Tiling, Flooring, and 
every dimenfion of length and breadth only. > 

When three dimenfions are concerned, namely, length, 
breadth, and depth or thicknefs, it is called cubic or folid 
meafure, which is ufed to meafure Timber, Stone, &c. 

The cubic or folid Foot, which is 12 inches in length and 
breadth and thicknefs, contains 1728 cubic or folid inches, 
and 27 folid feet make one folid yard. 

Dry 
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Dry, or Corn Measure. 

2 Pints make i Quart $! 
2 Quarts 1 Pottle Pot 
2 Pottles 1 Gallon Gal 
2 Gallons - 1 Peck 1 Pec 
4 Pecks 1 Bufhel Bu 
8 Bufhels 1 Quarter Qr 

‘5 Quarters - 1 Weigh or Load IVey or Ton 
2 W eys 1 Laft Laft 

Pts Gal 
* 

8 == » 1 == Pec 

16 == 2 1 — Bu . 

0
 

4-
 

11 0
0

 

11 4=1 6>r 
1 

5rz = 64 = 32 = 8 = 1 my 
2560 “ 320 = 160 = 40 = 5 = - 1 Lajt 

5120 = 64O = 11 
0

 
»-< 

11 
0

 
0
0

 

11 
0

 
C* 
CO - 2 — I 

By this are meafured all dry wares, as Corn, Seeds, Roots, 
Fruits, Salt, Coals, Sand, Oyfters, &c. 

The ffandard Gallon dry-meafure contains 268f cubic or 
folid inches, and the Corn or Winchefter bufhel 2150-2- cubic 
inches ; for the dimenfions of the Winchefter bufhel, by the 
Statute, are 8 inches deep, and i8| inches wide or in diameter. 
But the Coal bufhel mud be 19! inches in diameter ; and 36 

bufhels, heaped up, make a London chaldron of coals, the 
weight of which is 31561b Avoirdupois. 

Ale and Beer Measure. 

2 Pints make 1 Quart - $! 
4 Quarts I Gallon - Gal 

36 Gallons I Barrel — Bar 
1 Barrel and a half I Hogfhead Hhd 
2 Barrels I Puncheon Pun 
2 Hogfheads I Butt Butt 
2 Butts 1 Tun - Tun 

Pis g)t 

2 z=z I Gal 

8 = 4 = I Bar 

0
0

 
0
0

 11 M
 

II 36 = 1 Plbd 

432 = 2l6 — 54 = li = 1 Butt 

864 - 432 = 108 = 3 = 2 - - 1 

Note, The Ale Gallon contains 282 cubic or folid Inches. 

Wine 
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Wine Measure. 

2 Pints make - 
4 Quarts 

42 Gallons 
63 Gallons or i^Tier 

2 Tierces 
2 Hogfheads 
2 Pipes 

1 Quart - - 
1 Gallon - - GW 
I T ierce - - Tier 
1 Hogfhead - Hbd 
1 Puncheon - Pun 
I Pipe or Butt Pi 
1 Tun - - Tun 

Pts pr $ 
2 — 1 Gal ..... 

■ 8 = 4 = z I Tier 

336 == 168 = " 42 — 1 Hbd ■*» 

5°4 — 252 = 63 = ll= ~ 1 Pm 

672 = 336 = = 84 = 2 = - !f= : I Pi 

1008 = 504 = = 126 
- 3 = = 2 = z i Tun 

2016 = 1C 08 — = 252 = 6 = - 4 — 3 = -2=1 

Note, By, this are meafured all Wines, Spirits, Strong- 
waters, Cyder, Mead, Perry, Vinegar, Oil, Honey, &c. 

The Wine Gallon contains 231 cubic or folid inches. 
And it is remarkable, that the Wine and Ale Gallons have the 
fame proportion to each other, as the Troy and Avoirdupois 
Pounds have ; that is, as one Pound Troy is to one Pound 
Avoirdupois, fo is one Wine Gallon to one Ale Gallon. 

O/TIME. 

60 Seconds or 60" make 1 Minute - Mor 
60 Minutes - - 1 Hour - Hr 
24 Hours - - I Day - Day 

7 Days 1 Week - JVk 
4 Weeks 1 Month - Mo 

13 Months, 1 Day, 6 Hours 1 t 1 • y v~ 
or ,(ir [ fipn,„s l 1 Julian Year, Yr or 365 Days, 6 Hours 

Min 

I 

60 = 

1440 = 

10080 = 

40320 =; 

Sec 

60 — 

3600 — 

86400 — 

604800 = 

2419200 = 

vssjtoo = 

I 

Hr 

I 

24 = 

168 = 
672 = 

Day 

1 

7 
28 

525960 = 8766 = 365I 

m 

== 1 Mo 

= 4 = * 

= I Tear 
m 
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Wk Da Hr Mo Da Hr Julian Tear 

Or 52 1 6 — 13 1 6—1 
Da Hr M Sec 

But 365 5 48 48 == I Solar Tear. 

RULES for REDUCTION. 

I. When the Numbers are to be reducedfrom a Higher Denomina- 
• tion to a Lower : 

Multiply the number in the highed denomination by as 
many as of the next lower make an integer, or 1, in that 
higher; to this produdf add the number, if any, which was in 
this lower denomination before, and let down the amount. 

Reduce this amount in like manner, by multiplying it by 
as many as of the next lower make an integer of this, taking 
in the odd parts of this lower, as before. And fo proceed 
through ail tire denominations, to the lowed ; fo (hall the 
number lad found be the value of all the numbers which 
were iri the higher denominations, taken together*. 

EXAMPLE. 

I. In 1234I 15s 7d, how many farthings ? 

1 s d 

1234 15 7 
20 

24695 Shillings 
12 

296347 Peirce 

4 

Anfwer 1185388 Farthings. 

* The reafon of this rule is very evident; for pounds are 
brought into (hillings by multiplying them by 20; (hillings into 
pence, by multiplying them by 12 ; and pence into farthings, by 
multiplying by 4; and the reverfe of this rule by Divifion.—And 
the fame, it is evident, will be true in the redu&ion of numbers 
confiding of any denominations whatever. 

II. When 
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II. When the Numbers are to be reduced from a Lower Denomi¬ 
nation to a Higher: 

Divide the given number by as many as of that denomi¬ 
nation make 1 of the next higher, and fet down what remains, 
as well as the quotient. 

Divide the quotient by as many as of this denomination 
make 1 of the next higher ; fetting down the new quotient, 
and remainder, as before. 

Proceed in the fame manner through all the denomina¬ 
tions, to the higheft ; and the quotient laft found, together 
with the feveral remainders, if any, will be of the fame value 
as the firft number propofed. 

EXAMPLES. 

2. Reduce 1185388 farthings, into pounds, (hillings, and 
pence. 

4)1185388 

12 ) 296347 d 

2,0 ) 2469,5 s—yd 
, _ 4 t 

Anfwer ^1234! 15s yd 

3. Reduce 23I to farthings. Anf. 22080. 
4. Reduce 337587 farthings to pounds, See. 

Anf. 3511 13s o|d. 
5. How many farthings are in 35 guineas p Anf. 35280. 
0. In 35280 farthings how many guineas ? Anf. 35. 
7. In 591b i^dwts 5 gr how many grains ? Anf. 340157. 
8. In 8012131 grains how many pounds, &c ? 

Anf. 13901b. iioz iBdwt I9gr. 

9. In 35ton lycwt lqr 231b yoz i^dx how many drams? 
Anf. 20571005. 

10. How many barley-corns will reach round the earth, 
fuppofing it, according to the beft calculations, to be 25000 
miles ? Anf. 4752000000. 

11. How many feconds are in a folar year, or 365 days 
5hrs 48 min 48 fee? Anf 31556928. 

12. In a lunar month, or 29ds f 2hrs 44mm 3fec, how 
many feconds ? Anf 2551443. 

COM- 
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COMPOUND ADDITION. 

Compound Addition (hews howto add or colled! feve- 
ral numbers of different denominations into one fum. 

Rule.—Place the‘numbers fo that thofe of the fame de¬ 
nomination may hand diredfly under each other, and draw a 
line below them. Add up the figures in the lowed denomi¬ 
nation, and find, by Reduction, how many units, or ones, of 
the next higher denomination are contained in their fum.— 
Set down the remainder below its proper column, and carry 
thofe units or ones to the next denomination, which add up 
in the fame manner as before.—Proceed thus through all 
the denominations, to the higheff, whofe fum, together with 
the feveral remainders, will give the anfwer fought. 

The method of proof is the fame as in Simple Addition. 
, " ' x I fir 

EXAMPLES OF MONEY. 

1. 2. 3- 4. 
1 S d I s d 1 s d 1 S d 

7 x3 3 14 7 5 x5 x7 10 53 x4 8 

3 5 io* 8 x9 2I 3 14 6 510 2- 4 
6 18 7 5 3 4i 23 6 93 11 6 
o 2 Si 21 2 9 8 3 5 7 5 0 
4 0 3 7 16 81 15 D 4 2 0 9 

i/ x5 4 i 0 4 3 6 12 9i 0 18 7 

39 x5 

O
'! I 1 

T; 

32 2 61 • 
\ , 

•T • 
4 

39 x5 9! 
- 

5* 6. 7- 8. 
I s a 1 s d 1 s d 1 s d 

H 0 7l 37 8 61 3 472 15 3 
3' *3 6 14 12 9l 7 16 8 9 2 2Z 

62 4 7 5 6 11 29 x3 iof 27 12 H 
4 x7 8 23 10 91 8 14 0 37016 24 

'*3 0 41 8 6 0 0 7 5i 25 3 8 
t> 6 7 14 0 5z 24 x3 0 6 10 51 

QI 0 I0I 54 2 7i 5 0 I0I 3° 0 

’ EXAM- 
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Exam. 9. Anobleman, going out of town, is informed by 
his Reward, that his butcher’s bill comes to 197113s d ; his 
baker’s to 59I 5s 2fd ; his brewer’s to 85I; his wine-mer¬ 
chant’s to 103I13S; to his corn chandler is due 75I 3d ; 
to his tallow-chandler and cheefe-monger, 27I 15s 1 i|d ; and 
to his tailor, 55I 3s 5|d ; alfo for rent, feryants wages, and 
other charges, 127I 3s: Now, fuppofing he would take 100I 
with him, to defray his charges on the road, for what fum 
mufl he fend to his banker ? Anf. 830I 14s 6|d. 

io. The ftrength of a regiment of foot, of 10 companies, 
ancLthe amount of their fubfiftence*, for a month of 30 days, 
according to the annexed Table, are required ? 

Numb. Rank. Subfiftence for a Month. 

1 Colonel 
1 s d 

27 0 0 
1 Lieutenant Colonel 1910 0 
1 Major 17 5 0 
7 Captains 78 ij 0 

11 Lieutenants 57 15 0 ' - 
9 Enfigns 40 10 0 
i Chaplain 7 10 0 
1 Adjutant 4100 
1 Quarter-mailer 5 5 0 
1 Surgeon 

Surgeon’s Mate 
410 0 

1 410 0 

3° Serjeants 45 0 0 

3° Corporals 30 0 0 
20 Drummers 20 0 0 

2 Fifes 200 

390 Private men 

0
 

0
 

N
 

N
 

50 7 Total. 656 IO 0 

* Subfiftence Money, is the money paid to the foldiers weekly; 
which is (hort of their full pay, becaufe their clothes, accoutrements, 
&c. are to be accounted for. It is likewife the money advanced to 
officers till their accounts are made up, which is commonly once & 
year, when they are paid their arrears. The following Table 
Ihews the full pay and fubliftence of each rank on the £nglilh 
eftablifhment: 

D Vol.I. DAILY 
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EXAMPLES of WEIGHTS, MEASURES, &C. 

35 

TROY WEIGHT. APOTHECARIES WEIGHT. 

lb 
1. 

oz dwt oz 
2. 

dwt gr lb oz 3dr fc oz 
4* 
dr fc gr 

*7 3 r5 37 9 3 3 5 7 2 3 5 1 17 
4 6 3 9 3 3 *3 7 3 0 7 3 2 5 
o 10 7 3 16 21 9 11 0 1 16 7 0 12 
9 5 0 17 7 8 0 9 1 a 9 5 1 5 

176 2 *7 5 9 0 36 3 5 0 4 1 2 18 

23 1 r 12 , 3 0 19 5 8 6 1 36' 4 1 14 

AVOIRDUPOIS WEIGHT. LONG MEASURE. 

5- 6. 7' » s. * 
lb oz dr cwt qr lb mis fur pis yds feetinc 

17 10 *3 *5 2 15 29 3 14 127 1 5 
5 14 8 6 3 24 19 6 29 12 2 9 
8 6 45 7 0 10 5 4 20 0 2 6 

27 1 6 9 I 17 9 1 37 54 1 11 
0 4 0 10 2 6 7 1 0 3 5 2 7 
6 14 10 3 0 3 4 5 9 23 ° 5 

CLOTH MEASURE. 
«L 

LAND MEASURE. 

9- 10. II. 12. 
1 

yds qr nls el en qrs nls ac ro P ac ro P 
26 3 1 270 1 0 225 3 37 19 0 16 

! 13 1 2 57 4 3 16 1 25 270 3 29 
6 2 O 8 2 1 9 0 *3 9 1 3 

21 7 0 3 0 3 2 4 2 9 23 0 34 
9 1 0 10 1 0 42 1 49 7 2 16 

55 3 1 4 4 1 7 0 6 75 0 23 

WINE MEASURE • ale and BEER MEASURE. 

T3 > 14. 15- 16. 

. t hds gal hds gal pts hds gal pts hds gal pts 
*3 3 *S *5 61 5 *7 37 3 29 43 5 
8 1 37 7 16 3 4 l3 5 7 9 2 

- 4 2 26 29 23 7 3 6 2 14 16 6 

25 0 12 3 15 1 5 14 0 6 8 1 

3 1 9 16 8 0 12 9 6 57 13 4 ’ 

72 3 21 4 36 6 8 42 4 5 6 0 
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COMPOUND SUBTRACTION. 

Compound Subtraction fhews how to find the dif¬ 
ference between any two numbers of different denomina¬ 
tions.'—To perform which, obferve the following Rule : 

RULE.* 

Place the lefs number below^ the greater, fo that thofe 
parts which are of the fame denomination may Hand diredtly 
under each other ; and draw a line below them.—Begin at 
the right-hand, and fubtratt each number or part in the lower 
line, from the one juft above it, and fet the remainder ftraight 
below it.—.But if any number in the lower line be-greater 
than that above it, add fo many to the upper number as 
make i of the next higher denomination ; then take the 
lower number from the upper one thus increafed, and fet 
down the remainder. Carry the unit borrowed to the next 
number in the lower line; after w’hich fubtra£t this number 
from the one above it, as before; and fo proceed till the whole 
is finifhed. Then the feveral remainders, taken together, 
will be the whole difference fought. 

The method ol Proof is the fame as in Simple Subtrafliom 

EXAMPLES OF MONEY. 

I. 2. 3- 4- 
1 s d 1 s d 1 s d I s d 

From 79 17 8J 103 3 57 0 10 251 13 0 
l ake 35 12 4| 7l 12 Si 29 *3 3 i 35 4 7: 

Rem. 44 5 4i 31 10 

00 

Proof 79 17 % 103 3 
* 

5. What is the difference between 7315 Jd and I9113s rod ? 
Anf. 53I 6s 7|d.. 

* The reafon of this Rule will eafily appear from what has been 
faid in Simple Subtraction; for the borrowing depends on the 
fame principle, and is only different as the numbers to be fubtra&ed 
are of different denominations. 

Ex. 6. 
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Ex. 6. A lends to B tool, how much is B in debt after 
A has taken goods of him to the amount of 73I 12s 4|d ? 

Anf. 26I ys 7id. 
7. Suppofe that my rent for half a year is 20I 12s, and 

that I have laid out for the,land-tax 14s 6d, and for feveraj 
repairs il 3s 3^d, what have I to pay of my half year’s rent ? 

Anf. 18I 14s 2|d. 
8. A trader, failing, owes to A 35I ys 6d, to JB 911 13s id, 

to c 53I 7Jd, to D 871 5s, and to E ml 3s jj'd. When 
this happened, he had by him in cafh, 23I 7s 5d, in wares 
53I ns lo|d, in houfehold furniture 631 17s 7|d, and in 
recoverable dbook-debts 25I 7s 5d. What will his creditors 
lofe by him, fuppofe thefe things delivered to them ? 

Apf. 212I 5s 6fd. 
• : 1 1 f- 

EXAMPLES of WEIGHTS, MEASURES, C5>. 

TROY WEIGHT. ' APOTHECAR. WEIGHT. 

1. 2. 3* 
lb oz dwtgr lb oz dwt gr lb oz dr fcr gr 

From 7 3 H 11 4 9 1 !3 73 4 7 0 14 
Take 3 7 5 19 3 716 12 26 7 2 I 16 

/ 

Rem. 

Proof 

AVOIRDUPOIS WEIGHT. LONG MEASURE. 

4* 5* 6. 7* 
C qrs lb lb oz dr m fu pi yd ft in 

From 5 0 17 71 5 9 14 3 J7 96 1 4 
Take 3 2 11 14 6 14 3 7 9 .41 2 7 

Rem. 

Proof 

cloth measure. land measure. 

8 9* 10. 11. 
yd 9r nl yd qr nl ac ro p ac ro p 

F rom 17 2 1 902 17 I 14 57 1 16 
Take 5 2 1 612 6 3 6 24 2 25 

Rem. 

Proof 
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WINE MEASURE. 

12. 
t hd gal 

From 17 2 22 

Ta,e 4 3 39 

Rem. 

Proof 

I3- 
hd gal pt 
504 

3 2 7 

DRY MEASURE. 

l6. 
la qr bu 

From 947 
Take 372 

Rem. 

*7- 
bu gal pt 

13 7 I 
7 3 4 

Proof 

ALE & BEER 

U* 
hd gal pt 

14 29 3 
7 34 5 

; *5- 
hd gal pt 
71 16 5 
1732 

TI#E 

l8. 
mo we da 
7125 
i4 3 o 

I9* 
ds hrs min 
114 17 26 

75 12 35 

2o. The line of defence in a certain polygon being 236 
yards, and that part of it which is terminated by the curtain 
and fhoulder being 146 yards 1 foot 4 inches ; what then was 
the length of the face of the baftion ? Anf. 89 yds if 8 in. 

COMPOUND MULTIPLICATION. 

Compound Multiplication fhews how to find the 
amount of any given number ol different denominations 
repeated a certain propofed number of times. 

RULE. . , , 'fit . 

Set the multiplier under the lowed denomination of the 
multiplicand, and draw a line below it.—Multiply the num¬ 
ber in the *loWe(t denomination by thp multiplier, and find 
how many units of the next higher denomination are con¬ 
tained in the produfif, fetting down what remains.—In like 
manner multiply the number in the next denomination, and 
to the produel carry or add the units, before found, and find 
how many units of the next higher denomination are in this 

amount, 
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amount, which carry in like manner to the next produdf, 
fetting down the. overplus.—Proceed thus to the highest 
denomination propofed ; fo (hall the lad produtt, with the 
feveral remainders, taken as one compound number, be the 
whole amount required. ■ • 

The method of Proof, and the reafon of the Rule, are the 
fame as in Simple Multiplication. 

EXAMPLES OF MONEY. 

f. To find the amount of 81b of Tea, at 5s 8d| per lb, 

s d 
5 8i 

8 
£2 5 8 Anfwer. 

1 s d 
2. 4-lbofTea, at 7s 8d per lb. Anf. 1 10 8 
3. 61b of Butter, at g\d per lb. Anf. 049 
4. 71b" of Tobacco, at is 8^d per lb. Anf. o 11 11 
5. 9 cwt of Cheefe, at il 1 is 5d per cw;t. Anf. 14 2 9 
6. 10 cwt of Cheefe, at 2I 17s iod per cwt. Anf. 28 18 4 
7. 12 cwt of Sugar, at 3I 7s 4d per cwt. Anf. 40 8 o 

CONTRACTIONS. 

I. If the multiplier exceed 12, multiply fuccefhvely by 
its component parts, inftead of the whole number at once. 

A ~ ' jf ^ * * 

EXAMPLES. 
W ^ ^ > V < * 

1. 15 cwt of Cheefe, at 17s 6d per cwt, x 

1 s d 

O 17 6 

^ _3 
2 12 6 

13 26 Anfwer, 

; V ' lad 
2. 20 cwt of Hops, at 4! 7s 2d per cwt. Anf. 87 3 4 
3. 24 tons of Hay, at 3I 7s 6d per ton.. Anf. 81 o o 
4. 45 ells of Cloth, at is 6d per ell. Anf. 376 

Ex 5. 
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Ex. 5. 63 gallons of Oil , at 2s 3d per gall. Anf. 719 

6. 70 barrels of Ale, at il 4s per barrel. Anf. 84 o o 

7. 84 quarters of Oats,at il I2s8dperqr. Anf. 137 4 o 

8. 96quartersofBarley,at il3s4dperqr. Anf. 112 o o 

9. 120 days Wages, at 5s 9d per day. Anf. 34 1© o 

10. I44reams of Paper, at 13s 4d per ream. Anf. 96 o o 

II. If the multiplier cannot be exadlly produced by the 
multiplication of ffmple numbers, take the neared number to 
it, either greater oriels, which can be fo produced, and mul¬ 
tiply by its parts, as before.—Then multiply the given mul¬ 
tiplicand by the difference between this affumed number and 
the multiplier, and add the produft to that before found 
when the affumed number is lefs than the multiplier, but 
fubtra£l the fame when it is greater. 

y , EXAMPLES. 

1. 26 yards of Cloth, at 3s o|d per yard. 

1 s d 

° 3 °i 
_5_ 

° x5 34 
_5_ 

3 16 6| 

3 

£3 19 7 k Anfwer. 

1 s d 

2. 29 quarters of Corn, at 2I 5s 3I'd per qr. Anf. 65 12 iof 

3. 53 loads of Hay, at 3I 15s 2d per load. Anf. 199 3 10 

4. 79bufnelsofWheat,atns5ldperbufh. Anf. 45 6 io^ 

5. 94 cafks of Beer, at 12s 2d per cafk. Anf. 57 3 8 

6. 114 fione of Meat, at 15s 3|d per done. Anf. 87 5 71- 

examples 

1. 
lb oz dwt gr 
21 I 7 13 

4 

OF WEIGHTS AND 

2. 
lb oz dr fc gr 
24210 

7 

MEASURES. 

3*. 
cwt qr lb oz 
27 I 13 12 

12 
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4- 
mis fu pis yds 

24 3 20 2 
6 

5- - 
yds qrs na 
127 2 2 

8 

6. 
ac ro pay. 
27 2 1 

.9 

tuns hhd gal pts 
29 1 20 3 

5 

8. 
we qr bu pe 

27 1 7 2 

7 ' 

9- 
mo we Cu ho min 

175 3 6 20 59 
11 

-----I---...T~ 

COMPOUND DIVISION. 

Compound Division teaches how to divide a number 

of feveral denominations by any given number, or into any 

number of equal parts. 

RULE. 

Place the divifor on the left of the dividend, as in Sim¬ 
ple Divifion.—Begin at the left-hand, and divide the number 
of the higheft denomination by the divifor, fetting down the 
quotient in its proper place.—If there be any remainder after 
this divifion, reduce it to the next lower denomination, which 
add to the number, if any, belonging to that denomination, 
and divide the fum.by the divifor.—Set down again this quo¬ 
tient, reduce its remainder to the next lower denomination 
again, and fo on through all the denominations to the laft. 

EXAMPLES OF MONEY. 

1. Divide 225I 2s 4d by 2. 

1 s d 

2) 225 2 4 

^112 ii 2 the Quotient. 

2. Di* 

Vi 
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1 s d L S' a 

2. Divide 751 14 7i by 3* Anf. 1 250 11 

3* Divide 821 *7 91 by 4- Anf. 2° 5 9 si 
4- Divide 2382 x3 5i by 5- Anf. 476 10 8t 

5- Divide 28 2 xi by 6. Anf. 4 x3 

C
O

 

6. Divide 55 14 °i by 7* Anf. 7 x9 x£ 

7* Divide 6 5 4 by 8. Anf. 0 x5 8 

8. Divide x35 10 7 by 9- Anf. x5 1 2 

9- Divide 21 18 4 by 10. Anf. 2 3 10 

10. Divide 227 10 5 by 11. Anf. 20 x3 8 

11. Divide 11 by 12. Anf. hi 0 xxf 

CONTRACTIONS. 

I. If the divifor exceed 12, find what fimple numbers, 
multiplied together, will produce it, and divide by them 
feparately, as in Simple Divifion. 

EXAMPLES. 

i. What is Cheefe per cwt if 16 cwt coft 30I 18s 8d ? 

I s d 
4) 30 18 8 

4) 7 14 8 

^ 1 x& ^ the Anfwer. 

1 s 
o 

2. If 20 cwt of Tobacco come to d 
120I 10s, what is that per cwt? J 

3. Divide 57I 3s 7d by 35. 

4. Divide 85I 6s by 72. 

5. Divide 31I 2s io|d by 99. 

6. At 18I 18s per cwt, how much per lb ? Anf. o 3 

Anf. 6 

Anf. 1 12 

Anf. 1 3 

Anf. o 6 

d 
6 
8 

Hi 
3? 

II. If the divifor cannot be produced by the multiplica¬ 
tion of Imall numbers, divide by the whole divifor at once, 
after the manner of Long Divifion. 

EXAM 
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EXAMPLES. 

i. Divide 74I 13s 6d by 17. 

1 s d 1 s 

17) 74 13 6 (4 7 10 Anfwer. 

1 s d 
Anf. o 12 io| 

Anf. 3 15 2 

Anf. 4 17 II 

Anf. o 17 3I 

EXAMPLES OF WEIGHTS AND MEASURES. 

1. Divide 231b 70Z 6dwts I2gr by 7. - 

Anf. 31b 40Z 9dwts I2gr. 

2. Divide 131b ioz 2dr cfcr iogr by 12. 

Anf. 1 lb ioz cdr 2fcr iogr. 

3. Divide io6icwt 2qrs by 28. Anf. 37cwt 3 qrs 181b. 

4. Divide 3751m 2fur 7po 2yds ift 2in by 39. 

Anf. qmi 4fur 3990 oyds 2ft 8in. 

5. Divide 571yds 2qrs ina by 47. Anf. 12yd oqr 2na. 

6. Divide 5iac 2ro 3po by 51. Anf. iac dro ipo. 

7. Divide iotu 2hhds 17gall 2pi by 67. Anf. gggal 3p. 

8. Divide i2ola iqr ibu 2pe by 74. Anf. ila 6qrs ibu 3pe. 

9. Divide i2omo 2we 3da 5ho 2omin by hi. 

Anf. jmo owe 2da ioho I2mi. 
* * «•* ' ♦ 

#• GOLDEN 

6 
20 

I33 
1 IQ 

j. 

14 

12 

A74 
170 

4 

1 s d 
2. Divide 23 15 71 by 37. 

3. Divide 199 3 10 by 53. 

4. Divide 675 12 6 by 138. 

5. Divide 315 3 10J by 365. 
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GOLDEN RULE, or RULE OF THREE. 
* 

The R ule of Three teaches how to find a fourth pro¬ 
portional to three numbers given: for which reafon it is 
lometimes called the Rule of Proportion. It is called the 
Rule of Three, becaufe three terms or numbers are given, 
to find a fourth. And becaufe of its great and extenfive 
ufefulnefs, it is often called the Golden Rule. 

This Rule is ufually confidered as of two kinds, namely, 
Dire£I, and Inverfe. 

The Rule of Three Diredf, is that in which more requires 
more, or lefs requires lefs. As in this, if 3 men dig 21 yards 
of trench in a certain time, how much will 6 men dig in the 
fame time ? Here more requires more, that is, 6 men, which 
are more than 3 men, will alfo perform more wrork, in the 
fame time. Or when it is thus : .if 6 men dig 42yards, how 
much will 3 men dig in the fame time ? Here, then, lefs re¬ 
quires lefs, or 3 men will perform proportionally lefs work 
than 6 men, in the fame time. In both thefe cafes, then, the 
Rule, or the Proportion, is Dire£i : and the ftatingmuft be 

thus, As 3 : 2r :: 6 : 42, 
or thus, As 6 : 42 :: 3 : 21. 

\ 

But the Rule of Three Inverfe, is when more requires lefs, 
or lefs requires more. As in this; if 3 men dig a certain 
quantity of trench in 14 hours, in how many hours will 6 
men dig the like quantity ? Here it is evident that 6 men, 
being more than 3, will perform the equal quantity of work in 
lefs time, or fewer hours. Or thus ; if 6 men perform a 
certain quantity of work in 7 hours, in how many hours will 
3 men perform the fame ? Here lefs requires more, for 3 
men will take more hours than 6 to perform the fame work. 
In both thefe cafes, then, the Rule, or the Proportion* isu 
Inverfe ; and the dating muff be 

thus, As 6 : 14 :: 3 : 7, 
or thus, As 3 : 71:6:14. 

And in all thefe ftatings, the fourth term is found, by 
multiplying the 2d and 3d terms together, and dividing the 
produdl by the iff term. 

Of the three given numbers ; two of them contain the 
fuppohtion, and the third a demand. And for (fating and 
working queftions of thefe kinds, obferve the following 
general Rule : 

RULE. 
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RULE. 

State the queftion, by fetting down in a ftraight line the 
three given numbers, in the following manner, viz. fo that 
the 2d term be that number of fuppofition which is of the 
fame kind that the anfwer or 4th term is to be ; making the 
other number of fuppofition the iff term, and the demand¬ 
ing number the 3d term, when the queltion is in direfl pro¬ 
portion ; but contrariwife, the other number of fuppofition 
the 3d term, and the demanding number the 1 ft term,; wdien 
the queltion has inverfe proportion. 

Then, in both cafes, multiply the 2d and 3d terms toge¬ 
ther, and divide the product by the iff, which will give the 
anfwer, or 4th term fought, of the fame denomination as the 
fecond term. 

Note, If the firffc and third terms confift of different deno¬ 
minations, reduce them both to the fame : and if the fecond 
term be a compound number, it is mollly convenient to 
reduce it to the loweil denomination mentioned.—If, after 
divifion, there be any remainder, reduce it to the next lower 
denomination, and divide by the fame divifor as before, and 
the quotient will be of this lafl denomination. Proceed in 
the fame manner wTith all the remainders, till they be reduced 
to the loweft denomination which the fecond term admits of, 
and the feveral quotients taken together will be the anfwer 
required. 

Note alfo, The reafon for the foregoing Rules will appear 
when we come to treat of the nature of Proportions.—Some¬ 
times alfo two or more ftatings are neceffary, which may 
always be known from the nature of the quellion. 

EXAMPLES. 

1. If 8 yards of Cloth cofi il 4s, what will 96 yards coft ? 

yds 1 $ yds 1 s 
As 8 : t 4 :: 96 : 14 8 the Anfwer. 

20 

"24 

96 
144 

2*6 

8 ) 2304 

2,0 ) 28,8s 

14 8 Afifwer. 

Ex. 2♦ 
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Ex 2. An engineer having raifed ioo yards of a certain 
work in 24. days with 5 men ; how many men mud he em¬ 
ploy to finifh a like quantity of work in 1-5 days ?■# 

ds men ds men 
As 15 : 5 :: 24 : 8 Anf. 

5 

15 ) 120 ( 8 Anfwer. 
120 . 

3. What will 72 yards of Cloth coif, at the rate of 9 yards 
for 5I 12s P Anf. 44I 16s. 

4. A ref ion’s annual income being 146I ; how much is 
that per day ? ' Anf. 8s. 

5. If 3 paces or common heps of a certain perfon be equal 
to 2 yards ; how many yards will 160 of his paces make ? 

Anf. 106yds 2ft. 
6. What length muff be cut off a board, that is 9 inches 

broad, to make a fquare foot, or as much as 12 inches in 
length and 12 in breadth contains ? Anf. 16 inches. 

7. If 750 men require 22500 rations of bread for a month ; 
how many rations will a garrifon of 1200 men require ? 

Anf. 36000. 
8. If yewt iqr of fugar coil: 26I los 4d, what will be the 

price of 43cwt 2qrs ?. ' ‘ . Anf. 159I 2s. 
9. The clothing of a regiment of foot "of 750 men amount¬ 

ing to 2831I 5s ; what will the clothing of a body of 3500 
men amount to ? Anf. 13212I 10s. 

to. How many-yards of matting, that is 2ft 6in broad, 
will cover a floor that is 27 feet long and 20 feet broad ? 

Anf. 72yds. 
c 11. What is the value of 6 bufhels of coals, at the rate of 
it 14s 6d the chaldron ? Anf. 5s 9d. 

12. If 6352 hones of 3 feet long complete a certain quan¬ 
tity of walling; how many hones of 2 feeclong will raife a 
like quantity ? Anf. 9528. 

13. What muff be given for a piece of filver, weighing 
731b 50Z I5dwts, at the rate of 5s 9d per ounce ? 

“ Anf. 253I 1 os o|d. 
14. A garrifon of 536 men having provifion for 12 months ; 

how long will thole proviiions laid, if the garrifon be in- 
creafed to 1124 men ? Anf. 174 days and T|4T. 

15. What will the tax upon 763I 15s be,' at the rate of 
3s 6d per pound flerling? .me- ^ Anf; 133I 13s i|d. 

» 16. A 
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16. A certain work being raifed in 12 days, by working 
4 hoilrs each day ; how long would it have been in railing by 
Working 6 hours per day ? Anf. 8 days. 

17. What quantity of corn can I buy for 90 guineas, at the 
rate of 6s the buftiel ? Anf. 39qrs 3bu. 

18. A perfon, failing in trade, owes in all 977I ; at which 
time he has in money, goods, and recoverable debts, 420I 6s 
3fd; now fuppofmg thefe things delivered to his creditors, 
how much will they get per pound ? Anf. 8s y\d. 

19. A plain of a certain extent having fupplied a body of 
3000 horfe with forage for 18 days ; then how many days 
would the fame plain have fupplied a body of 2000 horfe ? 

Anf. 27 days. 
20. Suppofe a gentleman’s income is 500 guineas a year, 

and that he fpends 19s yd per day, one day with another ; 
how much will he have faved at the year’s end ? 

Anf. 167I 12s id. 
21. What coft 30 pieces of lead, each weighing icwt I2lb, 

at the rate of 16s qd the cwt ? Anf. 27I 2s 6d 
22. The governor of a befieged place having provi(ion for 

54 days, at the rate of iflb of bread ; but being defirous to 
prolong the (iege to 80 days, in expectation of fuccour, in 
that cafe what mud the ration of bread be? Anf. i^lb. 

23. At half a guinea per week, how long can I be boarded 
for 20 pounds ? .Anf. q8TyTwTks. 

24. How much w ill 75 chaldrons 7 bufhels of coals come 
to, at the rate of il 13s 6d per chaldron ? 

Anf. 125I 19s, iqd. 
25. If the penny loaf weigh 9 ounces when the bulhel of 

wheat coft 6s 3d; what ought the penny loaf to weigh when 
the'wheat is at 8s 2|d ? Anf. 6oz i34fydr. 

26. How much a year will 173 acres 2 roods 14 poles of 
land give, at the rate of il 7s 8d per acre ? 

Anf. 240I 2s 7oVL 
27. To how much amounts 172 pieces of lead, each weigh¬ 

ing gewt 2qrs 171-lb, at 81 17s 6d per (other of lqfewt r 
Anf. 286I 4s 4id. 

. 28. How many yards of (luff, of 3qrs wdde, will line a 
cloak that is 51 yards in length and if yard wide ? 

Anf. 9yds 2qrs 2fnl. 
29. If 5 yards of cloth coft. 14s 2d, what muft be given for 

9 pieces, containing each 21 yards 1 quarter ? 
, Anf. 27I is io|d. 

30. If a gentleman’s eftate be worth 2107I 12s a year ; 
what may hefpend per day, to fave 500I in the year ? 

Anf. 4I 8s iTV9Td. 
(•. . v_- . - .UJ [ 31. Wazlt- 
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31. Wanting juft an acre of land cut off from a piece which 
is 13^ poles in breadth, what length mu ft the piece be ? 

Anf. 1 rpo 4yds 2ft o4|-in. 
32. At 13s 2|d per yard, what is the value of a piece of 

doth containing J2f ells Englifh ? Anf. 43I 10s ii—gd. 
33. If the carriage of 5cwt 141b for 96 miles be ii i2s6d ; 

how far may I have 3cwt iqr carried for the fame money ? 
Anf. 151m 3fur 3T'Tpol. 

34. Bought a filver tankard, weighing 1 lb 70Z I4dwts ; 
what did it coft me at 6s qd the ounce ? Anf. 61 4s 93-d. 

35. What is the half year’s rent of 547 acres of land, at 
15s 6d the acre ? Anf. 21 il 19s 3d. 

36. A wall that is to be built to the height of 27 feet, was 
railed 9 feet high by 12 men in 6 days ; then how many men 
muff be employed to finilh the wall in 4 days, at the fame 
rate of working ? Anf. 36 men. 

37. What will be the charge of keeping 11 horfes for a 
year,at the rate of.Helper day tor each horle ? 

Anf. 1921 7s 8|d. 
38. If iS ells of fluff that is f yard wide coft 37s 6d ; what 

will 40 ells, of the fame goodnefs, coft, being yard wide ? 
Anf. 61 13s 4d. 

39. How many yards of paper that is 30 inches wide, will 
hang a room that is 20 yards in circuit, and 9 feet high ? 

Anf. 72 yds. 
40. If a gentleman’s eftate be worth 384I 16s a year, and 

the land-tax be afleffed at 2s 9|d per pound, what is his net 
annual income ? Anf. 3311 1 s 9fd. 

41. The circumference of the earth is about 25000 miles; 
at what rate per hour is a perfon at the middle of its furface 
carried round, one w hole rotation being made in 23 hours 56 
minutes ? Anf. io44t8t't6t miles. 

42. If a perfon drink 20 bottles of wine per month, when 
it cofts 8s a gallon ; how many bottles per month may he 
drink, without increaftng the expence, when wine cofts ios 
the gallon ? Anf. 16 bottles* 

43. What coft 43qrs 5 bufhels of corn, at il 8s 6d the 
quarter ? Anf. 62I 3s 34d. 

44. How many yards of canvas that is ell wide, will line 
£0 yards of fay that is 3 quarters wride ? Anf. 12yds. 

45. If an ounce of gold coft 4 guineas, wdiat is the value 
of a grain ? Anf. 2-j^d. 

. ’46. If 3cwt of tea coft 40I 12s ; at how much a pound 
mult it be retailed, to gain rod by the whole ? Anf. 3-y-f 

COMPOUND 
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COMPOUND PROPORTION. 

Compound Proportion teaches how to refolve fuch 
queftions as require two or more ftatings by Simple Propor¬ 
tion ; and that, whether they be Direfl or Inverfe. 

In thefe queftiohs, there is always given an odd number 
of terms, either five, or feven, or nine, &c. Thefe are dif- 
tinguifhed into terms of fuppolition, and terms of demand, 
there being always one term more ol’ the former than of the 
latter, which is of the fame kind -with the anfwer fought, 

RULE. 

Set down in the middle place that term of fuppofition 
which is of the fame kind with the anfwer fought.—Take one 
of the other terms of fuppofition, and one of the demanding 
terms which is of the fame kind with it : then place one of 
them for a firfi: term, and the other for a third, according to 
the directions given in the Rule of Three.—Do the fame 
with another term of fuppofition, and its correlponding de¬ 
manding term; and fo on if there be more terms of each 
kind; fetting the numbers under each other which fall all 
on the left-hand fide of the middle term, and the fame for 
the others on the right-hand fide.—Then, to work 

By fever a] Operations.— Take the two upper terms and the 
middle term, in the fame order as they hand, for the firfi 
Rule of Three queftion to be worked, whence will be found 
a fourth term. Then take this fourth number, fo found, for 
the middle term of a fecond Rule of Three queftion, and the 
next two under terms in the general ftating, in the fame order 
as they ftand, finding a fourth term lor them. And fo on, 
as far as there are any numbers in the general ftating, mak¬ 
ing always the fourth number refulting from each fimple 
ftating to be the fecond term ol the next following one. So 
fhall the laft refulting number be the anfwer to the queftion. 

By One Operation.—Multiply together all the terms hand¬ 
ing under each other, on the left-hand fide of the middle 
term ; and in like manner, multiply together all thofe on 
the right-hand fide of it. Then multiply the middle term 
by the latter produft, and divide the refult by the former 
product, fo fhall the quotient be the anfwer fought. 

VOL. I. E EXAM- 
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EXAMPLES. 

i. How many men can complete a trench of 135 yards 
long in 8 days, when 16 men can dig 54 yards in 6 days ? 

General Stating, o 

yds , 54 : 16 men :: 135 yds 
days ’ 8 6 days 

432 810 
_ ,6 

4860 
8 r men 

432 ) 12960 ( 30 Anf. by one operat. 
1296 

o 

The fame by two operations. 

I ft. 
As <4 : 16 :: 135 : 40 

_16 

810 

*35 
54 ) 2160 ( 40 

216 ' 

2d. 
As 8 : 40 :: 6 : 30 

_6 
8 ) 240 ( 30 Anf, 

o 

2. If iool in one year gain 5I intereft, what will be the 
intereft of 750I for 7 years ? Anf. 262I 10s 

3. If a family of 9 perfons expend 120I in 8 months; 
how much will ferve a family of 24 people 16 months ? 

Anf. 640I 
4. If 27s be the wages of 4 men for 7 days ; what will be 

the wages of 14 men for 10 days ? Anf. 6115s 
5. If a footman travel 130 miles in 3 days, when the days 

are 12 hours long; in how many days, of 10 hours each, 
may he travel 360 miles ? Anf. 9fJ- days. 

' ' Ex. 6. 
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Ex. 6. If i2obufhelsof corn can ferve 14 horfes 56 days ; 
how many days will 94 bulhels ferve 6 horfes ? 

Anf. 102-54 days. 
7. If 30001b of beef ferve 340 men 15 days; how many 

lbs will ferve 120 men for 25 days ? Anf. 17641b 11-140Z. 
8. If a barrel of beer be fufficient to la ft a family of 7 

perfons 12 days ; how many barrels will be drank by 14 per- 
fons in the fpace of a year ? Anf. 604 barrels. 

9. If 240 men, in 5 days, of n hours each, can dig a 
trench 230 yards long, 3 wide, and 2 deep ; in how many 
days of 9 hours long, will 24 men dig a trench of 420 yards 
long, 5 wide, and 3 deep ? Anf. 288T5^9T days. 

OF VULGAR FRACTIONS. 
/ r » 

A Fraction, or broken number, is an exprefiion of a 

part, or fome parts, of fomething confidered as a whole. 

It is denoted by two numbers, placed one below the other, 
with a line betwen them: 

ThUS’ 4 denominator } which is named 3-fourths. 

The Denominator, or number placed below the line, fhews 
how many equal parts the whole quantity is divided into; 
and reprefents the Divifor in Divifion.—And the Numera¬ 
tor, or number fet above the line, (hews how many of thefe 
parts are exprelfed by the Fraction; being the remainder 
after divifion.—Alfo, both thefe numbers are, in general, 
named the Terms of the Fradion. 

Fra&ions are either Proper, Improper, Simple, Com¬ 
pound, or Mixed. 

A Proper Fraction, is when the numerator is lefs than the 
denominator ; as 4, or -f, or 4, &c. 

An Improper Fradion, is when the numerator is equal to, 
or exceeds, the denominator ; as, f, or 4, or 4, &c. 

A Simple Fradion, is a (ingleexpreflion, denoting any num¬ 
ber of parts of the integer ; as 4, or-f. 

A Compound Fradion, is the fradion of a fradion, or 
feveral fradions conneded with the word ^between them; 
as 4 of f, or 4 of 4 of 3, &c. 

A Mixed Number, is compofed of a whole number and a 
fradion together; as 3J, or 124, &c. 

E % A whole 
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A whole or integer number may be expreffed like a frac¬ 
tion, by writing I below it, as a denominator; fo 3 is -f-, or 
4 is !■, &c. 

A fradfion denotes divifion; and its value is equal to the 
quotient obtained by dividing the numerator by the denomi¬ 
nator ; fo y is equal to 3, and 2T° is equal to 4. 

Hence then, it the numerator be lefs than the denomina¬ 
tor, the value of the fraction is lefs than 1. If the numera¬ 
tor be the fame as the denominator, the fraction is juft equal 
to 1. And if the numerator be greater than the denomina¬ 
tor, the fraBion is greater than 1. 

REDUCTION of VULGAR FRACTIONS. 

Reduction of Vulgar FraHions, is the bringing them 
out of one form or denomination into another; commonly to 
prepare them for the operations of Addition, Subtra&ion, 
&c. of which there are feveral cafes. 

PROBLEM. 

To find the Great eft Co?nmo?t Meafure cf Tzuo or more Numbers. 
. . ■ ' •. - % 

The Common Meafure of two or more numbers, is that 
number which will divide them both without remainder ; fo, 
3 is a common meafure of 18 and 24; the quotient of the 
former being 6, and of the latter 8. And the greateft num¬ 
ber that will do this, is the greateft common meafure: fo 6 

- is the greateft common meafure of 18 and 24 ; the quotient 
of the former being 3, and of the latter 4, which will not 
both divide farther. 

» - 

RULE. 
I 

If there be two numbers only ; divide the greater by the 
lefs; then divide the divifor by the remainder; and fo on, 
dividing always the laft divifor by the laft remainder, till 
nothing remains; fo (ball the laft divifor of all be the great- 
eft common meafure fought. 

When there are more than two numbers ; find the greateft 
common meafure of two of them, as before; then do the 
fame for that common meafure and another of the numbers; 

and 
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and fo on, through all the numbers; fo will the greateft 
common meafure lad: found be the anfwer." 

If it happen that the common meafure thus found is 1 ? 
then the numbers are faid to be incommenfurable, or not 
having any common meafure. 

examples. 

1. To find the greateft common meafure of 1998, 918, 
and 522. 

918 J 1998 ( 2 So, 54 is the greateft common 
1836 meafure of 1998 and 918. 

162 ) 918 ( 5 Hence 54 ) 522 ( 9 
810 486 

108 ) 162 ( 1 
108 

54) 108 (2 
108 

36 ) 54 ( 1 

36 
18 ) 36 ( 2 

36 

So that 18 is the anfwer required. 

2. What is the greateft common meafure of 246 and 372 ? 
Anf. 6. 

3. What is the greateft common meafure of 336, 720, 
and 1736? Anf. 8. 

case 1. 

To Abbreviate or Reduce Fractions to their Loweji Terms. 

RULE*. 

Di vide the terms of the given fraQion by any number 
that will divide them without a remainder ; then divide thefe 

quotients 

* That dividingboth the terms of the fradionby the fame num¬ 
ber, whatever it be, will give another fradion equal to the former, 
is evident. And when thefe divifions are performed as often as 
can be done, or when the common divifor is the greateft poffible, 
the terms of the refulting fradion mult be the leaft poffible. 

Note. 1. Any number ending with an even number, or a cipher, 
is divifible, or can be divided, by 2. 

2. Any number ending with 5, or o, is divifible by 5. 
, 3. if 
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quotients again in the fame manner ; and fo on, till it appears 
that there is no number greater than I which will divide 
them; then the fraction will be in its loweft terms. 

Or, Divide both the terms of the fratftion by their greateft 
common meafure at once, and the quotients will be the terms 
of the fra&ion required, of the fame value as at firft. 

examples. 

Reduce to its leaft terms. 

1 ±±_ 7 2 -_3.iL-_lJL-_ 3. 
2 4 0   1 2 0   6 O   3 O   1 3   3 > 

Or thus: 

the Anfwer. 

Therefore 48 is the greateft common 
meafure; and 48) the An¬ 
fwer, the fame as before. 

48) 96 (2 

96 

2. Reduce 

144 ) 240 ( 1 

144 

96) 144 ( i 

96 

3. If the right-hand place of any nujnber be o, the whole is di- 
vifible by 10; if there be two ciphers, it is divisible by ico; if 
three ciphers, by 1000: and fo on; which is only cutting off 
thofe ciphers. 

4. If the two right-hand figures of any number bedivifible by 4, 
the whole is divifible by 4. And if the three right-hand figures 
be divifible by 8, the whole is divifible by 8. ^nd fo on. 

5. If the fum of the digits in any number be divifible by 3, or 
by 9, the whole is divifible by 3, or by 9. 

6. If the right-hand digit be even, and the fum of all the digits 
be divifible by 6, then the whole will be divifible by 6. / 

7. A number is divifible by 11, when the fum of the ift, 3d, 5 th, 
&e. or all the odd places, is equal to the fum of the 2d, 4th, 6th, 
&c. or of all the even places of digits. 

8. If a number cannot be divided by fome quantity lefs than the 
fquare of the fame, that number is a prime, or cannot be divided 
by any number whatever. 

9. All prime numbers, except 2 and 54 have either 1, 3, 7, or 9, 
in the place of units; and all other numbers are compofite, or can 
be divided. 

10. When 
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2. Reduce to its lowed terms. Anf. £. 

3. Reduce ■§■§{. to its lowed terms. Anf. T9T. 

4. Reduce Lf|~f to its lowed terms. Anf. 

CASE 11. 

7$ Reduce a Mixed Number to its Equivalent Improper Frallien. 

RULE* *. 
1 - ' , * 

Multiply the whole number by the denominator of the 
fra&ion, and add the numerator to the produft ; then fet 
that fum above the denominator for the fraction required, 

EXAMPLES, 

X. Reduce 23-f to a fra&ion. 

23 
5 

115 Or, 
_2. (23 X 5) ~1~ 2 __ f the Anfwer. 
”7 5 # 5 

5 

2. Reduce 12^ to a fraction. 

3. Reduce 14^ to a fraflion, 

4. Reduce 183 T5T to a fra&ion. 

Anf. ‘^5. 

Anf. VV • 

Anf. 3fi8. 

10. When numbers, with the fign of addition or fubtra&ion be¬ 
tween them, are to be divided by any number, then each of thofe 

numbers mud be divided by it. Thus — 5"h-f 2—7* 

11. But if the numbers have the fign of multiplication between 
them, only one of them muft be divided. Thus, 

1 o X 8 X 3 __ 10X4X3_ 10X4X1 __ 10X 2X 1 _ 20 — 20* 

6 x~2 6x1 2 X i 1 X 1 1 
* This is no more than firft multiplying a quantity by fome 

number, and then dividing the refult back again by the fame, which 
it is evident does not alter the value; for any fraction reprefents a 
divifion of the numerator by the denominator. 

CAS§ 
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CASE III. 

To Reduce an Improper Fraction to its Equivalent 11%ole or Mixed 
Number. 

RULE1, 

Divide the numerator by the denominator, and the quo¬ 
tient will be the whole or mixed number fought. 

EXAMPLES. 

1. Reduce y to its equivalent number. 

Here or 12 -4- 3 = 4, the Anlwer. 

2. Reduce *y to its equivalent number. 

Here y or 15 4- 7 = 2y, the Anfwer. 
• — 

3. Reduce 7T4y to its equivalent number. 

Thus, 17 ) 749 { 44-jV 
68 

69 So that 7yj — 44iV> Anfwer,. 
68 

4. Reduce 5y6 to its equivalent number. Anf. 8. 

5. Reduce iJ-f2 to its equivalent number. Anf. 54y-|. 

6. Reduce to its equivalent number. Anf. 171-j-f. 

CASE IV. 

'To Reduce a IF hole Number to an Equivalent Fraction, having a 
Given Denominator. 

RULEt. 

Multiply the whole number by the given denominator; 
then fet the product over the faid denominator, and it will 
form the fraction required. 

* This Rule is evidently the reverfe of the former; and the 
reafon of it is manifeft from the nature of Common Divifion. 

+ Multiplication and Divifion being here equally ufed, the refult 
mull be the fame as the quantity firft propofed. 

/ 
EXAM- 
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EXAMPLES. 

1. Reduce 9 to a fradlion whofe denominator fhall be 7. 

Here 9X7 — 63, then is the Anfwer. 

For — 63 -^-7—9, the Proof. 

2. Reduce 13 to a fradlion whofe denominator (hall be 12. 

Anf. yyh 

3. Reduce 27 to a fradlion whofe denominator fhall be 11. 

% ■ ' . Anf. Vt7- 

CASE V. 

To Reduce a Compound Fradii on to an Equivalent Simple One. 

R U L £*. 

Multiply all the numerators together for a numerator, 
and all the denominators together tor a denominator, and 
they will form the limple fraSion fought. 

When part of the compound fradlion is a whole or mixed 
number, it muft fird be reduced to a fradlion by one of the , 
former cafes. 

And, when it can be done, any two terms of the fradlion 
may be divided by the fame number, and the quotients ufed 
inlfead of them. Or when there are terms that are common, 
they may be omitted. 

EXAMPLES. 

I. Reduce \ of -f of f to a limple fradlion. 

Here 1 X 2 *3 — ~ = -L, the Anfwer. 
2x3x4 24 4 

Or-, 1 X r __ J_* by omitting the 2’s and 3’s. 
/X^X4 4 

* The truth of this Rule may be (hewn as follows: Let the com¬ 
pound fradlion be f of * . Now 4 of is -f-r h which is 
confequently -§• of \ will be X 2 or ; that is, the numera- 
tors'are multiplied together, and alfo the denominators, as in the 
Rule.—When the compound fradlion confiils of more than two 
fingle ones ; having firft reduced two of them as above, then the 
refulting fradlion and a tfiird will be the fame as a compound 
fradlion of two parts; and fo on to the lad of all. 

2. Reduc# 
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2. Reduce § of J- of 4? to a fimple fradlion. 

2X3X10 60 
Here 

Or 

3X5XII 

2X^Xr/ 

, — — — the Anfwer. 
165 33 n’ 

— —, the fame as before. 
^X^XH 11 

3. Reduce of i to a fimple fradlion. Anf. 

4. Reduce f of -§■ of -f- to a fimple fra&ion. Anf. 

5. Reduce -§• of ■§• of 3^ to a fimple fraflion. Anf. 

6. Reduce 4. of £ of of 4 to a fimple fraction. Anf. 

7. Reduce 24- of £ to a fraftion. Anf. 

CASE VI. 

To Reduce Fra Si ions of Different Denominators to Equivalent 
Fractions, having a Common Denominator. 

1 a 
3 5* 

1 
4 ’ „ 1 

✓ 7 
Y* 
5 
2 ' 

7 
T* 

RULE*. 

Multiply each numerator by all the denominators ex¬ 
cept its own, for the new numerators ; and multiply all the 
denominators together for a common denominator. 

Note, It is evident, that in this and feveral other operations, 
when any of the propofed quantities are integers, or mixed 
numbers, or compound fractions, they mull be reduced, by 
their proper Rules, to the form of fimple fraHions. 

examples. 

1. Reduce -§-, and | to a common denominator. 

1 X 3 X 4 = 12 the new numerator fori. 

2 X 2 X 4 = 16 - - ditto for 4. 

3X2X3= iB - - ditto for |. 

2 X 3 X 4 — 24 the common denominator. 

Therefore the equivalent fra6tions are 44> and 45. 

Or the whole operation of multiplying may be very well 
performed mentally, only fetting clown the refults and 

* This is evidently no more than multiplying each numerator 
and its denominator by the fame quantity, and confequently the 
value of the fraction is not altered. 

given 
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given fractions thus: f, f = = T6y, T\, ^ 
by abbreviation. 

2. Reduce \ and 4 to fractions of a common denomirtator. 

Anf. yy> 4"3* 

3. Reduce -f, and J to a common denominator. 
An! —— -3-A AIL 

4. Reduce 4, 2-J, and 4 to a common denominator. 
Anf .2.5 7 8 a 2 o 
* 30® *3”o^ *3*o 

Note 1. When the denominators of two given fra&ions 
have a common meafure, let them be divided by it; then 
multiply the terms of each given fraction by the quotient 
arifing from the other’s denominator. 

2. When the lefs denominator of two fra&ions exa&Iy 
divides the greater, multiply the terms of that which hath 
the lefs denominator by the quotient. 

3. When more than two fra&ions are propofed ; it is fome- 
times convenient, firft to reduce two of them to a common 
denominator ; then thefe and a third ; and fo on till they be 
all reduced to their lead; common denominator. 

\ 

CASE VII. 

To find the Value of a Fraction in Parts of the Integer, 

RULE. 

Multiply the integer by the numerator, and divide the 

produft by the denominator, by Compound Multiplication 
and Divifion, if the integer be a compound quantity. 

Or, if it be a fingle integer, multiply the numerator by the 
parts in the next inferior denomination, and divide the pro- 
duff by the denominator. Then, if any thing remains, mul- 
tiply it by the parts in the next inferior denomination, and 
divide by the denominator as before• and fo on as far as 
neceflary; fo fhall the quotients, placed in order, be the 
value of the fraffion required*. 

\ , 
* The numerator of a fraction being confidered as a remainder, 

in Divifion, and the denominator as the divifor, this rule is of the 
fame nature as Compound Divifion, or the valuation of remainders 
jn the Rule of Three, before explained. 

EXAM- 
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EXAMPLES. 

I. What is the 4- of 2l 6s ? 

By the former part of the Rule, 
2l 6s 

4 

. 5) 9 4 
Ani. il 16s gd 2fq. 

2. Whatisthevalueoff ol 11? 
By the 2d part of the Rule, 

2. 

2o 

3 ) 40 ( 13s 4d Anf. 

I 
12 

3. Find the 

4. What is 

5. What is 

6. What is 

7. What is 

8. What is 

Q. What is 

3 ) Hi 4d 

value of •§■ of a pound fterling ? Anf. ys 6d. 

the value of of a guinea ? Anf. 4s 8d. 

the value of f of a half crown ? Anf. is io|d. 

the value of 4. of 4s iod ? 

the value of fib. troy ? 

the value of of a cwt ? 

the value of f of an acre ? 

10. What is the value of of a day ? 

Anf. is* 1 ifd. 

Anf. 70Z 4dwts. 

Anf. iqr 7Ib. 

Anf. 2ro 2opo. 

Anf. 7hrs I2min. 

CASE VIII. 

T'o Reduce a Fraction from one Denomination to another. 

RULE*. 

Consider how many ot the lefs denomination make one 
of the greater ; then multiply the numerator by that num¬ 
ber, if the redudfion be to a lefs name, or multiply the de¬ 
nominator, if to a greater. 

EXAMPLES. 

I. Reduce f of a pound to the fraHion of a penny. 

A V IP Y 1 2 9 A ± A t 
4 8.0 

9 Jf °, the Anfwer. 

* This is the fame as the Rule of Reduction in whole numbers, 
from one denomination to another. 

2. Re- 
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2. 

3- 

4- 

5- 
6. 
7- 
8. 

9* 
io. 

RULE. 

If the fractions have a common denominator; add all 
the numerators together, then place the fum over the common 
denominator, and that will be the fum of the fra&ions 
required. 

If the propofed fractions have not a common denomina¬ 
tor ; they mud: be reduced to one. Alfo compound fradlions 
mud be reduced to dmple ones ; and mixed numbers to im¬ 
proper fra&ions : alfo fractions of different denominations to 
thofe of the fame denomination*. 

* Before fractions are reduced to a common denominator, they 
are quite diffimilar, as much as lhillings and pence are, and there¬ 
fore cannot be incorporated with one another, any more than thefe 
can. But when they are reduced to a common denominator, and 
made parts of the fame thing, their fum, or difference, may then be 
as properly expreffed by the fum or difference of the numerators, 
as the fum or difference of any two quantities whatever, by the 
fum or difference of their individuals. Whence the reafon «f the 
Rule is manifeft, both for Addition and Subtraction. 

When feveral fractions are to be collected, it is commonly beft 
firft to add two of them together that moft eafily reduce to a com¬ 
mon denominator; then add their fum and a third, and foon. 

Reduce f of a penny to the fra&ion of a pound. 

tV x tV = T&T = TTT. the Anfwer. 

Anf. 3T2d. 
t X 

Reduce 

Reduce 

Reduce 

Reduce 

Reduce 

Reduce 

Reduce 

Reduce 

1 4T0   2 TT"8 » 

t2t1 to the fradtion of a penny. 

-fq to the fradlion of a pound. Anf. TAro‘ 

■^.cwt to the fra&ion of a lb. Anf. 3T2. 

i-dwt to the fraction of a lb troy. - Anf. 

•g-crown to the fra61. of a guinea. Anf. T 

-^-half-crown to the fradl. of a fhiliing. Anf. •§■•§. 

2s 6d to the fradlion of a jC. Anf. 

17s 7d 3fq to the fra&ion of a £. 

Too' 
2 5 
TT* 

ADDITION of VULGAR FRACTIONS. 

EXAM- 
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EXAMPtES, 

1. To add and £ together. 

Here -f- + t = •§• = if-» the Anfwer. 

2. To add -J and £ together. 
2. -4— JL — 1 s i_ 2 .5 — 4 3 — t 1 3 tfip Anfwer 
TT T — T5- 1 To — To — 1To> U1C niUWCr* 

3. To add £ and y\ and 4 of 4 together. 

IJ-7I _j_Lnf i.- 5. 1 >_5 J_ I-5 4_ 6_o I 2.- 6_7-Kj.. 
8 I / 2 I 3 U1 4 - 8 1 2 1 4-T 1 8 ' 8 - 8 °1f 

4. To add £ and £ together. Anf. i-f-. 

5. To add | and £ together. Anf. i-ff* 

6. Add £ and T5T together. Anf. 

7. What is the fum of -§• and £ and4 ? Anf. i~f. 

8. What is the fum of £ and 4 and 24 ? Anf. 3f§. 

9. What is the fum of 4 and 4 of 4; and g-^ ? Anf. io-^. 
t 

10. What is the fum of -f of a pound and £ of a (hilling ? 
Anf. xf-5s or 13s iod 2-fq. 

11. What is the fum of 4 of a (hilling and -A- of a penny ? 
Anf. Yjd or 7d IT-|q. 

12. What is the fum of 4 of a pound, and f of a (hilling, 
and T5T of a penny ? Anf. or 3s id 144a. 

13. To fum 7| of 4- + i, °f t 7 + 5l + tt- 
Anf. i6^j5^. 

SUBTRACTION of VULGAR FRACTIONS. 
' , * . ;, ‘ # 

RULE. 

Prepare the fraftions the fame as for Addition, when 
neceffary; then fubtradt the one numerator from the other, 
and fet the remainder over the common denominator, for the 
difference of the fractions fought. 

( . ; » •, 

EXAMPLES. 

1. To find the difference between £ and 4. 

Here f- — 4 = 4 = the Anfwer. 

2. To find the difference between 4 and £. 

4 — t = 2 ’ ~ §f = t > the Anfwer. 

3. What 
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3. What is the difference between ^ and ^ ? Anf. i. 

4. What is the difference between ^ and ? Anf. 

5. What is the difference between -^-and -A-? Anf. 

6. What is the diff. between 5f and ~ of 4! ? Anf. 4^^. 

7. What is the difference between of a pound, and §• of 
f of a (hilling ? Anf. or 10s 7d i-|q. 

8. What is the difference between *. of 5|- of a pound, 
and | of a (hilling ? Anf. f£|Xl or il 8s Il-^d. 

MULTIPLICATION of VULGAR FRACTIONS. 

RULE** 
/ 

Reduce mixed numbers, if there be any, to equivalent 
fra&ions; then multiply all the numerators together for a 
numerator, and all the denominators together for a denomi¬ 
nator, which will give theprodudt required. 

EXAMPLES. 

I. Required the product of and |.. 

Here 1 x | ^ the Anfwer. 
1 
if* 

9 - 3 6 

Or f X | = 4 X | 

2. Required the continued produft of f, 3-i, 5, and | of f. 

Lx ^ X £ X £ X 3 _ T3 X 3 — 39 
* 4 1 * S 4 X a- 8 
4!, Anfwer. 

3. Required the produft of §■ and Anf. 

4. Required the produ£f of and Anf. T*g-. 

Here 

* Multiplication of any thing by a fraction implies the taking 
fome part or parts of the thing; it may therefore be truly expreffed 
by a compound fraction; which is refolved by multiplying toge¬ 
ther the numerators and the denominators. 

Note, A fraction is beft multiplied by an integer, by dividing the 
denominator by it; but if it will not exa&ly divide, then multiply 
the numerator by it. 

4 ; „ 5. Re- 
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5. Required the product of f, f, and if. 

6. Required the product of f, f, and 3. 

7. Required the product of f, f, and 4T\. 

$. Required the produft of A, and -J of y. 

9. Required the produ£l of 6, and |. of 5. 

10. Required the produft of | of -J, and -§- of 3y. Anf. fj. 

11. Required the product of 3and 4f±. Anf. i4-§-ff. 

12. Req.uired the product of 5, .J, §• of •§-, and 4f. Anf. 2--*. > 

Anf. -£j, 

Anf. 1. 

.Anf. 2-y^. 

Anf. if. 

Anf. 20. 

DIVISION of VULGAR FRACTIONS. 

RULE*. 

Prepare the fra&ions as before in Multiplication; then 
divide the numerator by the numerator, and the denominator 
by the denominator, if they will exaddly divide ; but if not, 
then invert the terms of the divifor, and multiply the divi¬ 
dend by it, as in Multiplication. 

EXAMPLES. 

1. Divide y hyf. 

Here y -f- f == f by the method. 

2. Divide f by T2T. 

Hwe = V = 4 X -f = V = 4f 

3. It is required to divide -if- by f. Anf. f. 

4. It is required to divide -fa by f. Anf. 

5. It Is required to divide y by • , Anf. if, 

6. It is required to divide-f by y. Anf. 7rT. 

* Divifion being the reverfe of Multiplication, the reafon of 
the Rule is evident. 

Note, A fraftion is bed divided by an integer,, by dividing the 
numerator by it; but if it will not exaftly divide, then multiply 
the denominator by it. 

7. Di- 
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7. It is required to divide 44 by |. Anf. -f* 
8. It is required to divide 4 by •§•. Anf. hf. 

9. It is required to divide T9T by 3. Anf. yV* 
10. It is required to divide ■§- by 2. Anf. ■&. 

It. It is required to divide 74 by 94. Anf. . 

12. It is required to divide 4 of 4 by 4 of y-f. Anf. Tfj-. 

RULEOF-THREE in VULGAR FRACTIONS. 

RULE. 

Make the neceffary preparations as before directed; then 
multiply continually together, the fecond and third terms, 
and the firth with its parts inverted as in Divifion, for the 
anfwer*. 

•* EXAMPLES. 

1. Iff of a yard of velvet cod f of a pound fterling; what 
wi 11 of a yard cod ? 

2 2 < $ i « 
~Q — 11 —7 : — X — X — = 4 1 = 6s 8d. Anfwer. 
85 ib 3 & x? 

2. What will-g-|oi of diver cod, at 6s4d an ounce? 
Anf. il is 4|d. 

3. If yt a fidp be worth 273I 2s 6d, what is T5T of her 
worth? Anf. 227I 12s id. 

4. What is the purchafe of 1230I bank-dock, at io8f per 
cent? Anf. 1336I is gd. 

5. What is the intered of 273I 15s for a year, at 3! per 
cent? Anf. 81 17s ujd. 

6. If 4 of a fhip be worth 73I is 3d, what part of her is 
worth 250I ios ? Anf. 4. 

* This is only multiplying the 2d and 3d terms together, and 
dividing the produft by. the iirft, as in the Rule-of- i'hree in whole 
numbers. 

Vol. I. F 7. What 
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7. What length muft be cut off a board, that is 7J inches 
broad, to contain a fquare foot, or as much as another piece 
of 12 inches long and 12 broad ? Anf. l8-jf- inches. 

8. What quantity of fhalloon, that is | of a yard wide, will 
line 91 yards of cloth that is 2f yards wide ? Anf. 3if yds. 

9. If the pennv-loaf weigh 6T\ oz when the price of wheat 
is 5s the bulhel ; what ought it to weigh when the wheat is 
at 8s 6d the bulhel ? '' Anf. 4T‘T 02,. 

10. How much in length, of a piece of land that is 1 iff 
poles broad, will make an acre of land, or as much as 40 poles 
in length and 4 in breadth ? Anf. I3tVj poles. 

11. If a courier perform a certain journey in 35^ days, 
travelling 13^- hours a-day ; how long would he be in per¬ 
forming the lame, travelling only iiT9^- hours a-day ? 

Anf. 40-f-ff days. 

12. A regiment of foldiers, confiding of 976 men, are to 
be new clothed, each coat to contain 2\ yards of cloth that is 
if yard wide, and lined w ith fhalloon f yard w?ide; how 
many yards of fhalloon will line them ? 

Anf. 4531 yds 1 qr nails. 

- - 

DECIMAL FRACTIONS. 

A Decimal Fraction is that which l^as for its deno¬ 
minator, an unit (i) with as many ciphers annexed as the 
numerator has places ; and it is ufually expreffed by letting 
down the numerator only, with a point before it, on the left- 
hand. Thus, -V is ‘5* and is -25, and, is *075, 
and ToVoVo *s *00124; wLere ciphers afe prefixed to make 
up as many places as are ciphers in the denominator, when 
there is a deficiency of figures. 

A mixed number is made up of a whole number with fome 
decimal fraction, the one being feparated from the other by 
a. point. Thus 3*25 is the fame as 3,TVV Qr i"§4- 

Ciphers on the right-hand ot decimals make no alteration 
in their value ; for *5 or *50 or ‘500,are decimals having all 
the fame value, being each — orBut if they are placed 
on the left-hand, they deereafe the value in a tenfold propor¬ 
tion ; Thus *5 is yV or 5 tenths, but *05 is only , or 5 hun¬ 
dreds, and *005 is but or 5 thoufandths. 

The 
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The ifl place of decimals, counted from the left-hand to¬ 
wards the right, is called the place of primes, or ioths; the 
2d is the place of feconds, or iooths; the 3d is the place of 
thirds, or loooths ; and fo on. For, in decimals, as well 
as in whole numbers, the values of the places increafe to¬ 
wards the left-hand, and decreafe towards the right, both in 
the fame tenfold proportion; as in the following Scale or 
1 able of Notation : 
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ADDITION of DECIMALS. 

RULE. 

. Set the numbers under each other according to the value 
of their places, like as in whole numbers ; in which (fate the 
decimal feparaiing points will hand all exa£tly under each 
other. Then, beginning at the right hand, add up all the 
columns, of numbers as in integers ; and point off as many 
places, for decimals, as are in the greateft number of decimal 
places in any of the lines that are added ; or place the point 
directly below all the other points. 

EXAMPLES. 

I. To add together 29*0146, and 3146*5, and 2109, and 
•62417, and 14*16 

2q*oi46 
•. • . 3146-5 

2109** 
•62417 

14*16 

5299*29877 the Sum. 
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Ex. 2. To find the fum ol 376*25 4“ 86*125 4- ^37*47^5 
4- 6/5^4- 41:02 4- 358*865. Ani. 1506*2325. 

3. Required the fum of 3*5 4- 47*25 4- 2 0073 4* 927*01 
4-1*5. ; i ‘ , Anf. 981*2673. 

4. Required the fum of 276 4- 54*321 4- 112 4* °‘^5 4- 
12*5 4* *0463. Anf. 455*5i73- 

SUBTRACTION of DECIMALS. 

RULE. 

Place the numbers under each other according to the 
v^-lue of their places, as in the la ft Rule. Then, beginning 
at the right-hand, fubtraft as in whole numbers, and point 
off the decimals as in Addition. . 

EXAMPLES. 

1. To find the difference between 91*73 and 2*138* 

91 * 7 3 
.. 2-138 

Anf. 89*592 the Difference. 

0 „ . *•"* f' < ' 

2. Find the diff. between 1*9185 and 2*73. Anf. 0*8115. 

3. To fubtraft 4*90142 from 214*81. Anf. 209*90858. 

4. Find the diff. between 2714 and *916. Anf. 2713*084, 
.... . * \ 

MULTIPLICATION of DECIMALS. 
4<->'r * * rj * n . - i '• 1 **‘T * I t* • ; 

RULE** 

Place the factors, *arid multiply them together the fame 
as if they were whole numbers —^Then point off in the pro- 

* The Rule will be evident from this example: Let it be re¬ 
quired to multiply *t 2 by *561 ; thefe* numbers are equivalent tq 
tVsand t35r5V; #the prod«& of which is 4^44, =*04332, by the 
nature of Notation, which confiffs of as many places as there are 
ciphers, that is, of as many places as there are in both numbers. 
And in like manner for any other numbers, 

' r <v- dudf 
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du& juft as many places of decimals as there are decimals in 
both the faftors. But if there be not fo many figures in the 
produft, then fupply the deleft by prefixing ciphers. 

EXAMPLES. 

i. Multiply *32x096 
by *2465 

1605480 
1926576 

*284384 
642192 

» ■ ■ - 1 

Anf. *0791501640 the Produft. 

2. Multiply 79*347 by 23*15. Anf. 1836*88305. 

3. Multiply *63478 by *8204. Anf. *520773512. 

4. Multiply *385746 by *00464. Anf. *00178986144. 

CONTRACTION. I. 

To multiply Decimals by I with any number of Ciphers, as by 10, 

or 100, or 1000, 
A 'S' ’ *• v 

This is done by only removing the decimal point fo many 
places farther to the right-hand as there are ciphers in the 
multiplier; and fubjoining ciphers if need be. 

EXAMPLES. 
Ml . * 1 t ; \ . * * * , , \ • \ 

ip • Wr 1 . • » i U >>• 1 V r v_ ) » , 

1. The produft of 51*3 and 1000 is 51300. 

2. The produft of 2*714 and 100 is 

3. The produft of *916 and 1000 is 

4. The produft of 21*31 and 10000 is 

✓ * ’• ‘ ' 
CONTRACTION II. 

To Contraft the Operation, fo as to retain only as many Decimals in 
the Produft as may be thought Necejjary, when the Produft 
would naturally contain feve ml more Places. 

Set the units place of the multiplier under that figure of 
the multiplicand whofe place is the fame as is to be retained 
for the laft in the product; and difpofe of the reft of the 

figures 
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figures in the inverted or contrary order to what they are 
ufually placed in.—T hen, in multiplying, reject all the 
figures that are more to the right than each multiplying figure, 
and fet down the products, fo that their right-hand figures 
may tall in a column ftraight be3ow each other; but obferv- 
ing to increafe the firlT figure of every line with what would 
arife'from the figures omitted, in this manner', namely i from 
5 to r4, 2 from 15 to 24, 3 from 25 to 34, See ; and the fum 
of all the lines will be the product as required, commonly 
to the neareft unit in the lafl figure. 

EXAMPLES. 

1. To multiply 27* 14986 by 92*41035, fo as to retain only 
four places of decimals in the produdl. 

Contracted Way. 
27*14986 
53014* 29 

24434874 
542997 
108599 

2715 
81 
14 

2508*9280 

Common Way. 
27*14986 
92*41035 

13157493° 
81144958 

27141986 

44 
54299; 

24434«74 

2 

2508 9280 650510 

2. Multiply 480*14936 by 272416, retaining only four 
decimals in the product. 

3. Multiply 2490*3048 by -573286, retaining only five 
decimals in the nrodudf. 

4. Multiply. 325 701428 by ’7218393, retaining only- 
three decimals in the produ61. 

* 

DX VI- 
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DIVISION of DECIMALS. 

r **% 

/ 

RULE. 

Divide as in whole numbers; and point off in the quo¬ 
tient as many places for decimals, as the decimal places in 
the dividend exceed thofe in the divifor*. 

Another way to know the place for the decimal point is 
this : The iff ft figure of the quotient muff be made to occupy 
the-fame place, of integers or decimals, as doth that figure of 
the dividend which (lands over the unit’s figure of the firft 
produdt. 

When the places of the quotient are mot fo many as the 
Rule requires, the detedl is to be fupplied by prefixingeiphers. 

When there happens to be a remainder after the divifion ; 
or when the decimal places in the divifor are more than thofe 
in the dividend ; then ciphers may be annexed to the divi¬ 
dend, and the quotient carried on as far as required. 

EXAMPLES. 

I. 2. 
I79) *48624097 ( *00271643 | *2685) 27*00000 ( IOC55865 

1282 15000 
294 15750 
H50 23250 

769 I7700 
537 *59oo 
OOO V * 24750 

3. Divide 23470525 by 64*25. 
4. Divide 14 by *7854. 
5. Divide 2175*68 by 100. 
6. Divide *8727587 by *162. 

Anf. 3-653. 
Anf. 17*825. 

Anf. 21*7568. 
Anf. 5-38739. 

CONTRACTION I. 

When the divifor is an integer, with any number of 
ciphers annexed ; cut off thofe ciphers, and remove the deci- 

* The reafon of this Rule is evident; for fince the divifor mul¬ 
tiplied by the quotient gives the dividend, therefore the number 
of decimal places in the dividend is equal to thofe in the divifor 
and quotient, taken together, by the nature of Multiplication; and 
confequently the quotient itfelf muft contain aa many as the divi¬ 
dend exceeds the divifor. 

/ 
mal 
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mal point iiythe dividend as many places farther to the left 
as there are ciphers cut off, prefixing ciphers if need be; 
then proceed as before*. 

EXAMPLES. 

1. Divide 45'5 by 2100. 

2i*co) '455 (-0216 &c. 

* ' 35 
140 

14 

2. Divide 41020 by 32000. , * 

3. Divide 953 by 21600. 

4. Divide 61 by 79000. 

CONTRACTION II. 
“ . . J , r ■ ; • • 1 * \ 

4k / * . . • » i * 

Hence, if the divifor be 1 with ciphers, as 10, or 100, or 
1000, &c : then the quotient will be found by merely mov¬ 
ing the decimal point in the dividend fo many places farther 
to the left as the divifor has ciphers; prefixing ciphers if 
need be. 

EXAMPLES. 

So, 217*3. --100=2173. And 419 4- 10 = 
And 5*16 4- 100= . And *21 4- 1000 = 

CONTRACTION III. 

When there are many figures in the divifor; or when 
only a certain number of decimals are neceffary to be re¬ 
tained in the quotient; then take only as many figures of the 
divilor as will be equal to the number o.f figures, both inte¬ 
gers ana decimals, to be in the quotient, and find how many 
times they may be contained in the fir ft: figures of the divi¬ 
dend, as ufual. 

* This is no more than dividing both divifor and dividend by the 
fame number, either 10. or 100, or ioco. Sec, according to the 
number of ciphers cut off; which, leaving them in the fame pro¬ 
portion, does not affe<5l thd quotient. And. in the fatne way, the 
decimal point may be moved the fame number of places in both 
the divifor and dividend, either to the right or left, whether they 
have ciphers or nou 

Lei 
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Let each remainder be a new dividend; and for every fuch 
dividend, leave out one figure more on the right-hand fide of 
the divifor ; remembering to carry for the increafe of the 
figures cut off, as in the 2d contraction in Multiplication. 

Note. When there are not fo many figures in the divifor 
as are required to be in the quotient, begin the operation with 
all the figures, and continue it as ufual till the number of 
figures in the divifor be equal to thofe remaining tp be found 
in the quotient, after which begin the contraction. 

EXAMPLES. 

1. Divide 2508*92806 by 92*41035, fo as to have only 
four decimals in the quotient, in which cafe the quotient 
will contain fix figures. 

Contracted. Common way. 

92*4103,5)2508*928,06(27*1498 
660721 

>3849 
4608 

912 
80 

6 

92*4io3,5)25oS-928.o6(27*i498 
66072106 

13848610 
4607575° 

91116100 
79467850 

533957° 

2. Divide 4109*2351 by 230*409, fo that the quotient may 
contain only four decimals. 

3. Divide 37*10438 by 5713*06, that the quotient may 
contain only five decimals. 

4. Divide 913*08 by 2137*2, that the quotient may con¬ 
tain only three decimals. 

REDUCTION of DECIMALS. 

CASE’ I. 

To reduce a Vulgar Fraction to its equivalent Decimal. 

RULE." 

Divide the numerator by the denominator as in Divifion * 
of Decimals, annexing ciphers to the numerator as far as ne- 
ceflary ; fo fhall the quotient be the decimal required. 

tXAM. 
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EXAMPLES, 

1. Reduce to a decimal. 

24— 4 X 6. Then 4)7’ 
6 ) 1*750000 

*201666 &c. 

2. Reduce and j, and { to decimals. 
Anf. *25, and *5, and *75. 

3. Reduce |-to a decimal. Anf. *375, 

4. Reduce ^ to a decimal. Anf. *04. 

5. Reduce T|-¥ to a decimal. Anf. *015625. 

6. Reduce to a decimal. Anf. *071.577 &c. 

CASE II. 

find the Value of a Decimal in terms of the Inferior Demiiii- 
nations. 1 

RULE. 

Multiply the decimal by the number of parts in the 
next lower denomination ; and cut off as many places for a 
remainder, to the right-hand, as there are places in the given 
decimal. 

Multiply that remainder by the parts in the next lower 
denomination again, cutting off for another remainder as 
before. 

Proceed in the fame manner through all the parts of the 
integer ; then the feveral denominations feparated on the left- 
hand, 'will make up the anfwer. 

Note, This operation is the fame as Redu&ion Defend¬ 
ing in whole numbers. 

EXAMPLES. 

I. Required to find the value of *775 pounds flerling. 

775 
20 

* ■■ ■ r 1 uum 

s 15*500 
12 Anf. 15s 6d. 

V * y ' I v < " 1 ‘ ’ X.. , • ’ , iU 

d 6*ooo 

Ex. 2 
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Ex. 2. What is the value of *625 fhil ? Anf. j\d. 
3. What is the value of *86351 ? Anf. 1753*24(1. 
4. What is the value of ‘01251b troy ? Anf. 3 dwts. 
5. What is the value of -46941b troy ? 

Anf. 502 I2dwt I5*744gr. 
6. What is the value of *625 cwt ? Anf. 2qr 141b. 
7. What is the value of *009943 miles ? 

Anf. 17yd 1 ft 5*98848100. 
8. What is the value of *687 5 yd ? Anf. 2qr 3nls. 
9. What is the value of ‘3375 acr ? Anf. ird i4poles. 

10. What is the value of *2o83hhd of wine ? 
Anf. I3*i229gal. 

case in. 

To reduce Integers or Decimals to Equivalent Decimals of Higher 
Denominations. 

RULE. 

Divide by the number of parts in the next higher deno¬ 
mination; continuing the operation to as many higher deno¬ 
minations as may be neceffary, the fame as in Redu&ion Af- 
cending of whole numbers. 

EXAMPLES. 

1. Reduce idwt. to the decimal of a pound troy. 
20 1 dwt 
12 0*05 oz 

0*004166 &c lb Anf. 

2. Reduce 9d to the decimal of a pound. Anf. *0375!. 
3. Reduce 7 drams to the decimal of a pound avoird. 

Anf. -027343751b. 
4. Reduce *26d to the decimal of a 1. Anf. *0010833 &c 1. 
5. Reduce 2* 151b to the decimal of a.cwt. 

Anf. *019196 -f- cwt. 
6. Reduce 24 yards to the decimal of a mile. 

Anf. *013636 &c mile. 
7. Reduce *056 pole to the decimal of an acre. 

Anf. ‘00035 ac, 
8. Reduce 1*2 pint of wine to the decimal of a nhd. 

Anf. 00238 4- hhd. 
9. Reduce 14 minutes to the decimal of a day. 

Anf. *009722 &c da. 
10. Reduce *21 pint to the decimal of a peck. 

Anf. *013125 pec. 
11. Reduce 28//i2/// to the decimal of a minute. 

Note 
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Note, When there are J,everal numbers, to be reduced all to the 
decimal of the high eft: , *; ^ . -4 , ; . r 

Set the given numbers direffly under each other, f/>r divi¬ 
dends, proceeding orderly from the Ioweft denomination to 
the higheff. .. . 

Oppofite to each dividend, on the left-hand,, fet fuch a 

number for a divifor as will bring it to the next higher name; 
drawing a perpendicular line between all the divifors and 
dividends. , • . 

Begin at the uppermoft, and perform all the divifions ; 
only obferving to let the quotient of each divifion, as decimal 
parts, on the right-hand of the dividend next below it ; io 
(hall the laft quotient be the decimal required. 

EXAMPLES. 

1. Reduce 15s g|d to the decimal of a pound. 

4 
12 
20 

3* 

9 75 
15-8125 

£ 0*790625 Anf. 

2. Reduce 19I 17s 3|d to b Anf. 19-86354166 &c I. 
3. Reduce 15s 6d to the decimal of a 1. Anf. ‘775b 
4. Reduce to the decimal of a (hilling Anf.'*625s. 
5. Reduce 50Z I2dwts i6gr to lbs. Anf. *46944 &c lb. 

RULE-of-THREE in DECIMALS. 

RULE., 
J , t L ■ , •+ f*- ^ ^ * • 

Prepare the terms by reducing, the vulgar fradlions to 
decimals, any compound numbers either to decimals of the 
higher denominations, or to integers of the Jower, alfo the 
fir ft, and third terms to the fame name : Then multiply and 
divide as in whole numbers. 

Note, Any of the convenient Examples in the Rule-of- 
Three of Rule-of-Five in Integers, or V’ulgar Fractions, may 
be taken as proper examples to the fame rules in Decimals. 
—The following Example, which is the firfl i;i Vulgar Frac¬ 
tions, is wrought out here, to (hew the method. 
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If -J of a yard of velvet coft -§-1. what will T5-gyd, coft ? 
yd 1 c yd 1 s d 

} = *375 * *375 : 4 :: -3125 : *333 &c. or 6 8 

_[4 

I ~ *4 *375 ) -12500 (*333333 &c* 
1250 : 20 

125 s6 66666 See. 
tV = *3I25 v 

Anf. 6s 8d. dyggggg 8cc==z 8d 

a -V * j. O' - IJ. , , i >j i 11 >* v O / kl a i ‘ v »■« - 

DUODECIMALS. 

D uodecimals, or Cross Multiplication, is a rule 
made ufe of by workmen and artificers, in computing the 
contents of their works. 

Dimenfions are ufually taken m feet, inches, and quarters; 
any parts fmaller than thefe being neglected as of no confe- 
qpence. And the'fame in m implying them together, or 
calling up the contents. 

^ ,,J 6 ’* t ; ■ ' r • 
4 - • . .. -.,r • t:C .6 

RULE. 

Set down the two dimenfions, to be multiplied together, 
one under the other, fo that feet hand under feet, inches 
under inches, Sec. : 

Multiply each term in the multiplicand, beginning at the 
loweft, by the feet in the multiplier, and fet the refult of 
each llraight under its correfponding term, observing to 
carry t for every 12, from the inches to the; feet. 

In like manner, multiply all the multiplicand by the 
inches and parts of the multiplier, and fet the refult of each 
term one place removed to the right -hand of thofe in the 
multiplicand ; omitting however what is belcw parts of 
inches, only carrying to thefe the proper number of units 
from the loweft denomination. 

Or, inftead of multiplying by the inches, take fuch parts 
of the multiplicand as thefe are of a foot. 

Then add the two lines together, after the manner of 
Compound Addition, carrying 1 to the feet for 12 inches, 
when thefe come to fo many. •* 

EXAM- 
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EXAMPLES. 

Multiply 4f 7’inc 2. Multiply I4f qinc 

by 6 4 by 4 6 

27 6 59 0 

1 7 4 \ 

Anf. 29 04 Anf. 66 4i 

3. Multiply 4 feet 7 inches by 9f 6inc. Anf. 43f 6^inc. 

4. Multiply 12f 5inc by 6f 8inc. Anft 82 94 

5. Multiply 35f 4|inc by I2f 3inc< Anf. 433 4t 

6. Multiply 64f 6inc by 8f 9|inc. Anf. 565 8-j- 

INVOLUTION. 

Involution is the railing of Powers from any given 
number, as a root. 

A Power is a quantity produced by multiplying any given 
number, called the Root, a certain number of times conti¬ 
nually by itfelf. Thus, 

2 — 2 is the root, or ill power of 2. 
2 X 2 = 4 is the 2d power, or fquare of 2. 

2X2X2 = 8 is the 3d power, or cube of 2. 
2 X 2 X 2X2 = 16 is the 4th power of 2, &c. 

And in this manner may be calculated the following Table 
of the firft nine powers of the firil 9 numbers. 

TABLE 

t 
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f 

TABLE of the firft Nine Powers of Numbers. 

Ilf 2d 3d 4th 5th 6th 7th oc
 

c
- rr
 

9th 

jr 1 1 1 I 1 1 I I 

2 4 8 16 32 64 128 256 512 

3 9 27 8i 243 729 2187 6561 >9683 

u 16 64 256 1024 4096 16384 65536 262144 

5 25 125 625 3I25 15625 78125 390625 1953125 

6 36 216 1296 7776 46656 279936 1679616 10077696 

7 4-9343 
' I 

2401 16S07 117649 823543 5764801 40353607 

8 
1 

64.512 4096 32768 262144 2097152 16777216 134217728 

9 81 '729 6561 !59°49 531441 '4782969 47046721 3^7420489 

The Index or Exponent of a Power, is the number de¬ 
noting the height or degree of that power; and it is I more 
than the number of multiplications ufed in producing the 
fame. So i is the index or exponent of the iff power or 
root, 2 of tiie 2d power or fquare, 3 of the 3d power or cube, 
4 of the 4th power, and fo on. 

Powers, that are to be railed, are ufually denoted by 
placing the index above the root or firft power. 

So 22 =2= 4 is the 2d power of 2- 

23 = 8 is the 3d power of 2. 

24 = 16 is the 4th power of 2. 

‘5-fo4 is the 4th power of 540, &c. 

When two or more powers are multiplied together, their 
product will be that power whofe index is the lum of the 
exponents of etie factors or powers multiplied. Or the mul¬ 
tiplication of the powers, anfwers to the addition of the 
indices. Thus, in the following powers of 2, 
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i(I 2d 3d 4th 5th 6th 7th 8th 
2 4 8 16 32 64 128 256 

or 2* 22 23 24 25 26 27 28 

Here, 4 X 4 — 16, and 2 4- 2 — 
and 8 X 16 — 128, and 3 -|~ 4 = 
alfo 16 x 64 = 1024, and 4 6 == 

9th 10th 
512 1024 
29 21 0 

4 its index ? 
7 its index; 

10 its index; 

OTHER EXAMPLES. 

1. What is the 2d power of 45 ? Anf. 2025. 

2. What is the fquare of 4*16? Anf. 17*3056. 

3. What is the 3d power of 3*5 ? Anf, 42*875. 

4. What is the 5th power of *029? Anf.*ooooooo2o5ii 149. 

5. What is the fquare of -| ? Anf. 

6. What is the 3d power of 4 ? Anf. yf-f* 

7. What is the 4th power of | ? Anf. ^Va* 

EVOLUTION. 

Evolution, or the reverfe of Involution, is the extrad¬ 
ing or finding'the roots of any given powers. 

The root of any number, or power, is fuch a number, as 
being multiplied into itfelf a certain number of times, will 
prodiice that power. Thus, 2 is the fquare-root or 2d root 
of 4, becaufe 22 = 2 X «2 == 4 ; and 3 is the cube-root or 3d 
root of 27, becaufe 3 s = 3 x 3 X 3 = 27. 

Any power of a given number or root may be found ex- 
adly, namely, by multiplying the number continuaily into 
itfelf. But there are many numbers of which a propofed root 
can never be exaftly found. Yet, by means of decimals we 
inav approximate or approach towards the root, to any de¬ 
gree of exaefnefs. 

Thofe roots which only approximate, are called Surd 
roots ; but thofe which can be found quite exafcl, are called 
Rational roots. Thus, the fquare root of 3 is a furd root; 
but the fquare root of 4 is a rational root, being equal to 2 : 
alfo the cube root of 8 is rational, being equal to 2 ; but the 
cube root of 9 is furd or irrational. 

Roots are fometirries denoted by writing the charader -/ 
before the power, with the index of the root againft it. 

Thus, 
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Thus, the 3d root of 20 is exprefied by y 20; and the fquare 
root or 2d r< ot of it is y/ 2o, the index 2 being always omit* 
ted, when the fquare root is defigned* 

When the power is exprelTed by feveral numbers, with the 
fign 4- or — between them, a line is drawn from the top 
of the fign over all the parts of it: thus the third root of 

45—12 is y 45 — 12, or thus y (45 — 12) inclofing the 
numbers in parenthefes. 

But all roots are now often defigned like powers with 
> , 1 

fradfiorial indices : thus, the fquare root of 8 is 8-, the cube 

root of 25 is 25t, and the 4th root of 45 — 18 is 4^—18)*, 

or (45 — iS)\ 

TO EXTRACT TH E,S QJJ ARE ROOT* 

R U L E.* 

Divide the given number into periods of two figures each, 
by fetting a point over the place of units, another over the 
place of hundreds, and fo on, over every fecond figure, both 
to the left-hand in integers, and to the right in decimals. 

Find 

* The reafon for feparating the figures of the dividend into pe¬ 
riods or portions of two places each, is, that the fquare of any fin- 
gle figure never confifts of more than two places; the fquare of a 
number of two figures, of not more than four places, and fo on* 
So that there will be as many figures in the root as the given num¬ 
ber contains periods fo divided or parted off. 

And the reafon of the feveial fteps in the operation appears from 
the algebraic form of the fquare of any number of terms, whether 
two or three or more. Thus, 

a -Mi2 = a2 4 2rtb 4 b2 ■=. n2 4 4* b * ^ the fquare of two 
terms; where itappears that a is the firft term of the root, and b the 
fecond term ; alfo a the firft divifor, and the new divifor is 2 

or double the firft term increafed by the fecond. And hence the 
manner of extratfiion is thus: 

lft divifor a ) a2 lab b2 ( a b the root. 

?d divifor la 4* b 
b 

lab 4- b2 

lab 4" b2 

VOL. I. G Again, 
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Find the greateft fquare in the fil'd period tin the left-hand, 
and fet its root on the right-hand of the given number, after 
the manner of a quotient figure in Divifion. 

Subtraft the fquare thus found from the faid period, and 
to the remainder annex the two figures of the next following 
period, for a dividend. 

Double the root above mentioned for a divifor; and find 
how often it is contained in the laid dividend, exclufive of its 
right-hand figure; and fet that quotient figure both in the 
quotient and divifor. 

Multiply the whole augmented divifor by this lafl quotient 
figure, and fubtraft the produft from the faid dividend, 
bringing down to it the next period of the given number, for 
a new dividend. 

Repeat the fame procefs over again, viz. find another new 
divifor, by doubling all the figures now found in the root ; 
from which, and the laft dividend, find the next figure of 
the root as before ; and fo on through all the periods, to the 
laft. 

Note, The bell way of doubling the root, to form the new 
divifors, is by adding the laft figure always to the laft divifor, 
as appears in the following examples.—Alfo, after the figures 
belonging to the given number are all exhaufted, the opera¬ 
tion may be continued into decimals at pleafure, by adding 
any. number of periods of ciphers, two in each period. 

Again, for a root of three parts a, b, c, thus: 

a "P ~p 412 = tf2 ft- *ab -f- b2 -p lac -p ibc -p c2 — 

a2 ft- 2a -p b. b + 2* + zb -p c . c. the 
fquare of three terms; where a is the firft term of the root, b the 
fecond, and c the third term; alfo a the firft divifor, la -p b the 
fecond, and la -p ib *p c the third, each confiding of the double 
of the root increafed by the next term of the fame. And the 
mode of extraction is thus: 

I ft divifor a ) a2 -p 2ab ft- b2 -p lac -p ibc 4. c2 [a -p b -p c the 
. . •' : ' root. 

2d divifor la *P b lab -P b2 

b lab -p b2 

3d divifor la -P zb -p c lac ft- ttlc -p c2 
c i.ac -P ibc -p c2. 

EXAM- 



SQUARE ROQT* 

examples. 

t. To find the fquare root of 29506624. 
• • • • * 

% 

29506624 ( 5432 the root* 

25 
104 

4 
450 
416 

>o«3 
3 

3466 

3249 
10862 

2 

21724 

21724 

* t h 
-Note, When the root is to be extracted to many places of fi¬ 

gures > the work may be conjiderably jhortenedy thus; 

Haying proceeded in the extra&ion after the common me¬ 
thod, till there be found half the required number of figures 
in the root, or one figure more; then, for the reft, divide 
the iaft remainder by its correfponding divifor after the man¬ 
ner of the third contra£lion in Divifionof Decimals ; thus, 

2. To find the root of 2 to nine places of figures. 
V 

i s t 

2 ( I-4H2 «* ; ' 

I 

to
 1 

4-
 ; 

IOO 

96 

28i 

I 

400 
281 

2824 

4 
II90O 
II296 

28282 
2 

60400 
56564 

* * • • IO08 

l6o 

2 

AnC 1*41421356 the root required. 

G 2 3. What 
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3* 
4* 
5- 
6. 
7* 

What is the fquare root of 2025 ? 
What is the fquare root of 17*3056 ? 
What is the fquare root of *000729 ? 
What is the fquare root of 3 ? 
What is the fquare root of 5 ? 

8. What is the fquare root of 6 ? 
9. What is the fquare root of 7 ? 

10. What is the fquare root of 10 ? 
11. What is the fquare root of 11 ? 
12. What is the fquare root of 12 ? 

Anf. 45 
Anf. 4* 16 
Anf. *027 

Anf. 1'732050 
Anf. 2*236068 
Anf. 2*449489 
Anf. 2*645751 
Anf. 3*162277 
Anf. 3*316624 
Anf. 3*464101 

RULES FOR THE SQUARE ROOTS OF VULGAR FRACTIONS 

AND MIXED NUMBERS. 

First prepare all vulgar fraftions, by reducing them to 
their leaft terms, both for this and all other roots. Then 

1. Take the root of the numerator and of the denominator 
for the refpeftive terms of the root required. And this is 
the belf way if the denominator be a complete power : but 
if it be not, then 

2. Multiply the numerator and denominator together ; 
take the root of the produdf : this root being made the nume¬ 
rator to the denominator of the given fra61ion, or made the 
denominator to the numerator of it, will form the fra&ional 
root required. 

*37j^, ^ °g ^ ^ v ^ 

b y b b V ab 

And this rule will ferve whether the root be finite or infinite. 
3. Or reduce the vulgar Iradfion to a decimal, and extract 

its root. 
4. Mixed numbers may be either reduced to improper frac¬ 

tions, and extradfed by the firft or fecond rule ; or the vulgar 
fraction may be reduced to a decimal, then joined to the in¬ 
teger, and the root of. the whole extra&ed. 

* 

% EXAMPLES. 

1. What is the root of ? 

2. What is the root of 7 ? 

3. What is the root of ^ ? 

4. What is the root of ^ ? 

5. What is the root of 174 ? 

By means of the fquare root alfo may readily be found 
the 4th root, or the 8th root, or the 16th root, &c; that is, 
the root of any power whofe index is fome power of the 

number 2; 

Anf. 4. 

Anf. 4., 

Anf. 0*866025. 

Anf. 0*645497. 

Anf. 4-1683-53. 
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number 2; namely, by extracting fo often the fquare'root as 
is denoted by that power of 2; that is, two extractions for the 
fourth root, three for the 8th root, and fo on. 

So, to find the 4th root of the number 21035*8, extract 
the fquare root two times as follows: 

21035*8000 ( i45'°37237 (12*0431407 the4th root. 
1 1 

24 
4 

no 22 
96 2 

45 
44 

285 

5 

1435 2404 
1425 4 

10372 
9616 

29OO3 
6 

108000 24083 
87009 6 

75639 
72249 

20991 (7237 
687 
107 

3388 ( 1407 
980 

l7 
Ex. 2. What is the 4th root of 97*41 ? 

TO EXTRACT THE CUBE ROOT. 

I. By the Common Rule*, 

1. Ha vi ng divided the given number into periods of three 
figures each, (by fetting a point over the place of units, and 
alfo over every third figure, from thence, to the left hand in 
whole numbers, and to the right in decimals) find the neareft 
lefs cube to the firft period; fet its root in the quotient, and 
fubtradf the faid cube from the firft period ; to the remainder 
bring down the fecond period, and call this the refolvend. 

* The reafon for pointing the given number into periods of three 
figures each, is becaufe the cube of one figure never amounts to more 
than three places. And, for a fimilar reafon, a given number is 
pointed into periods of four figures for the 4th root, of five figures 
for the 5th root, and fo on. 

And the reafon for the other parts of the rule depends on the alge¬ 
braic formation of a cube: for, i f the root confift of the two partstf-f- by 

then its cube is as follows: a b\l — 0} 4* -$azb 4- $abl 4* ^ > 

where a is the root of the hrft part n*; the refolvend is 3azb -f 
3abz 4- h*, which is alfo the fame as the three parts of the fubtra* 
hend ; alfo the divifor is 3a1 4- 3*, by which dividing the firft two 
terms of the refolvend 3axb 4" gives b for the fecond part of 

the root; and fo on. 
2. To 
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2. To three times the fquare of the root, juft found, add 
three times the root itfelf, fetting this one ptaee more to 
the right than the former; and call this fum the divifor., 
Then divide the refolvend, wanting the lafl figure, by the 
divifor, for the next figure of the root, which annex to the 
former ; calling this laft figure e, and the part ol the root be¬ 
fore found let be called a. 

3. A3d all together thefe three produdfs, namely, thrice a 
fquare multiplied by e, thrice a multiplied by e fquare, and 
e cube, fetting each of them one place more to the right 
than the former, and call the fum the fubtrahend ; which 
jnuft not exceed the refolvend ; but if it docs, then make 
the laft figure e lefs, and repeat the operation for finding the 
fubtrahend, till it be lefs than the refolvend. 

4. From the refolvend take the fubtrahend, and to the re¬ 
mainder join the next period of the given number for a new 
refolvend ; to which form a new divifor from the whole root 
now found ; and from thence another figure of the root, as 
dire&ed in Article 2, and fo on. 

EXAMPLE. 

To extra# the cube root of 48228-544. 

3 X 3J = 27 
3 X 3 == 09 

Divifor 279 

48228-544 (36-4 root- 
27 

21228 refolvend. 

3 X 32 X 6 = 162 -) 

3X3 X 62 = 324 i add 
fi3 = 216J 

3 X. 3b2 == 3888 
3 X 36 = • 108“' 

38988 

3 X 36s X 4 = 
3 X 36 X 4* = 

43 — 

19656 fubtrahend. 

1572544 refolvend. 

I5552 ' 
1728 

64 J 
add 

1572544 fubtrahend. 

oooooco remainder. 

Ex. 2. Extraft the cube root of 571482-19. 
Ex. 3. Extract the cube root of 1628'1582- 
Ex. 4. Extra# the cube root of 1332, 

11. r# 
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II. To ext rati the Cube Root by afh'irt IVuy*. 

1. By trials, or by the table of roots at pa. 90, take the 
neareft rational cube to the given number, whether it be 
greater or lefs ; and call it the afTumed cube. 

2. Then fay, by the Rule-of-Three, As thefum of the given 
number and double the affumed cube, is to the fum of the 
alTumed cube and double the given number, fo is the root of 
the affumed cube, to the root required, nearly. Or, As the 
fir-ft fum is to the difference ol the given and affumed cube, 
fo is the affumed root, to the difference of the roots nearly. 

3. Again, by ufing, in like manner, the cube of the root 
laft lound as a new affumed cube, another root will be ob¬ 
tained flill nearer. And foon as far as we pleafe ; ufing al¬ 
ways the cube of the lafi lound root, for the affumed cube. 

EXAMPLE. 

To find the Cube root of 21035*8. 
' * * * t ■ ,/ 

Here we foon find that the root lies between 20 and 30, 
and then between 27 and 28. Taking therefore 27, its cube 
is 19683, which is the affumed cube. Then 

19683 21035-8 
2 2 

39366 42071*6 
21035*8 19683 

60401*8 : 61754*6 :: 27 : 27*6047 
27 

4322822 

1235092 V 

60401*8 ) 1667374*2 ( 27*6047 the root nearly, 

459338 

36525 
284 
42 

Again 

* The method ufually given for exfra&ing the cube root, is fo 
exceedingly tedious, and difficult to be remembered, that various 
other approximating rules have been invented, by Newton, Raph- 
fon, Halley, De lagny, Simpfon* Emerfon, and feveral other 

mathe 

I 
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Again, for a fecond operation, the cube of this root is 
2i°35,3l8645i55823, and the procefs by the latter method 
will be thus : 

21035*318645 &c 

42070*637290 21035*8 
21035*8 21035*318645 &c. 

As 63106*43729 : diff. *481355 :: 27*6047 : 
the dit. *000210834 

corifeq. the root req, is 27*604910834 

Ex. 2. ToextraH the cube root of *67. 
Ex. 3. To pxtrad the cube root of *oi. 

TO EXTRACT ANY ROOT WHATEVER*. 

Let p be the given power or number, n the index of the 
power, A the affumed power, r its root, R the required root 
of P. 

Then, as the fum of« -h 1 times a and n — 1 times p, 
is to the fum of n -j- 1 times p and n — I times a, 
fo is the affumed root r, to the required root R. 

Or, as half the faid fum of n -f- 1 times a and n — 1 times 
p, is to the difference between the given and affumed powers, 
fo is the affumed root r, to the difference between the true 
and affumed roots ; which difference, added or fubtradfed, as 
the cafe requires, gives the true root nearly. 

That is, n I. A + n-— i.p : « -f I• p 4* n — i. A !: r :R. 

Or, n -|~ I. -JA 4- n — I. Tp : P go a *. *. r \ R cor. 

mathematicians ; but no one that I have yet feen, is fo fimple in its 
form, orfeems fo well adapted for general ufe, as that above given. 
This rule, as far as 1 have learned, firft came from Mr. James Dod- 
fon, and is the fame in efFeil as Dr. Halley’s rational formula, but 
fomevvhat more commodioufly exprcfied ; and the firft ioveftigation 
of it was given in my Tracts, pa. 49. rJ he algebraic form of it is 
this : 

As p 4- za * a 4- 2P T * r l r. Or, 
Asp -j- 2 a ; poo a y r l r m r; 

where p is the given number, a the affumed neareft cube, r the 
cube root of a, and r the root of p fought. 

* This is a very general approximating rule, of which that for 
the cube root is a particular cafe, and is the belt adapted for prac¬ 
tice, and for memory, of any that I have yet feen. It was firft dif- 
covered in this form by myfelf, and the inveftigation and ufe of it 
Were given at large in my Trails, pa, 45, See. 

1 And 
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And the operation may be repeated as often as we pleafe, 
by ufing always the iaft found root for the aflumed root, and 
its «th power for the affumed power a. 

' EXAMPLE. 

To extract the 5th root of 21035*8. 

Here it appears that the 5th root is between 7*3 and 7*4. 
Taking 7*3, its 5th power is 2073071593. Hence we have, 
p = 21035*8, n = 5, r = 7*3 and a = 20730*71593; then 

n 1. \ a n — p : p 73A ;; r ! R wr, that is, 

3 x 20730-71593 4- 2x 21035 8 : 305*084 :: 7-3: 

3 * 1 2 * 4 5 6 7 8 9 10 11 12 ^ 7*3 

62192*14779 42071*6 915252 
42071*6 ai; 35588 

104263*74779 ) 2227*1132( *02I36o5=:R vz r 
7*3 = r, add. 

7*321360=11,true 
to the laft figure. 

OTHER EXAMPLES. 

1. What is the 3d root of 2 ? 
2. What is the 4th root of 2 ? 

,3. What is the 4th root of 97*41 ? 
4. What is the 5th root of 2 ? 
5. What is the 6th root of 21035 8 ? 
6. What is the 6th root of 2 P 
7. What is the 7th root of 21035*8 ? 
8. What is the 7th root of 2 ? 
9. What is the 8th root of 21035*8 ? 

10. What is the 8th root of 2 ? 
11. What is the 9th root of 21035*8 ? 
12. What is the 9th root ot 2? 

Anf. 1.259921, 
Anf. 1*189207. 
Anf. 3*1415999. 
Anf, 1*148699. 
Anf. 5*254037. 
Anf. 1*122462. 
Anf. 4*145392. 
Anf. 1*104089. 
Anf. 3*470323. 
Anf. 1 090508. 
Anf. 3*022239. 
Anf. 1.080059. 

A Table 
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A Table'^“Squares and Cubes, dfo Square Roots and 

Cube Roots. 

Num¬ 
ber. 

Square. Cube. Square 
Root. 

Cube 
Root. 

i 1 1 1 *0000000 1 *000000 
2 4 8 1*4142136 1*259921 

3 O 2 7 1*7320508 1*442250 

4 16 64 2*OCOOOOO 1*587401 

5 2 3 125 2*2360680 1 *709976 
6 36 216 2*4494897 1 *817121 

7 49 343 2*6457513 1 ‘912933 
8 64 512 2*828427 1 2-000000 

9 81 729 3*oooooop 2*080084 
IO 100 1000 3*1622777 ' 2,I34433 
i i 121 *33 r 3-3166248 2*223980 
1 2 J44 1728 3*4641016 2*289428 

’3 169 2197 3‘6 055513 2‘35I335 
H 196 2744 3*7416574 2*410142 

225 3379 3*8729833 2*466212 
16 256 ' 4096 4*0000000 2*519842 

J7 289 49! 3 4’123.056 2*571282 
18 324 583? 4*2426407 2*620741 
19 361 68^9 4*3588989 2*668402 
20 '400 8000 4*4721360 2*714418 
21 44l 926 r 4-5825757 2*758923 
22 484 10648 4*6904158 2*802039 

23 529 12167 4*7958315 2*843867 

24 576 13824 4*8989795 2*884499 

2£ 625 15623 5*0900000 2-9 24018 
26 676 17576 5*0990195 2*962496 

27 729 19683 5*1961524 3*000000 
28 784 21952 5*291 5026 3-036589 

29 84I 24389 5*3851648 3*072317 

3° 900 27000 5*4772256 3*107232 

31 96* 29191 5*5677644 3*141381 
. 32 - 102 4 32768 5*6568542 3-174802 

33 IO89 35937 5*7445626 3 * £> O 7 5 3 4 

34 I I56 39304 5*8309519 3*239612 

33 1225 42875 5*9160798 3*271066 

36 I296 46656 6*0000000 3'3°192 7 
37 I369 Jo6J3 6* 0827625 3*332222 
38 1444 54872 61644140 3-361975- 

39 1£2I 593*9 6*2449980 3-391211 

+°., 
i6co 64OCO 6*8245573 3*4i9932 
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Num¬ 
ber. 

Square. Cube. 
Square 

Root. 

Cube 

Root. 

4* 1681 68921 64031242 3*448217 

42 1764 74088 6-4807407 3*476027 

43 1849 79507 6'5S74385 3*503398 

44 1936 851 84 6*6332496 3*530348 
43 2025 911 25 6*7082059 3‘556893 
46 2116 97336 v 6*78233CQ 3*5830^8 

47 2209 103823 6*8556546 3*668826 

48 2304 110392 6*9282032 3*634241 

49 2401 117649 7*0000000 3*659306 

50 2500 125000 7*0710678 3*684031 

5r * 2601 132651 7-14f 4284 3*708430 

52 2704 140608 7*21110.-6 3*73251 1 

53 2809 148877 7*2801099 3*756286 

54 2916 157464 7*3484692 3*<779765 
55 3025 166375 

7*4161985 3*802953 

56 3* 36 175616 7*4893*48 3*825862 

57 3249 i85i93 7*5498344 3*848561> 

58 3364 195112 7*6157731 3-870877 

59 348i 205379 7*6811457 3*892996 

60 3600 216000 7"74S9®**7 3*914867 

61 3721 226981 7*8|02497 3*936497 
62 3844 238328 7*8740079 3.957892 

63 3969 250047 7*9372539 3*979057 
64 4O96 262144 8-coooooo 4*ocoooo 

6? 4225 274625 8*0622577 4*020726 

66 43 56 
287496 8*1240384 4*041240 

67 4489 300763 8*1853528 4*061548 

68 4624 3*4432 8*2462113 4*081656 

69 4761 328509 8*3066239 4*101566 

70 4900 34300° 8-3666003 4* 121285 

7i -5°4l 3J79" 8*4261498 4* 140818 

72 5184 373248 8*4852814 4*160168 

73 5329 389OI7 8*5440037 4**79339 
74 5476 405224 8*6023253 4*198336 

75 56a5 421875 8*6602540 4*217163 

76 5776 438976 8*7177979 4*235824 

77 5929 456533 8*7749644 4*254321 

78 6084 474552 
8*8317609 4*272659 

79 6241 493039 8* b881944 4*290841 

80 6400 512000 8-9442719 4*308870 

81 6561 53144* 9-0000000 4*326749 

82 6724 551368 9-oj;38;i 4*344481 

83 6889 57*787 9*1104336 4*362071 

j 84 7056 592704 9-1651514 4'3795‘9 
85 

->- 
7225: 614125 9*2195445 

■ ■■ 11 ■ * -- 
4*39683° 
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Num¬ 

ber. 
Square. Cube. 

Square 

Root. 

Cube 

Foot- 

86 7396 636056 9-2736185 4-414005 

87 7569 6585°3 9.3273791 4‘431047 
88 7744 681472 9.3808315 4 44796° 

89 7921 704969 9.4339811 4*464745 
9° 8100 729000 9.4868330 4*48i 405 

91 
8281 753571 9'5393920 4*49794** 

92 
8464 778688 9’59lb63° 4’514357 

93 8649 8o4357 9-6436508 4*53°b,55 
94 8836 830584 9*6953597 4*546836 

95 9°25 857375 9*7467943 4-562903 

96 9216 884736 9*797959° 4\578857 
97 9409 912673 9*8488578 4*5947Q1 

98 9604 941192 9*8994949 4-610436 

99 9801 970299 9*9498744 4-626065 

100 10000 1OOOCOO 10-0000000 4-641589 

101 10201 1030301 10-0498756 4-657010 

102 10404 1061208 10*0995049 4*67233° 
103 10609 1092727 10-1488916 4 687548 

104 10816 1124864 10-1980390, 4-702669 

105 11025 H57625 10-2469508 4-717694 

106 11236 1191016 10-2956301 4-732624 

107 11449 1225043 10-3440804 4747459 
108 11664 1259712 10*3923°48 4*762203 

109 11881 1295029 10-4403065 4*776856 

110 12100 1331000 10-48.80885 4*79342° 

111 12321 1367631 10’5356538 4-805896 

112 i2544 1404928 10-5830052 4*820284 

133 32769 1442897 10*6301458 4-834588 

114 32996 1481544 10-6770783 4-848808 

115 13225 1520875 10*7238053 ' 4-862944 

116 33456 1560896 10*77°3296 4-876999 

117 13689 1601613 10-8166538 4*890973 

118 33924 1643032 10-8627805 4*904868 

319 14161 *685159 10*9087121 4-918685 

120 14400 1728000 1G'9544512 4-932424 

121 14643 1771561 • 11*0000000 4-946088 

122 14884 1815848 11*0453610 4*959675 
123 35129 1&60867 11-0905365 4*973190 

124 35376 1906624 355287 4-986631 

125 15625 1953125 11-1803399 5-000000 

126 15876 2000376 11*2249722 5-013298 

3 27 161 29 2048383 11-2694277 .4-026526 

128 16384 2097152 3 1*3137o85 5-039684 

129 16641 2146689 11-3578167 5’°52774 
330 16900 2197000 11-4017543 5"°®S797 



SQUARES, CUBES, and ROOTS. 93 

Num¬ 
ber. 

Square. Cube. 
Square 

Root. 

Cube 
Root. 

I3» 17161 2248091 1 1*445523I 5'°787S3 
132 17424 2290968 11*4891253 5*09l643 

133 17689 2352637 11*5325626 5*104469 

J3 4 17956 2406104 11-5758369 

11 *6189500 

5*1 1 7230 

133 18225 2460375 5*129928 

*36 1 8496 2515456 11 *6619038 5**42563 

131 18769 *57*353 11 *7046999 5 ’15513 7 
138 19°44 2628072 1 **7473444 5* i67649 

I39 19321 2685619 11*7898261 5* 180101 

140 196C0 2744000 11*8321596 5’J92494 
H1 19881 2803221 11*8743421 5*204828 

142 20164 2863288 11-9163753 5 * 2i71°3 

*43 20449 2924207 11*9582607 5*229321 

144 20756 2985984 I 2*0000000 5*241482 

HS 21025 3048625 12-0415946 5'2S3588 

146 21316 3112136 12*0830460 5-265637 

HI 21609 3,76523 i2*i243557 5*277632 

148 21904 3241792 1 2*1655251 5-289572 

149 . 22201 3307949 12*2065556 5'3°>4S9 
>5° 22500 3375°co 12*2474487 5*3j3293 
J 51 22801 3442951 12*2882057 5‘32i°74 
15:2 23104 3511808 i 2*3288280 5*336803 

153 23409 358‘577 12*3693169 5*348481 

154 25716 3652264 12*4096736 5 3 60108 

j53 24025 3723875 12*4498996 5*371685 

156 24386 3796416 12*4809960 5”383213 
'57 24649 3869893 12*5299641 5*394690 

1 58 24964 3944312 12*5698051 5*406120 

139 25281 4019679 12*6095202 5*4*7 5°1 
l60 25600 4096000 12*6491106 5-428835 

l6l 25921 41752 ® * 12*6885775 5*440122 

l62 26244 4251528 12*7279221 5*451362 

163 26569 4330747 12*7671453 5*462556 

164 26896 441C944 .12*8062485 T473703 
165 27225 4492125 12*8452326 5*484806 

l66 
27?56 4574296 12*8840987 5-495865 

167 27889 4657463 12*9228480 5\so6879 
168 28224 4741632 i 2*9614814 5*517848 

i69 2S561 48268C9 13*0000000 5'Jj8775 
I7O 289OO 49I3COO 13*0384048 5*J396J« 

l?! 2924I 5000211 13*0766968 5'55°499 
1 72 : 29S«4 5O88448 13*114877° 5*56l298 

i *73 j 29929 5*777*7 *3*1529464 5*572054 

*74 3O276 5268024 13*1909060 5-58277° 

’ *7 5 [ 3062 5 5359.315 13*2287566 5*593445 



94 ARITHMETIC. 

Num¬ 

ber. 
Square. Cube. 

. Square 

Root. 

Cube 

Root. 

176 30976 S45'776 13*2664992 5-604079 

177 31329 5545233 l3-3°4i347 5*614673 

178 31684 5639752 I3«34i664i 5*625226 

179 32041 5735339 13*3790882 3'63574' 
1 So 32400 5832000 *3*4164079 5*646216 

1 Si 32761 59Z974! 13*453624° 5*656652 

182 33I24 6028568 I3‘49°7376 5*667051 

183 33489 6128487 ‘3-5*77493 5.6774H 

184 33856 6229504 1 3*564660O 5 687734 

18? 54225 633l625 *3*6014705 5*698019 

186 3lS<)6 6434856 13*6381817 5*708267 
187 3+969 6539203 13*6747943 5-718479 

i 88 35344 6644672 13* 71,3°92 5-728654 

189 3572I 6751269 i3*747727 * 5‘738794 
190 36rco 6859OOO *3*7840488 S-74^897 
191 36481 696787I 13*8202750 5758965 
192 36864 7O77888 *3 8564065 5-768998 

*93 37429 7189057 13*8924440 5*778996 
194 37636 730*384 13*9283883 5*788960 

*9s 38025 74I4875 *3*9642400 5*798890 

*96 38416 7529536 14*0000000 5*808786 

197 38809 7645373 14*0356688 5*818648 

198 39204 7762392 *4*0712473 5.828476 

199 39601 7880599 . *4*1067360 5*838272 

200 40000 8000000 x4**42*356 5*848035 

2or 40401 8l2060I *4**774469 5‘857 765 
202 40804 8242408 14*2126704 5*867464 

2°3 41209 8365427 14*2478068 5*877*30 

204 41616 8489664 14*2828569 5 886765 

20,5 42025 86l5I25 14-3178211 5896368 

206 42436 8741816 *4*3527001 5*905941 

207 42849 8869743 14*3874946 5*915481 

208 43264 899891^ 14*4222051 5*92499! 

209 43681 9'23329 14*4568323 5-934473 

2 10 44100 9261000 *4*4913767 5943911 

21 I 44521 939393* i4‘525839° S'953341 

212 44944 9528128 14*5602198 5*96273* 

2 53 45369 9663597 14‘5945,95 5*972091 

2 14 45796 9800344 14-6287388 59S1426 

215 46225 993'®375 14*66247-83 5-990727'. 

2i6 46656 - 10077696 . 14-6969385 6-000000 

’ 217 4.7089 10218313 14*7309199 6 O09244 

218 47524 10360282 14*764823* 6 01S463 j 

2 19 4796* 10503459 14*7986486 9*027650 

- 2-20 ■... .. '+ .48400. . .1.0648000... 
9*036811 j 



SQUARES, CUBES, and ROOTS. 9> 

Num¬ 
ber. Square. Cube. Square 

Root. 
Cube 
Root. 

221 
2 2 2 

223 
224 

22 5 
226 
22-7 
228 
229 
230 

231 
232 

2 33 
234 
23? 
236 
237 
238 

2 39 
240 
241 
242 

2+3 
244 

245 
246 
247 
248 

249 
250 

•» 
251 
252 

233 
254 
255 
256 

257 
258 

239 
2'60 
261 
262 
263 
264 
265 
266 

48841 
49284 

49729 
50176 
50625 
51076 
51529 
51984 

5244* 
5 2900 
3336i 
53824 
54289 

5+756 
55225 

55696 
56169 
56644 
57121 
57600 
58081 
58564 
59049 
59536 
6002 5 
60516 
6x009 
61504 
62001 
62500 
63001 

635°4 
64009 
64516 
65024 
65536 
66049 
66564 
67081 
67600 
68121 
68644 
69169 
69696 
70225 
70756 

*0793861 
10941048 
11089567 
11239424 
11390625 
11543176 
116970S3 
11852352 
12008989 
12167000 
1232639i 
12487168 
12649337 
12812904 
12977875 
13144256 

>33* -053 
1348 >272 
>36519(9 
13824000 
13997521 
14172488 
'4348907 
14526784 
14706125 
14886936 
15069223 
15252992 
15438249 
15625000 
15813251 
16003008 
>6194277 
16387064 
16581375 
16777216 

>6974593 
171735x2 

37373979 
17576000 

<7779*8> 
x7984728 
18191447 
18399744 
18609625 
I8821096 

14*8660687 
14- 8996644 

14*9331 *>45 
14*9666295 
15*0000000 

15‘°332964 
15*0665x92 
15*0996689 
15*x 327460 
*5*1657509 
15- 1986842 
15*2315462 

15*2643375 
15*2970585 

*5*3297097 
15*3622915 
15*3948043 
15*4272486 
15*4596248 

*5‘49l9334 
>5*5241747 
15'5563492 
1 ^-5 88457 3 
15*6204994 
15*6524758 
15*6843871 
1 57162336" 
15.7480157 
15*7797338 
15*8113883 
*5*8429793 
15*8745079 

159059737 
1^*9373775 

•1 5*9687194 
16*0000000 
x6-o3i2i95 
16 0623784 
16*0934769 
16*1245x55 

> 6*x 554944 
16*1864141 
16*2172747 
16*2480768 
16*2788206 
26-3095064 j 

6-°459+3 

6-055048 
6*064 * 26 
6-073X77 
6'08220l 
6-091199 
6’ 100170 
6*109115 
6*i18032 
6‘ 126925 
6-135792 
6-. 446 34 
6-153449 
6* 162239 
6-171005 
6-179747 

6-188463 
6-197154 
6*205821 
6*214464 
6*223083 
6*23[678 
6-240251 
6-248800 

6-2571H 
6*265826 
6*274504 
6*282760 
6*291I94 
6*299604 
^*307992 
6'3*6359 
6*324704 

f'333°25 
6*34i325 
6’349602 
6-557859 
0-366095 
6*3743*0 
6382504 
6*390676 
6*398827 
6*406958 
6*415068 

6*4a3»57 
6*43x226 



gs ARITHMETIC. 

Num¬ 

ber* 
Square. Cube. 

Square 

Root. 

Cube 

Koot. 

267 71289 19034163 16-3401346 6-439275 
268 71824 19248832 16'37°7°55 6*4473°5 
269 72361 19465109 16*4012195 6*455314 
270 72900 19083000 10 4316767 6*463304 

271 7344i 1990251! 16*4620776 6*471274 

272 73984 20123648 16*4924^25 6-479224 

273 74529 20346417 16*5227116 6-487153 

274 75°76 
20570824 16 5529454 6'495°64 

275 75625 20796875 i6'583!240 6502956 

276 76176 21024576 16*6132477 6-510829 

277 76729 21253933 i6*6433i7° 6*518684 

278 77284 21484952 16*6733320 6*526519 

279 7784I 21717639 i6-7°3293i 6*534335 
280 784OO 21952000 16*7332005 6?542132 
281 78961 22188041 16*7630546 6-549911 

282 79524 22425768 16-7928556 6'557672 
283 80089 22665187 16*8226038 °'5654»5 
284 80656 22906304 i6-8522995 6*573139 
285 8l225 23149125 16-8819430 6*580844 

286 81796 23393656 l6*9115345 6*588531 
287 . 82369 23^399°3 16*9410743 6*596202 

288 82944 23887872 16*9705627 6*603854 

289 83521 24137569 17 0000000 6*6i 1488 

29° 84100 24389000 17*0293864 6*619106 

291 84681 24642171 17*0587221 6*626705 

292 85264 24897088 17-0880075 v 6*634287 

293 85849 25J53757 17*1172428 6*641851 

294 86436 25412184 17-1464282 6*649399 

295 87025 
2S672375 17'175564o 6*656930 

296 87616 25934336 17-2046505 6*664443 

297 88209 2*0198073 17-2336879 6*671940 

298 88804 26463592 17*2626765 6*679419 

299 89 401 26730899 17-2916165 6-686882 

3 00 90000 27000000 17*3205081 6*694328 

301 90601 27270901 17‘34935J6 6*701758 

302 91 204 27543608 17‘378l472 6*709172 

803 9l8o9 27818127 17*4068952 6-716569 

3^4 92416 28094464 17*4355958 6*723950 

30.5 9302.5. 28372625 17*4642492 6’731316 
3°6 93636 28652616 ‘7M928557 6; 738665 

307 94249 a8934443 17’5214155 6*745997 
3°8 94864 29218112 17'5499288 6*753313 
3°9 95481 295°3629 17'5783958 6*760614 

310 96100 29791000 176068169 6-767899 

311 96721 30080231 17*635i92i 6*775168 

312 - 97344 - - - 
30371328 17*6635217 6*782422 



SQUARES, CUBES, and ROOTS. 9? 

Num¬ 

ber. 
Square. Cube. 

Square 

Root. 
Cube 

' Root. 

3*3 97969 30664297 17-6918060 6-789661 

6-796884 3M 98596 30959i44 17-7200451 

3^3 99225 31255875 17-7482393 6-804091 

31O 9985b 3*554496 17-7763888 6-811284 

317 
100489 3l855o*3 17-8044938 6-818461 

318 101124 32IS7432 ' 17‘8325545 6825624 

b 3l9 101761 32461759 17-8605711 6-832771 

320 102400 32/68000 17-8885438 6‘8399°3 
321 103041 33076l6l 17-9164729 6 847021 

322 103684 33386248 17'9443v84 6*854124 

3 3 104329 33698267 1 -7-9722008 6*861211 

3 4 104976 34012224 18*0000000 6*868284 

325 105625 34328l25 18 0277564 6>875343 
326 106276 34645976 *8 0554701 6*882388 

327 106929 34965783 18 083;4<3 6*889419 

32S 107584 35287552 18*1J07703 6’896435 * 

329 108241 35611289 18- J383571 6'9°3436 

' 33o 108900 3593700° 18* 1659021 6*910423 

331 109561 36264691 l8-J 934054 6'917396 

332 110224 36594368 18*2208672 
6’924355 

333 110889 36926037 18 2482876 6,9313°° 

334 111556 37259704 18*2756669 6*938232 

335 112225 31595315 3 8 3030052 6*945 *49 
33^. 11 896 37983056 18*33030^18 

6'952°53 
337 *i3569 382,72753 - l8‘3.575598 6'958.943 
338 

114244 38614472 i8*3847?63 6*9658i9 

339 114921 38958219 18*4119526 6*972682 

340 113600 39304000 18*439,0889 6’979532' 

341 116281 39651821 18*4661853 6*986369 

342 116964 40001688 18*4932420 6’993191 

343 117649 40353607 18*5202592 7*000000 

344 118336 40707584 l8’547237° 7*006796 

345. 119025 41063625 i8*5741 756 T013519 
346 119716 41421736 18*6010752 7*020349 fc 

347 120409 41781923 18 6279360 7*027106 

348 121104 42144192 18*6547581 7'°338S° 

349 121801 42508549 18*6815417 7*°4058i 

35° 122500 ‘42875000 18*7082869 7*647298 

351 123201 43“243551 l8’734994° 7*054003 

352 123904 43614208 18*76:6630 7*060696 

353 124609 43986977 1 8*7882942 7*067376 

354 125316 44361864 1 8*8148877 7*074043 

354 126025 44738875 18*8414437 7*080698 

3S.6 . 126736 45118016 18*8679623 7'o8734> 

357 127449 45499293 l8‘894443^ 7'°9397° 
0 128164 45882712 18*920887 q 7*100^88 

Vol. 1. H 



ARITHMETIC. 98 ' 

% 
Num¬ 
ber 

Square. Cube. 

“-• 
Square 
Root. 

Cube 
Root. ' 

359 
060 

128881 46268279 l8*9472953 7*107193 
129600 46656000 i8’973666o 7*113786 

q6 1 13°321 47045881 19*0000000 7*120367 
362 131044 47437928 19*0262976 7*126935 

363 131769 47832147 19*0525589 7*i33492 
364 132496 48228544 19*0787840 4*140037 
365 133225 48627125 19*i°49732 7*146569 
366 J33956 49027896 19*1311265 7*153090 
367 *134689 49430863 i9’i57244i 7*159599 
368 135424 49836032 19*1833261 7*166095 
369 136161 50243409 19*“°93727 7*172580 

37° 136900 5o653000 i9*2353841 7*i79054 

371 
372 

137641 51064811 19*2613603 7*185516 

*38384 51478848 i9*2873°i5 7* 191966 

373 139129 ,51895117 19*3132079 7*198405 

374 139876 523!3624 19‘339°796 7*204832 

37 5 140625 52734375 i9*3649l67 7*211247 

376 i4i376 53157376 i9*39°7i94 7*217652 

377 142129 53582633 19*4164878 7*224045 
378 142884 54010152 19*4422224 7*230427 

379 143641 54439939 19*4679223 7*236797 
3B0 144400 54872000 19*4935887 7*243!56 
381 145161 55306341 19*5192213 7*249504 
382 145924 55742968 19*5448203 7 25584i 
383 146689 56181887 i9*57°3858 7*262167 
384 147456 56623104 7*268482 
385 148225 57066625 19*6214169 7*274786 
386 148996 57512456 19*6468827 7*281079 
387 149769 57960603 i9-6723i56 7*287362 
388 i5°544 58411072 i9*6977i56 7*293633 
389 151321 58863869 19*7230829 7‘299893 
390 152100 59319000 19*7484177 7*306143 

391 152881 59776471 19*7737i99 7*3i2383 
39 2 153664 60236288 i9’7989899 7*318611 

393 1,54440 60698457 19*8242276 7*324829 

394 
995 

i5.5236 61162984 19-8494332 7‘331037 
1 560,25 61629875 1.9*8746069 7‘337234 

§96 I56816 62099136 i9*8997487 7‘34342o 

397 I57609 62570773 19*9248588 7*349596 
098 I584.O4 63044792 19*9499373 7*355762 
399 1,59201 6352h99 ‘9'9749844 7*361917 
400 l600O0 64000000 20*0000000 7*368063 
401 l6o8ol 644812.01 20*0249844 7'374198 
405? . l6l604 64964808 20*0490377 7*380322 

4° 3 3 624O9 65450827 20*0748599 7-386437 

4° 4 163216 65039264 20*0997512 7*392542 



SQUARES, CUBES, and ROOTS. 99 

Num¬ 
ber. Square. Cube. Square 

Root. 
Cube 
Root. 

405 164025 66430125 20*1246118 7-398636 
406 164836 66923416 20* 1494417 7*404720 
407 165649 67419*43 20*1742410 7*410794 
408 166464 67911312 20*1990099 7*416859 
409 167281 68417929 20*2237484 7*422914 
410 168100 68921000 20*2484567 7*42%58 
411 168921 69426531 20'273*349 7*434993 
412 l69744 69934528 20*2977831 7*441018 
4*3 17°569 70444997 20*3224014 7’447°33 

, 4M 171396 70957944 20*3469899 7-453039 
415 172225 7M73375 2°'3715488 7*459°36 
416 173056 7199129^, 20*3960781 7*465022 
417 173889 72511713 20*4205779 7*470999 
418 174724 73034632 20*4450483 7*476966 
419 115561 73560059 20*4694895 7*482924 
420 176400 74088000 2°*4939oi5 7*488872 
421 177241 74618461 20*5182845 7*49481° 
422 178084 75151448 20*5426386 7‘5°°74° 
423 178929 v 75686967 20*5669638 7*506660 
424 179776 76225024 20*5912603 7*512571 
425 180625 76765625 20*6155281 7*518473 
426 181476 77308776 20*6397674 7'524365 
427 182329 77854483 20*6639783 7*530248 
428 183184 78402752 20*6881609 7*536i2i 
429 184041 78953589 20*7123152 7’541986 

> 43° 184900 79507000 20*7364414 7*547841 
431 185761 80062991 20*7605395 7*553688 
432 186624 80621568 20*7846097 7’559525 
433 187489 81182737 20*8086520 7*565353 
434 i88356 81746504 20*8326667 7*571173 
435 189225 82312875 * 20*8566536 7-576984 

436 190096 82881856 20*8806130 7*582786 
437 190969 83453453 2°*9o4545° 7*o88579 
438 *9l844 84027672 20*9284495 7'594363 
439 192721 84604519 20*9523268 7*600138 
440 193600 85184000 20*9761770 7*605905 
44i , 194481 85766121 21*0000000 7*611662 
442 195364 86350888 21*0237960 7*617413 

443 196249 86938307 21*0475652 7-623,51 
444 197136 87528384 21*0713075 7*628883 
445 198025 88121125 21.0950231 7*634606 
446 198916 88716536 21*1187121 7*640321 
447 109809 89314623 2i*i423745 7*646027 
448 200704 89915392 21*1660105 7'^51725 
449 201601 90518849 21*1896201 7*6574X4 
450 202500 91125000 21*2132034 7*663094 

H 2 



jeo ARITHMETIC. 

Num¬ 

ber. 

■ --- —. 

Square. Cube. 
Square 

Root. 

Cube 

Root. 

451 203401 2i *2367606 7*668766 

4 52 204304 92345408 21*2602916 7*67443° 

453 205209 929S9677 21*2837967 7*680085 
454 206116 93576664 2l*3°72758 7*685732 
455 207025 94>9637S 21*33°729° 7*^91371 
456 207936 94818816 21‘3541565 7*697002 
457 208849 95443993 2r3775583 7*702624 
4 58 209764 96071912 21*4009346 7*708238 
459 210681 96702579 21*4242853 7‘713844 
460 211600 97336000 21*4476106 7*719442 
461 212521 97972181 21*4709106 7*725032 
>462 213444 98611128 2l*494l853 7‘73°6i4 
463 214369 99252847 21*5174348 7-736187 
464 215296 99897344 

100544625 
21*5406592 7*741753 

465 216225 21*5638587 7*747310 
466 217156 

218089 
101194696 21*5870331 7-752860 

467 101847563 21*6101828 7-758402 
468 219024 1o25°3232 2i*6333°77 7‘763936 
4% 21996! 103161709 21*6564078 7-769462 
470 220900 103823000 21*6794834 7-774980 
471 221841 104487111 21*7025344 7-780490 
472 222784 105154°48 21 *7255610 7*785992 
473 223729 105823817 21*7485632 7-791487 
474 224676 106496424 2i*77i54ii 7'796974 
475 225625 107171875 21*7944947 7-802453 
47 6 226576 107850176 21*8174242 7-807925 
477 227529 21*8403297 7*813389 
478 228484 109215352 21*8632111 7-8.8845 
479 22944! i°9902239 21*8860686 7*824294 
480 230400 110592000 21*9089023 7*829735 
481 231361 111284641 2i*9317122 7-835.68 
482 232324 111980168 21*^544984 7*840594 
483 233289 112678587 21*9772610 7-846013 
484 234256 1133799°4 22*0000000 7-851424 
485 235225 114084125 22*0227155 7-856828 
486 2361q6 114791256 22*0454077 7*862224 
487 237169 1155OI3°3 22*0680765 7*867613 
488 238144 116214272 22*0907220 7*872994 
489 239121 116930169 22*1133444 7-878368 
49° 240100 117649000 22'3 35943^ 7’883734 
491 241081 118370771 22*1585198 7*889094 
49 2 242064 .119095488 >22*1810730 7*894446 
493 243049 119823157 22*2036033 7*89979* 
494 24,4036 120553784 22*2261108 7*905129 

495 245°25 121287375 22*2485955 7*910460 
L 496 246016 122023936 22*2710575 7'915784 

7- 



SQUARES, CUBES, and, ROOTS. u>t 

—. 
Num¬ 

ber. Square. Cube. 
Square 
boot. I 

Cube 
Root. 

497 247009 122763473 22’2934968 7*921100 
498 248004 1235°5992 22-3159136 7*926408 
499 249001 12425*499 22‘3383°79 7*93*7*0 
5°° 250000 125000000 22*3606798 7*937005 
5°* 25100.1 12575*5°* 22*3830293 7*942293 

5°2 
5°3 

252004 
253009 

126506008 
127S63527 

22‘4053565 
22*4276615 

7-947573 
V952847 

5°4 254016 128024064 22-4499443 7‘958* * 4 
5°5 255°25 128787625 22-47 22051 7'963374 

7*968627 5°6 256036 129554216 22‘4944438 
5° 7 257049 *30323843 22-5166605 7'973873 
5°8 258064 13*0965*2 22'5388553 7-979112 
5° 9 259081, *3*872229 22-5610283 r984344 
'5*° 260100 132651000 22’583*796 7’989569 
5*1 261121 *3343283* 22-6053091 7-994788 
5*2 262144 134217728 29*6274170 8*000000 
513 263169 *35005697 22'6495°33 8-005205 
5*4 264196 *35796744 22-6715681 8*010403 
5*5 265225 136590875 22*6936114 8-0 >5595 
516 266256 *37388096 22*7*56334 8*020779 

5*7 
518 

267289 138188443 22'7376340 8'°25957 
268324 !3899l832 22-7506134 8-03li29 

5*9 269361 *39798359 22’78iS71S 8-036293 
520 270400 140608000 22-8°35o85 804145* 

5 21 27M41 141420761 22*8254244 8*046603 
522 272484 142236648 22-8473193 805*748 
523 2 7 3 5 2 9 *43°55667 22-8691933 8-056886 
524 274576 143877824 22-8910463 8-0620l8 

525 275625 *447°3*25 22-9128785 8-067143 
526 276676 *4553*576 22-9346890 8*072262 

527 277729 146363*83 22*95648o6 8 °77374 
528 278784 *47i97952 22-9782506 8*082480 
529 279841 148035889 23-0000000 8-087579 

53° 280900 148877000 230217289 8-092672 

531 281961 *4972*291 23*°434372 8-097758 

532 283024 150568768 23'o65*252 8-10^838 

533 284089 *5*4*9437 23-0867928 8-107912 
534 285156 152273304 23-1084400 8-112980 

535 286225 *53*30375 23‘*3°o67o 8*118041 

5 36 287296 15399065b 23**5i6738 8*i 23096 

537 288369 *54854*53 23-1732605 8* 128144 

538 289444 23-1948270 8-133186 

539 290521 *565908*9 23'2*63735 8-138223 
540 291600 157464000 23-237900* 8**43253 J 
54i 292681 158340421 23-2594067 8-148276 
542 * ..■■ - 293764 159220088 23-2808935 8-153-93 



£02 ARITHMETIC. 

Num¬ 

ber. 

’ 

Square. Cube* 

■ *f , 

Square 

Root. 
s 

Cube 

Root. 

543, 294849 160103007 23'30236°4 8-1583°4 

544 295936 
160989184 23-3238076 8-163309 

545 297°25 161878625 23'3452351 8-168300 

546 298116 162771336 23-3666429 8-173302 

547 2992°a 163667323 23-3880311 8 178289 

548 300304 164566592 23'4°93998 8 183269 

549 301401 165469149 23'43°749° 8*i88244 

55° 302500 16637500° 23‘452°788 8-193212 

551 3°3601 
167284151 

23'4733892 8*i98i75 

552 304704 168196608 23*4046802 8-203131 

553 305809 169 3.12377 23‘515952° 8-208082 

554 306916 170031464 23’5372°46 8-213027 

555 308025 17°953875 23*558438° 8-217965 

556 
309136 I71879616 23'5796522 8*222898 

557 310249 I72808693 23*6008474 8*227825 

v 558 
3H364 173741112 2^-6220236 8* 232746 

559 312481 I74676879 23*6431808 8*237661 

56° 313600 I756160OO 23'6643191 8*24257° 

561 3147 21 
!76558481 23*6854386 8-247474 

562 3x5844 1775°4328 23‘7o65392 
8-252371 

563 3i6969 17^453547 23*7276210 8-257263 

564 318096 179406144 23*7486842 8*262149 

565 319225 180362125 23*7697286 §■267029 

566 32°356 181321496 23'79°7S45 8-271903 

567 321489 182284263 23*81 I7618 8*276772 

568 322624 l8325°432 23*83275°6 8*281635 

569 
32376! 184220009 23*85372°9 8’236493 

57° 
324900 185193000 23*8746728 8*291344 

571 
326041 186169411 23*8956063 8*296190 

572 
327184 187149248 23*9165215 8*301030 

573 328329 188132517 23*9374l84 8-305865 

574 329476 189119224 
23'958297* 8-310694 

575 33o625 190109375 23,979*576 8'3>55‘7 
576 33>776 191102976 24*0000000 f’320335 

577 332929 192100033 24 0208243 
8*325147 

S78 
334084 193100'552 24*0416306 8‘329954 

579 33524i *94104539 24*0624188 °'33475S 
580 336400 195112000 24*0831892 8‘339551 

5Sl 33756j 196122941 24*1039416 8’344341 

582 338724 1971373^8 24*3 246762 8*349125 

583 339889 198155287 24’*453929 8'3539°4 
584 341056 199176704 24*1660919 8-358678 

585 342225 200201625 24*1867732 8*3%446 
S86 343396 201230056 24*2074369 8*3''8209 

58 7 3445% 202262003 24*2280829 8*372966 

588 345744 203297,172 24*2487113 8-377718 



SQUARES, CUBES, and ROOTS. 103 

Num¬ 

ber. 
Square. Cube. 

Square 

Root. 

Cube 

Root. 

589 346921 204336469 24^2693222 8*382465 

59° 348100 205379000 24*2899156 8387206 

591 349281 206425071 24*3iG49i6 8-391942 

592 35°464 207474688 24’33105°i 8*396673 

593 35l649 208527857 24'35i5913 8*401398 

594 352836 209584584 24*3721152 8-406118 

595 354025 210644875 24-3926218 8*410832 

596 355216 211708736 24*4131112 8-415541 

597 356409 212776173 24'4335834 8*420245 

598 3576°4 213847192 24*4540385 8*424944 

599 3588oi 2l4921799 24*4744765 8*429638 

600 360000 216000000 24-4948974 8’434327 
601 361201 217081801 24’5153°13 8*439009 

602 362404 218167208 24*5356883 8*443687 

603 363609 219256227 24*5560583 8*448360 

604 364816 220348864 24*5764115 8*453027 

605 366025 221445125 24‘5967478 8*457689 

606 367236 222545016 24-6170673 8*462347 

607 368449 223648543 24*63737°° 8466999 

608 369664 2 24 755 712 24*6576560 8*471647 

609 370881 2258665*29 24*6779254 8*476289 

610 372100 226981000 246981781 8*480926 

611 3 733 21 228099131 24-7184142 8*485557 
612 374544 229220928 24*7386338 8*490184 

613 375769 230346397 24-7588368 8*494806 

614 376996 23i475544 24*779°234 8-499423 

615 378225 232608375 24’7991935 8*504034 
616 379456 233744896 24-8193473 8*508641 

617 380689 234885113 24*8394847 8*5i3243 
618 38.924 236029032 24-8596058 8*517840 

619 383l6i 237176659 24*8797106 8-522432 

620 384400 238328000 24*8997992 8-527018 

621 385641 239483061 24*9198716 8-531600 

622 386884 240641848 24’9399278 8'536l77 
623 388129 241804367 24’9S99679 8*540749 
624 389376 242970624 24*9799920 8'545317 
625 390625 244140625 25*0000000 8*549879 , 

626 391876 2453i4376 25’°i9992° 8*554437 
627 393129 246491883 25*°39968i 8*558990 

628 394384 247673152 25*0599282 8'563537 
620 395641 248858189 25-0798724 8-568080 

630 396900 250047000 25‘°998o°8 8*572618 

631 398161 25123959i 25’!197134 8*577152 

632 399424 252435968 25*1396102 8-581680 

633 400689 253636137 25*1594913 8‘586204 

1 634 401956 254840104 25*i793566 8*5.90723 . 



ARITHMETIC. 

Num¬ 

ber. 
Square. Cube. 

Square 

Root* 

Cube 

Root. 

635 403225 256047875 25'1992o63 8’595238 
636 404496 257259456 25*2190404 8*599747 
637 405769 258474853 25*2388589 8-604252 

638 407044 259694072 25*2586619 8-608752 

639 408321 260917119 25’2 7^4493 8-613248 

640 409600 262144000 25*2982213 8-6! 7738 

641 410881 263374721 25'31797 78 8*622224 

642 412164 264609288 25'3377l89' 8*626706 

643 4*3449 265847707 
25,3574447 8*631183 

644 414736 267089984 2S'377I551 8*635655 
*M5 416025 2683361,25 25’3968502 8-640122 

646 417316 269586136 25*4*65301 8‘644585 
647 418609 270840023 25‘436l947 8-649043 

648 4199°4 272097792 25*455844i s*653497 
649 421201 273359449 25*4754784 8-657946 

* 650 422500 274625000 25*4950976 8*662391 

651 423801 27589445! 25'5147°16 8-666831 

652 425104 277167808 25'53429°7 8*671266 

653 426409 278445077 2S-5538(547 8*675697 

654 427716 279726264 25'5734237 8*680123 

655 429025 281011375 Z5'5929673 8-684545 

656 430336 282300416 25*6l24969 8-688963 

657 431649 2»83593393 25*6320112 8*%3376 
6S8 432964 284890312 25*6515107 8 697784 

6S9 434281 286191179 25*6709953 8-702188 

66 0 435600 287496000 25*6904652 8*706587 

661 436921 288804781 25*7099203 8-710982 

66 2 438244 290117528 25*7293607 8'7>S373 
66 3 439569 29M,34247 25-7487864’ 8'719759 
664 440896 292754944 25*7681975 8*724141 

665 442225 294079625 25'7875939 8*728518 

666 4435o6 295408296 25-8069758 8*732891 

66 7 444889 296740963 25*8263431 8*737260 

668 446224 298077632 25‘845696o 8*741624 

669 447561 299418309 25*86503^3 8*745984 
670 448900 300763000 25*8843582, 8'750340 
671 450241 302111711 25*9036677 8*754691 

672 451584 303464448 25*9229628 8-759038 

673 452929 304821217 25*9422435 8-763380 

6 74 454276 306182024 25*9615100 8’767719 

675 ■ 455625 

456976 

307546875 25*9807621 8*7720,53 

676 308915776 26*0000000 8‘776382. 

677 4583°9 310288733 26*0192237 8*780/08 

678 459684 31166.5752 26*0384331 8-785029 

679 461041 313046839 26*0576284 8‘789346 
680 462400 314432000 26*0768006 8*7936^,9 



SQUARES, CUBES, and ROOTS. to* 

Num¬ 

ber. 
Square. Cube. 

Square 

Root. 

Cube 

Root. 

681 463761 315821241 26-0959767 8*797967 

682 465124 317214568 26* 1151297 8*802272 

683 466489 318611987 26-1342687 8*806572 

684 467856 320013504 2^'1S33937 8-810868 

685 469225 321419125 26*1725047 8*8l5159 . 
686 470596 322828856 26*1916017 8*819447 

687 471969 324242703 26*2I06848 8*823730 

688 473344 325660672 26*2297541 8*828009 

689 47472! 327082769 26*2488095 8*832285 

690 476100 328509000 26*2678511 
8*83655^ 

691 477481 329939371 26*2868789 8*840822 

692 478864 331373888 26*3058929 8*845085 

693 480249 3328l2557 26*3248932 8*849344 

694 481636 334255384 26*3438797 
8*853598 

695 483025 335502375 26*3628527 8*857849 

696 48441- 6 337153536 26*3818119 8*862095 

697 485809 338608873 26*4007576 8*866337 

698 487204 340068392 26*4196896 8-870575 

699 488601 341532099 26*4386081 8*874809 

700 490000 343000000 £6‘4575131 8*879040 

701 491401 344472101 26*4764046 8*883266 

702 492804 345948008 26*4952826 8*887488 ! 

7°3 494209 347428927 26*5141472 8*891706 

7°4 495616 348913664 26*5329983 8*89592° 

7°5 497025 350402625 26-55-18361 8*900130 

706 498436 351895816 26*5706605 8 904336 

7°7 499849 353393243 26*5894716 8*908538 

708 501264 354894912 26*6082694 8*912736 

709 502681 356400829 26-6270539 8*916931 

710 504100 357911000 26-6458252 8*921121 

711 5°5521 35942543* 26-6645833 8*925307 

712 506944 360944128 26*6833281 8*929490 

7*3 508369 362467097 26*7020598 8*933668 

714 
s°9796 363994344 26*7207784 8-937843 

7*5 511225 365525875 26-7394839 8*942014 

716 512656 367061696 26*7581763 8*946180 

717 514089 368601813 26*7768557 
8’95°343 

718 5J5524 370146232 26*795522° 8 954502 

i 7*9 516961 371694959 . 26*8141754 8-958658 

720 518400 373248000 26*8328157 8*962809 

721 519841 374805361 26*8514432 8*966957 

1 722 521284 376367048 2*6*8700577 8*971100 

723 522729 377933067 26*8886593 8*97524° 

724 524*76 379503424 26*9072481 8979376 

725 525625 381078125 26*9258240 8*983508 

726 527076 382657176 26*9443872 8*087637 



ARITHMETIC. toS 

Num- 

' ber. 
Square. Cube. 

Square 

Root. 

Cube 

Root. 

727 
728 

729 
730 
731 

732 

733 
734 
735 
736 

737 
738 

739 
740 

741 
742 

743 
7'44 
745 
746 

- 747 
748 

749 
750 
751 

752 

753 
754 
755 
7 56 

757 
758 

759 
760 

761 

762 

763 
764 

765 
7 66 

767 

768 

769 
770 

771 

772 

528529 

529984 

531441 

5329°° 

534361 

535824 
537289 
538756 
540225 

541696 

543*69 

544644 
546121 

c47600 

549081 

550564 

552°49 
553536 

555°25 
5565*6 

558oo9 
559504 
561001 

562500 

564001 

5655°4 
567009 

568516 

570025 

57*536 

573°49 
574564 
576081 

577600 

579*21 

580644 

582169 

583696 
585225 

586756 

588289 

589824 

59*36i 

592900 

594441 
595984 

384240583 

385828352 

387420489 

389017000 

390617891 

392223168 

393832837 

395446904 

397065375 

398688256 

400315553 
401947272 

4035834i9 
405224000 

406869021 

408 518488 

410172407 

411830784 

413493625 

415160936 

416832723 

418508992 

420189749 

421875000 

42356475i 
425259008 

426957777 

428661064 

430368875 

432081216 

433798o93 
435519512 

437245479 
438976000 

440711081 

442450728 

444194947 
445943744 
447697125 

449455096 
451217663 

452984832 

454756609 

456533°°° 
458344011 

460099648 

26-9629375 

26- 9814751 

27*0000000 

27*0185122 

27*03701 i7 

27*0554985 

27*0739727 

27*0924344 
27*1108834 

27*1293199 

27**477439 
27*1661554 

27"l845544 
27*2029410 

27*2213152 

27*2396769 

27*2580263 

27*2763634 

27*2946881 

27*3130006 

27*33*3007 

27*3495887 
27*3678644 

27*3861.279 

27*4043792 

27- 4226184 

27*4408455 

27*4590604 

27*4772633 

27‘4954542 
27*5*3633o 

27*53* 7998 
27‘5499546 
27*5680975 

27*5862284 

27*6o43475 
27-6224546 

27*6405499 
27-6586334 

27*6767050 

27-6947648 

27-7128129 

27-7308492 

27-7488739 

27*7668868 

27-7848880 

8- 991762 

8*995883 
9- 000000 

9-004113 

9*008222 

9-012328 

9-016430 

9’020529 
9-024623 

9-028714 

9-032802 

9-036885 

9*040965 

9*°45°4i 

9-049*14 

9*°53l83 
9*°57248 

9-061309 

9-065367 

9*069422 

9*0/3472 

9*0775*9 
9-081563 

9*085603 1 

9-089639 

9-093672 

9*097701 

9-101726 

9-105748 

9*109766 

9-113781 

9***7793 
9-121801 

9-125805 

9-129806 

9’*338o3 
9**37797 
9-141788 

9**45774 

9**49757 
9**53737 
9**577*3 
9-161686 

9*165656 

9-160622 

9*173585. 



SQUARES, CUBES, and ROOTS. ^o^ 

Num¬ 

ber. 
Square. Cube. 

Square 

Root. 

Cube 

. Root. 

7 73 5975*9 4618899i7 27-8028775 9'177544 
774 599076 463684824 27*82085 5 5 9*181500 

775 600625 463484375 27-8388218 9*185452 

776 602176 467288576 27*8567766 9*189401 

777 603729 469097433 27*8747197 9*193347 
778 609284 470910952 27*8926514 9-197289 

779 606841 472729139 27*91 ° 97 1 5 9 201 328 

780 608400 474552000 27-9284801 9 205164 

781 609961 47637954i 27-9463772 9*209096 

782 611524 478211768 27*9642629 9*213025 

783 613089 48004S687 27*9821372 9'2l695° 
784 614656 481890304 28*0000000 9-220872 

785 616225 483736625 28-0178515 9-224791 

786 617796 485587656 28*0356915 9*228706 

787 619369 487443403 28*0535203 9*232618 

788 620944 489303872 28*0713377 9-237527 

789 622521 491169069 28*0891438 9'24°433 
790 624100 493039000 28-1069386 9*24433$ 
791 625681 494913671 28*1247222 9-248234 

792 627264 496793088 28-^424946 9-252130 

793 628849 498677257 28-1602557 9-256022 

794 630436 500566184 28*1780056 9-259911 

79 5 632025 502459875 28*|957444 9*263797 

796 633616 5°4358336 28*2134720 9-267679 

797 635209 506261573 28-2311884 9-271559 

798 636804 508169592 28-0488938 9 2 7^435* 

799 638401 510082399 28-2665881 9-279308 

800 640000 ^ 12000000 28-2842712 9-283177 

801 641601 5139224QI 28'3OI9434 9 287044 

802 643204 .5 j 5849608 28 3196045 9*290907 

803 644809 517781627 28*3372546 9*294767 

804 646416 519718464 28-3548938 9-298623 

805 648025 521660125 2 ^ * 3 7 - 5 -19 9-302477 

80b 649636 523606616 28-3901391 9-306327 

807 651249 S25557943 2^*4°77454 9310175 

808 652864 527514112 28*4253408 9:314019 

8°g 654481 529475129 28*4429253 9'317? 59 
8<o 656100 531441000 28-4604989 9-321697 

811 6577,21 5 3 3411731 28*4780617 9*3 'S33 2 
81 2 659344 53538732S 28-4956137 9*329363 
813 660969 537366797 28-5131549 9*333T 91 
814 662596 539353H4 28-5306852 9*337016 

8.; 664225 541343375 28*5482048 9*340838 

8l6 665856 54333S496 28*5657137 9'344657 
Si7 667489 54533s?13 28*5832119 9'348473 
818 669 r 24 54734S432 j 28-6C06993 9-352285 

i 
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Num¬ 

ber. 
Square. Cube. 

Square 

Root. 

Cube 

Root. 

819 670761 549353259 28'6181760 9*356095 

820 672400 551368000 28*6356421 9-359901 

821 674041 553387661 28*6530976 9*363704 

822 675684 555412248 28*6705424 9'3^75°5 
823 6773^9 55744i767 28*6879766 9*3713°2 
824 678976 559476224 28-7054002 9-375096 

825 680625 561515625 28-7228132 9*378887 

826 682276 5633?9976 28*740215-7 9-38267; 

827 683929 565609283 28*7576077 9*386460 

828 685584 567663552 28*7749891 9’39°24l 
829 687241 569722789 28*7923601 9*394020 

830 688900 571787OOO 28*8097206 9*397796 

831 690561 573856i91 28-8270706 9*401569 

832 692224 575930368 28-8444102 9'4°5338 

833 693889 578009537 28*8617394 9-409105 

834 695556 580093704 28-8790582 9*412869 

833 697225 582182875 28*8963666 9-416630 

836 698896 584277056 28*9136646 9-420387 

837 700569 586376253 28'93°9523 9*424141 

838 702244 588480472 28*9482297 9-427893 

839 703921 59°5897I9 28*9654967 9-431642 

840 705600 592704000 28*9827535 9'435388 
841 707281 594823321 29*0000000 9-439130 

842 708964 596947688 29*0172363 9*442870 

843 710649 599077107 29-0344623 9*446607 

844 712336 601211584 29-0516781 9-45034! 

843 7/4025 603351125 29-0688837 9-454°7r 

846 7i5716 6o5495736 29-0860791 9 5 7799 
847 717409 607645423 29-1032644 9*461524 

848 7,9I°4 609800192 29* 1204396 9-465247 

849 720801 611960049 29-1376046 9-468966 

850 722500 614125000 29*1547 595 9*472682 

851 724201 616295051 29-1719045 9'476395 
852 725904 618470208 29*1890390 9*480106 

8?J 727609 620650477 29*2061637 9*483813 

854 729316 62285 5864 29*2232784 9*487518 

8S? 751025 625026375 29*2403830 9-491219 

80 73273« 627222016 29*2574777 9*494918 

857 - 734449 629422793 29*2745623 9*49^614 

858 736164 631628712 29-2916370 9*5°23°7 
S;g 737881 633839779 29*3087018 9*505998 

860 739600 636056000 29'32575^6 9*509685 

8 61 74‘32i 638277381 29*3428015 9’ 3A 33^9 
U 2 743044 64050,3928 29’35983^5 9*517051 

863 744769 642735647 29*3768616 9*520730 

864 746496 644972544 
--•- 29'3938?69 9*524406 
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Num¬ 

ber. 
Square. Cube. 

Square 

Root. 

Cube 

Root. 

b6 5 748225 647214625 294108823 9*528079 

866 749956 649461896 29-4278779 9’ 531749 
867 751689 65J7H363 29*4448637 9*5364'7 
868 753424 653972032 29*4618397 9*539081 

869 755161 656234909 29‘4788o59 9*542743 
870 756900 658503000 29*4957624 9*546402 

871 758641 660776311 29*5127091 9-550058 

872 760384 663054848 29*5296461 9‘553712 

873 762129 665338617 29U46573+ 9'5?7363 
874 763876 667627624 29‘56349«° 9*56lOlO 

87J 765625 669921875 29*5803989 9-564655 

876 767376 672221376 29’5972972 9*568297 
877 769129 674526i33 29-6141858 9*57*937 
878 770884 676836152 29*6310648 957557+ 

879 772641 679151439 29*6479325 9*579208 

880 774400 681472000 29*6647939 9-582839 

88l 776161 683-97841 29*6816442 9*586468 

882 777924 686128968 29-6984848 9*59o°93 
883. 779689 688465387 29*7155159 9'S937‘6 

884 781456 690807i04 29*7321375 9'S97337 
885 783225 693154125 • 29-7489496 9*600954 ’ 

886 784996 695506456 29-7657521 9*604569 

887 786769 697864103 29-7825452 o*6o8j 8 1 

888 788544 700227072 29-^993289 9*6!,791 

889 790321 702595369 29*8161030 9* _15397 
890 792100 704969000 29*83 28678 9-619001 

891 793881 7°7347971 29*8496231 9-622603 

892 795664 709732288 29*8663690 0-626201 

893 797449 712121957 29*8831056 9*629797 

894 799236 7I4516984 29*8998328 9-63339° 

895 • 801025 71691737 5 299165506 9-636981 

896 802816 719323136 29’933259! 9*640569 

897 804609 721734273 29*94996®3 9*644154 

898 806404 724150792 29-9666481 9-647736 

899 808201 726572699 29-9833287 9 651316 

900 810000 729000000 30*0000000 9*654803 

901 811801 73143270? 30*0166620 9*658468 

902 813604 
733870808 30 0333148 9*662040 

9°3 815409 736314327 30*0499584 9*665609 

9°4 817216 738763264 30*0665928 9*669176 

9°5 819025 741217625 30*0832179 9-67274° 

906 820836 , 7436774l6- 30*0998339 9*676301 

9°7 822649 74.6142643 30*1164407 9*679860 

908 824464 748613312 30*1330383 9*683416 

909 826281 751089429 30* 1406269 9*686970 

910 | 828100 753571000 30-1662063 9-690521 
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Num¬ 
ber* Square. Cube. 

Square 
Root. 

1 Cube I 
Root. 

911 829921 “’5605803 1 30* 1 827765 9*694069 
9 1 2 831744 758550528 30-1993377 9*697615 

9*3 8 43 569 761048497 30*2158899 9*70,158 
914 833396 763531944 3°*23243 29 9704698 

91 5 837225 766060875 30’2489669 9708236 
916 839056 768575296 30-2654919 9*711 772 
917 840889 771095213 . 30*2820079 9*7,53°5 
918 842724 773620632 30*2985148 9"7 
919 844361 

846400 
7-6 5’S>9 30*3150128 9722363 

920 77^688000 30*331 5°* 8 9*725888 
921 848 41 ;8 22996f 30*34798,8 9*7294'0 
922 850084 7B 3777448 30*3644529 9*73293° 

9Z3 851929 786330467 30*3800151 9*736^48 
924 8?3776 788889024 30*3973683 9739963 
925 855625 79’45312 5 30*4138127 9-743475 
926 857476 794022-,76 30-4302481 9*746985 

927 8595 9 79659-983 304166747 9*750493 
928 86l184 799178752 30-4630924 9*753998 
929 863041 801765089 30*4795013 9-75750° 

93° 8649OO 8043 37000 30*4959014 9 761000 

931 86676/ 806954491 30-5122926 9764497 
932 868624 Ro95s75‘68 30-5286750 9*767992 

933 87O ■) 89 812166237 30*5450487 9*771484 
934 872356 814780504 30*5614136 9*774974 
933 874225 S17400375 30*577769? 9*778461 

< 936 876096 820025856 •jo-59411 71 9*782946 

937 877969 8226569,53 30‘6io4337 9:7 8 54" 8 
938 879844 825293672 30-6267857 9*788908 

939 88,7?.! 8>7936019 30*6431069 9*792386 
940 88360O 8305840 0 30*6594194 9*795861 

941 885481 83323?C>21' 30-6-757233 9799333 
942 88-364 S35896S88 30*6920185 9802803 

943 889249 838561807 30*7083051 9-806271 

944 89H36 84/232384 30*724 5830 9*809?36 
943 893OI5 ■843908625 30*7408523 9*813198 

946 894916 846590536 30 757113° 98 i 6659 

947 896809 849278123 307735651 9820117 
948 898704 8 51971392 30*7896080 9*823572 

949 900601 854670349 30*8058436 9*827025 

95° 902500 857375000 30*8220700 9*830475 

951 904401 860085351 308382879 9*833923 
9ST, 906304 862801408 30*8544972 9*837369 

953 908209 865523177 308706981 9 840812 

9,'4 910116 868250664 30 8868904 9*844253 

953 91202 5 870983875 30*9030743 9 847692 
956 9*3936 873722816 30-9192497, 9-851128 



SQUARES, CUBES, and ROOTS. 

Num¬ 

ber. Square. Cube. Square 
Root. 

' Cube 
Root. , 

957 9*5849 .876467495 3°'9354i66 9-854561 
9j8 917764 879217912 3°’95l5751 9*85 992 
959 919681 .881974079 30-9677251 9-801421 
960 921600 884756000 30-9838668 9*864848 
961 923521 887503681 3 I -OOOOOOO 9*868 - 7 2 
962 925444 890277128 31*0161248 9-871694 
963 927369 893°56347 31-0322413 9‘8751 J3 
964 929296 89584J344 31-0483494 9-87853° 

965 93r 22 5 898632125 3 r-0644491 9'8Si9+5 
966 9331 56 901428696 31 -0805405 9*88r357 
967 935089 904231063 31*0966236 9-888767 
968 937024 9°7°39232 31*1126984. 9*892174 

969 938961 909843209 31*1287648 9*895^80 
970 940900 912673000 31*1448230 9-898983 

97‘ 942841 91549861i 31-1608729 9-902383 
972 9447S4 918330048 31 *17^9 45 9*905781 

973 946729 921167317 3r,929479 9‘9°9'17 
974 . 948676 924010424 31-2089731 9*91257' 
975 - 950625 926859375 3 ! *2249900 9*915962 
976 952576 929714(76 31-2409987 9*919351 
977 954529 932574S33 3t*2569992 9*922738 
978 050484 93544-2 3 52 31 >27299l 5 9-926122 

9"9 95844! 938313739 31*2889757 9*929504 
980 960400 941102001 31-30495:17 9-932853 
981 962361 944°76>4* 31*3209195 9*930261 

9 s? 964324 946966168 31 *33 68792 9-939636 

983 966289 949862087 31-3528308 9‘943co9 
984 9682,56 952763904 31-3687743 9-946379 
9s? 970225 955671625 31-3847097 9'949747 
986 97 2196 956585256 31 -4006369 9’953x 13 
987 974169 961504803 31-4165561 9'9j6477 
988 976144 964430272 31-4324673 9'959«39 
989 978121 967361669 31-4483704 9-963198 
990 9S0100 970299000 31-4642654 9*966554 
991 982081 973242271 31-4801525 9-969909 

99 2 984064 976191488 31*4^60315 q*973262 

993 986049 979146657 31*5119025 9-9766.2 

994- 988036 982107784 31*5277655 9'9799S9 
995 990025 985074875 31*5436206 9*9b33°4 
996 992016 988047936 3*-5594677 9*986648 
997 994009 991026973 3 1*5753068 9 989990 
998 996004 994011992 31 ’591*38o 9’993328 
999 998001 997002999 31 *6069613 9-996665 

1000 1000000 JCOOOOOOCO 31-6227766 10 000000 

loot I002001 1003003001 31-6385840 10*003332 
1002 IOO4OO4 1006012008 3 *’6543836 10*006662 
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Of Ratios, Proportions and Progressions. 

Numbers are compared to each other in two different 
ways : the one com pari ton confiders the difference of the two 

numbers, and is named Arithmetical Relation ; and the dif¬ 
ference fometimes the Arithmetical Ratio: the other conli- 
ders their quotient, which is called Geometrical Relation, 
and the quotient the Geometrical Ratio. So, of thefe two 

numbers 6 and 3, the difference, or arithmetical ratio, is 
6 — 3 or 3; but the geometrical ratio is or 2. 

There muff be two numbers to form a comparifon: the 
number which is compared, being placed firft, is called the 
Antecedent; and that to which it is compared, the Confe- 
quent. So, in the two numbers above, 6 is the antecedent, 
and 3 the confequent. 

If two or more couplets of numbers have equal ratios, or 
equal differences, the equality is named Proportion, and the 
terms of the ratios Proportionals. So, the two couplets, 4, 2 

and 8, 6, are arithmetical proportionals, becaufe 4—2 — 8 

— 6 — 2 ; and the two couplets 4, 2 and 6, 3, are geometri¬ 
cal proportionals, becaufe -i — -J — 2, the fame ratio. 

To denote numbers as being geometrically proportional, a 
colon is let between the terms of each couplet, to denote their 
ratio ; and a double colon, or elfe a mark of equality, between 
the couplets or ratios. So, the four proportionals, 4, 2, 6, 2 
are fet thus, 4:21:6:3, which means, that 4 is to 2 as 6 
is to 3 ; or thus, 4. : 2 = 6 : 3 ; or thus, — -f> both 
which mean, that the ratio of 4 to 2, is equal to the ratio 
of 6 to 3. 

Proportion is diftinguifbed into Continued and Difconti- 
trued. When the difference or ratio of the confequent of 
one couplet and the antecedent oi the next couplet, is not the 
fame as the common difference or ratio of the couplets, the 
proportion is difcontinued. So, 4, 2, 8, 6 are in difcontinued 
arithmetical proportion, becaufe 4— 2 = 8 —-6 — 2, where¬ 
as 8 — 2 — 6 : and 4, 2,6, 3 are in difcontinued geometrical 
proportion, becaufe \ = -f =2, but — 3, which is not 
the fame. 

But when the difference or ratio of every two fucceeding 
terms is the fame quantity, the proportion is faid to be Con¬ 
tinued, and the numbers themfelves a feries of Continued 

Propor- 



ARITHMETICAL PROPORTION. 

Proportionals, or a Progreffion. So 2, 4, 6, 8 form an arith¬ 
metical progreffion, beeaule 4 — 2 = 6 — 4=8 — 6 — 2, 
all the fame common difference; and 2, 4, 8, 16 a geome¬ 
trical progreffion, becaufe ^ ^ — V6 — 2> all the fame 
ratio. 

When the following terms of a Progreffion increafe, or 
exceed each other, it is called an Afcending Progreffion or 
Series ; but when the terms decreafe, it is a Descending one. 

So, o, 1,2, 3, 4, &c, is an afcending arithmetical progreffion, 
but 9,7, 5, 3, 1, &c, is a defcendingarithmetical progreffion, 
Alfoi,2,4, 8, 16,&c, is an afcending geometrical progreffion, 
and 16, 8,4, 2, 1, See, is a defeending geometrical progreffion. 

ARITHMETICAL PROPORTION AND PROGRESSION. 
V. 

The hrft and laff terms of a Progreffion, are called the 
Extremes; and the other terms, lying between them, the 
Means. 

The moft ufeful part of arithmetical proportions, is con¬ 
tained in the following theorems : 

Theorem i. If four quantities be in arithmetical pro¬ 
portion, the fum of the two extremes will be equal to the 
Turn of the two means. 
■ Thus, of the four 2, 4, 6, 8, here 2 + 8= 44-6 — 10. 

Theorem 2. In any continued arithmetical progreffion, 
the fum of the two extremes is equal to the fum of any two 
means that are equally dillant from them, or equal to double 
the middle term when there is an uneven number of terms. 

Thus, in the terms 1,3,5, ^ is 1 + 5 — 3 + 3 — 6. 
And in the feries 2, 4, 6, 8, 10, 12, 14, it is 2 + 14= 4 

+ 12 = 6 + 10 = 8 + 8 = 16. 

Theorem 3. The difference between the extreme terms 
of an arithmetical progreffion, is equal to the common dif¬ 
ference of the feries multiplied by one lefs than the number 
of the terms. 

80, of the ten terms, 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, the 
common difference is 2, and one lefs than the number of terms 
9 ; then the difference of the extremes is 20 — 2 = 18, and 
2 X 9=18 alfo. v _ r 

Vql.I. I , Confe- 
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Confequently, the greateft term is equal to the lead term 
added to the produft: ot the common difference multiplied by 
i lefs than the number of terms. 

Theorem 4. The fum of all the terms, of any arithme¬ 
tical progrefiion, is equal to the fum of the two extremes mul¬ 
tiplied by the number of term’s, and divided by 2; or the fum 
of the t wo extremes multiplied by the number of the terms, 
gives double the fum of all the terms in the feries. 

This is made evident by fetting the terms of the feries in 
an inverted order, under the fame feries in a diredl order, and 
adding the correfponding terms together in that order. Thus, 

in the feries 1, 3, 5, 7, 9, 11, 13, 15; 
ditto inverted 15 , 13 , 11 , 9 , 7 , 5 , 3 , I 

the fums are 16 -f- 16 -j- 16 4* 16-I-16 -f- 16 -j- 16 -j- 16 , 

which muft be double the fum of the fingle feries, and is equal 
to the fum of the extremes repeated fo often as are the num¬ 
ber of the terms. 

From thefe theorems may readily be found anyone of 
thefe five parts ; the two extremes, the number of terms, the 
common difference, and the fum of all the terms, when any 
three of them are given ; as in the following Problems : 

r 

t 

PROBLEM I. 

Given the Extremes, and the Number cf Terms; to find the Sum 
r-* cf all the Terms. 

RULE. 

Add the extremes together, multiply the fum by the num¬ 

ber of terms, and divide by 2. 

EXAMPLES. 

1. The extremes being 3 and 19, and the number of 
terms 9 ; required the fum of the terms ? 

19 

3 
22 

Q 
Or *9 4-3 

* _ 

2) 198 

Anf. “99 

X 9 
22 

X9 = n X 9 = 99* 

2. It is required to find the number of all the ftrokes a 
clock (hikes in one whole revolution of the index, or in tjz 

? Anf 78. 
Ex. 
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Ex. 3. How many flrokes do the clocks of Venice ftrike 
in the compafs of the day, which go right on from 1 to 24 
o’clock ? . Anf. 300. 

4. What debt can be difeharged in a year, by weekly pay¬ 
ments in arithmetical progreffion, the firlt payment being is, 
and the laft or ff2d payment 5I 3s ? Anf. 135I 4s, 

PROBLEM II. 

Given the Extremes, and the Number of Terms; to find the 
Common Difference„ 

RULE. 

Subtract the lefs extreme from the greater, and divide 
the remainder by 1 lefs than the number of terms, for the 
common difference. 

EXAMPLES. 

1. The extremes being 3 and 19, and the number of terms 
9 ; required the common difference ? 

*9 
3 Or 19 

8 ) 16 

Anf. 2 

16 

8 
2. 

2. If the extremes be 10 and 70, and the number of teflm« 
21 ; what is the common difference, and the fum of the feries ? 

Anf. the com, diff. is 3, and the fum is 840- 
3. A certain debt can be diicharged in one year, by weekly 

payments in arithmetical progreflion, the firft payment being 
is, and the laif 5I 3s ; what is the common difference of the 
terms ? " _ Anf. 2. 

PROBLEM III. 

Given one of the Extremes, the Common Difference, and the Num¬ 
ber of Terms; to find the other Extreme, and the Sum of the 
S-eries, 

RULE. 

Multiply the common difference by 1 lefs than the num¬ 
ber of terms, and the produft will be the difference of the 
extremes : Therefore add the product to the lefs extreme, to 
give the greater ; or fubtraff it from the greater, to give the 
lefs, 
0 

/ 

EXAM- 
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EXAMPLES. 

1. Given the leaf! term 3* the common difference 2, of an 
arithmetical feries of 9 terms ; to find the greateft term, and 
the fum of the feries ? 

2 
_8 

16 

_3 
19 the greateft term 

_3 the leaft 

- t " • - 22 fum 
9 number of terms. 

2 ) 198 

99 the fum of the feries. 

2. If the greateft term be 70, the common difference 3, 
and the number of terms 21 ; what is the leaft term and the 
fum of the feries ? 

Anf. The leaft term is 10, and the fum is 840. 

3. A debt can be difcharged in a year, by paying 1 {hilling 
the firft week, 3 (hillings the fecond, and fo on, always 2 
(hillings more every week ; what is the debt, and what will 
the laft payment be ? 

Anf. The laft payment will be 5I 3s, and the debt is 135I4S. 

PROBLEM IV. 

Te find an Arithmetical Mean Proportional between Two Given 
Terms. 

RULE. 

Add the two giveft extremes or terms together, and take 
half their fum for the arithmetical mean required. Or, fub- 
traft the lefs extreme from the greater, and half the remain¬ 
der will be the common difference ; which being added to 
the lefs extreme, or fubtrafted from the greater, will give the 
mean required. 

EXAMPLE. 

To find an arithmetical mean between the two numbers 
4 and 14. 

Here 
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Here 
14 

_4 
2 ) 18 

Anf. 9 

Or 14 

• _4 
2 ) 10 

5 
4 

Or 14 

5 
9 

the com dif. 
the lefs extreme. 

9 

So that 9 is the mean required, by both methods. 

PROBLEM V. 

To find Two Arithmetical Means between Two Given 
Extremes. 

RULE. 

Subtract the lefs extreme from the greater, and divide 
the difference by 3, fo will the quotient be the common dif¬ 
ference ; which being continually added to the lefs extreme, 
or taken from the greater, gives the means. 

EXAMPLE. 

To find two arithmetical means between 2 and 8. 

Here 8 ■ 
2 

2 ) 6 Then 2 -f* 2 = 4 the one mean, 

com. dif.—5 and 4 + 2 = 6 the other mean. 

PROBLEM VI. * * 

To find any Number of Arithmetical Means between Two Given 
Terms or Extremes. 

RULE. 

Subtract the lefs extreme from the greater, and divide 
the difference by I more than the number of means required 
to be found, which will give the common difference; then 
this being added continually to the lead term, or fubtradled 
from the greateft, will give the mean terms required. 

* 

EXAM- 
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EXAMPLE. 

To -find five arithmetical means between 2 and 14. 

Here 14 
2 

6 ) 12 Then by adding this com. dif. continually* 
,-r—~ the means are found 4, 6, 8, ic, 12. 

com. dir. 2 ^ * . 

See more of Arithmetical Progrefiion in the Algebra. 

GEOMETRICAL PROPORTION and PROGRESSION. 

The moft ufeful part of Geometrical Proportion, is com* 
tained in the following theorems. 

Th eorem i. If four quantities be in geometrical pro*, 
portion, the produft of the two extremes will be equal to the 
produd of the two means. 

Thus, in the four 2, 4, 3, 6, it is 2 X 6 = 3 X 4= 12. 
s M • 

And hence, if the produfl of the two means be divided by 
one of the extremes, the quotient will give the other extreme. 
So, of the above numbers, the product of the means 124-2 
— 6 the one extreme, and 12-46—2 the other extreme; 
and this is the foundation and reafon of the practice in the 
Rule-of-Three. 

- % i * * v « <• $ 

Theorem 2. In any continued geometrical progrefiion, 
the produd of the two extremes is equal to the product of 
any two means that are equally difiant from them, or equal 
to the fquare of the middle term when there is an uneven 
number of terms. 

Thus, in the terms 2, 4, 8, it is 2 X 3 = 4X4= id. 

And in the feries 2, 4, 8, 16, 32, 64, 128, 
it is 2 X 12,8 = 4 X 64 ==. 8 X 32 = 16 x 16= 256. 

Theorem 3. The quotient of the extreme terms of a 
geometrical progrefiion, is equal to the common ratio of the 
feries raifed to the power denoted by 1 lefs than the number 
of the terms. 

Confequently the greateft term is equal to the leaf! term 
multiplied by the laid quotient. 

So, 
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So, of the ten terms 2, 4, 8, 16, 32, 64, 128, 256, 512, 
1024, the common ratio is 2, one lelsthan the number of terms 

9; then the quotient of the extremes is — 512, and 
2 

29 = 512 alfo. 

Theorem 4. The fum of all the terms, of any geometri¬ 
cal progrefiion, is found by adding the greateft term to the 
difference of the extremes divided by 1 lefs than the ratio. 

So, the fum of 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 

(whofe ratio is 2), is 1024 -f* 
1024 

2 — 1 
— 1024 + 1022 

= 2046. 
The foregoing, and feveral other properties of geometrical 

proportion, are demonftrated more at large in the Algebraic 
part of this work. A few examples may here be added of 
the theorems, juft delivered, with fome problems concerning 
mean proportionals. 

EXAMPLES. 

1. The leaft of ten terms, in geometrical progreffion, be¬ 
ing 1, and the ratio 2; what is the greateft term, and the 
fum of all the terms ? 

Anf. The greateft term is 512, and the fum 1023. 
2. What debt may be difcharged in a year, or 12 months, 

by paying il the fir ft month, 2I the fecond, 4I the third, and 
io on, each fucceeding payment being double the laft; and 
what will the laft payment be ? 

Anf. The debt 4095I, and the laft payment 2048I. 

PROBLEM I. 

To find One Mean Geometrical Proportional between any Tws 
JSumbers. 

„ t ( 

RULE. 

Multiply the two numbers together, and extra# the 
fquare root of the produfi, which wdll give the mean pro¬ 
portional fought. 

Or, Divide the greater term by the lefs, and extra# the 
fquare-root of the quotient, which will give the common 
ratio of the three terms: then multiply the lefs term by the 
ratio, or divide the greater term by it, either of thefe will 
give the middle term required. 

EX A M- 
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EXAMPLE. 

To find a geometrical mean between the two numbers 3 
and 12. 

Firft Way. Second Way. 
12 3 ) 12 ( 4, its root is 2 the ratio. 

3 
36 ( 6 the mean. Then 3 X 2 = 6 the mean, 
36 Or 12 -H 2 = 6 ditto. 

PROBLEM II. 

To find Two Geometrical Mean Proportionals between any Two 
Numbers. 

RULE. 

Divide the greater number by the lefs, and extra# the 
cube root of the quotient, which will give the common ratio 
of the terms. Then multiply the leaft given term bv the 
ratio for the firft mean, and this mean again by the ratio for 
the fecond mean: or, divide the greater of the two given 
terms by the ratio for the greater mean, and divide this again 
by the ratio for the lefs mean. 

# 

EXAMPLE. 

To fitid two geometrical mean proportionals between 3 
and 24. 

Here 3 ) 24 ( 8 ; its cube root 2 is the ratio. 

Then 3x2= 6, and 6 x 2 = 12, the two means. 
Or 24 dr 2 = 12, and 12 -f- 2 == 6, the fame. 
That is, the two means between 3 and 24, are 6 and 12. 

PROBLEM III, 

To find any Number of Geometrical Mean Proportionals between 
Two Numbers. 

RULE. 

D ivide the greater number by the lefs, and extra# fuch 
root of the quotient whofe index is 1 more than the number 
of means required, that is, the 2d root for one mean, the 3d 
root for two means, the 4th root for three means, and fo on ; 
and that root will be the common ratio of all the terms. 
Then, with the ratio multiply continually from the firft term, 
or divide continually from the laft or greateft term. 

E X A M* 
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EXAMPLE. 

To find four geometrical mean proportionals between 3 
and 96 

Here 3 J 96 ( 32; the 5th root of which is 2, the ratio. 
Then 3 x 2—6, and 6x 2—12, and 12 x 2=24,and 24X 2=48, 

Or 96 4- 2=48, and 48 4- 2=24,and 24-4- 2— 12,and 12-r 2—6. 

That is 6, 12, 24, 48 are the four means between 3 and 96. 

- 1 Minim—i 

Of MUSICAL PROPORTION. 

There is alfo a third kind of proportion, called Mufical, 
which being but of little or no common ufe, a very fhort 
account of it may here fuffice. 

Mufical Proportion is when, of three numbers, the firft: 
has the fame proportion to the third, as the difference between 
the firft and fecond, hath to the difference between the fecond 
and third. 

As in thefe three, 6, 8, 12; 

Where 6 : 12 :: 8 — 6 : 12 — 8, 

that is 6 : 12 :: 2 : 4. 

When four numbers are in mufical proportion; then the 
firft has the fame proportion to the fourth, as the difference 
between the firft and fecond hath to the difference between 
the third and fourth. 

As in thefe, 6, 8, 12, 18; 

where 6 : 18 :: 8—6 : 18—12, 

that is 6 : 18 :: 2 : 6. 

When numbers are in mufical progreffion, their recipro¬ 
cals are in arithmetical progreffion ; and the converfe, that 
is, when numbers are in arithmetical progreffion, their reci¬ 
procals are in mufical progreffion. 

So in thefe muficals 6, 8, 12, their reciprocals, i-, 
are in arithmetical progreffion ; for £ -j- T*T = — J; 
and £ ft- % — J- = | ; that is, the fum of the extremes is 
equal to double the mean, which is the property of arith- 
meticals. 

The method of finding out numbers in mufical propor¬ 
tion, is beft expreffed by letters in, Algebra. 

FELLOW- 
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FELLOWSHIP, or PARTNERSHIP. 

Fellowship is a rule, by which any fum or quantity 
maybe divided into any number of parts, which fhall be in 
anv given proportion to one another. 

By this rule are adjuftei the gains or lofs or charges of 
partners in company : or the effects of bankrupts, or lega¬ 
cies in cafe of a deficiency of affets or effetds ; or the fhares 
of prizes, or the numbers of men to form certain detach¬ 
ments ; or the divifion of wafte lands among a number of 
proprietors. 

Feliowfhip is either Single or Double. It is Single, when 
the fhares or portions are to be proportional each to one Tin¬ 
gle given number only; as when the flocks of partners are all 
employed for the fame time : And Double, when each por¬ 
tion is to be proportional to two or more numbers ; as when 
the flocks of partners are employed for different times. 

SINGLE FELLOWSHIP. 

GENERAL RULE. 
I - - , . - 

Add together the numbers that denote the proportion of 
the fhares. Then fay, 

As the fum of the faid proportional numbers. 
Is to the whole fum to be parted or divided, 
So is each feveral proportional number. 
To the eorrefponding fhare or part. 

Or, As the whole flock, is to the whole gain or lofs, 
So is each man’s particular flock, 
To his particular fhare of the gain or lofs. 

To prove the Work. Add all the fhares or parts 
together, and the fum will be equal to the whole number to 
be fhared, when the work is right, 

EXAMPLES. 

i. To divide the number 240 into three fuch parts, as 
{hall be in proportion to each other as the three numbers 
l, 2, and 3. 

Here 
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Here t + 2 -j~ 3 = 6 the fum of the numbers. 

Then, as 6 : 240 :: 1 : 40 the 1ft part, 
and as 6 : 240 :: 2 : So the 2d part, 
alfo as 6 : 240 :: 3 : 120 the 3d part. 

Sum of all 240, the proof. 

2. Three perfons, A, b, c, .freighted a fhip with 340 tuns 
of wine ; ol which, a loaded no tuns, B 97, and C the reft: 
in a ftorm the feamen were obliged to throw overboard 85 
tuns; how'much muft each perfbn fuftain of the lofs ? 

Here no 4 91 — 207 tuns, loaded by A and B 
theref. 340 — 207 =.■ 133 tuns, loaded by c. 

Hence, as 340 : 85 :: no 
or as 4 : 1 :: 110 : 27y tuns = a’s lofs; 

andas 4 : 1 :: 97 * 24* tuns = b’s lofs ; 
alfo as- 4 : 1 :: 133 : 33^ tuns = c’s lofs. 

Sum 85 tuns, the proof. 

3. Two merchants, c and d, made a flock of 120I; of 
which c contributed 75I, and d the reft; by trading they 
gained 30I ; what muft each have of it ? 

Am’, c 181 15s, and d 1 ll 5s. 

4. Three merchants, e, f, g, make a ftock of 700I, of 
which e contributed 123I, F 358I, and g the reft ; by trad¬ 
ing they gain 125I 10s ; what muft each have of it ? 

Anf. e muft have 22I is od 2TVq. 

F - - 64 3 8 Off. 

G - - 39 5 3 Wf- 
5. A General impofing a contribution*of 700I. on four 

villages, to be paid in proportion to the number of inhabitants 
contained in each ; the 1ft containing 250, the 2d 350, the 
3d 400, and the 4th 500 per.ons ; what part muft each vil¬ 
lage pay ? Anf. the ift to pay 1161 13s 4d„ 

the 2d ~ - 163 6 8 
the 3d - — 186 13 4 
the 4th — — 233 6 8 

, ,,, . ..— ■ — ■.-■■■.. ■■ —-  —■ ■■■ --■ ■■ ' 

* Contribution is a tax paid by provinces, towns, villages, &c. 
to excufe them from being plundered. It is paid in provisions or in 
money, andfometimes in both. 

Ex, 6. 
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Ex. 6. A piece of ground, confifting of 37ac 2ro I4ps, is to 
be divided among three perfons, L, M, and N, in proportion 
to their eftates : now if l’s eftate be worth 500I a year, m’s 

320I, and N’s75l; what quantity of land muft each one 
have ? Anf. l muft have 2oac 3ro 3QtttPs* 

M - 13 1 3°ttt 

N . - 30 23tH* 

7. A perfon is indebted to O 57I 15s, to p 108I 3s 8d, 
to Q_22l iod, and to R 73I ; but at his deceafe, his effedts 
are found to be worth no more than 170I 14s : how muft it 
be divided among his creditors ? 

Anf. o muft have 37I 15s 5d 

P - 70 15 2 

CL - 14 8 4 o/oVtV 

R - 47 14 II 2t3-V_V 

8. A (hip worth 900I, being entirely loft, of which 4 be¬ 
longed to s, 4 to t, and the reft to v ; what lofs will each 
fuftain, fuppofing 540I of her were infured ? 

Anf. s will lofe 45I, t 90I, and v 225I. 

9. Four perfons, w, x, y, and z, fpent among them 25s, 
and agree that w (hall pay | of it, x j,Y 5, and z 4 ; that 
is, their fhares are to be in proportion as \, 4, J, and ~; what 
are their (hares ? Anf. w muft pay 9s 8d 344q. 

x - 6 5 3ty 
Y - 4 10 I|4 

z - 3 10 3tV 
10. A detachment, confifting of 5 companies, being fent 

Into a garrifon, in which the duty required 76 men a day ; 
what number of men muft be furnifhed by each company, in 
proportion to their ftrength; the ift confifting of 54 men, 
the 2d of 51 men, the 3d of 48 men, the 4th of 39, and the 
5th of 36 men ? 

Anf. The ift muft furnifh 18, the 2d 17, the 3d 16, the 
4th 13, and the 5th 12 men*. 

* Queftions of this nature frequently occurring in military fer- 
vice. General Haviland, an officer of great merit, contrived an in¬ 
genious inftrument, for more expeditioufly refolving them ; which 
is diftinguiftied by the name of the inventor, being called a Havi- 
land. 

DOUBLE 
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DOUBLE FELLOWSHIP. 

Double Fellowship, as has been faid, is concerned in 
cafes in which the flocks of partners are employed or conti¬ 
nued for different times. 

RULE*. 

Multiply each perfon’s flock by the time of its conti* 
nuance; then divide the quantity, as in Single Fellowfhip, 
into fhares in proportion to thefe produ£is, by faying, 

As the total fum of all the faid produ6ls, 
Is to the whole gain or lofs, or quantity to be parted. 
So is each particular produft. 
To the correfpoadent fhare of the gain or lofs. 

examples. 

I. A had in company 50I for 4 months, and b had 60I for 
5 months; at the end of which they find 24I gained : how 
mull it be divided between them ? 

Here 50 60 

_i __5 , 
200 -f- 300 ~ 500 

Then, as 500 : 24 :: 200 : = 9I 12s = a’s fhare, 
and as 500 : 24 :: 300 : I4f = 14 8 = b’s fhare. 

t 

2. C and d hold a piece of ground in common, for which 
they are to pay 36I. c put in 23 horfes for 27 days, and d 
21 horfes for 39 days \ how much ought each man to pay of 
the rent ? Anf. c mufl pay 15I 10s 6d. 

D mufl pay 20 9 6. 

3. Three perfons, e, f, g, hold a paflure in common, 
for which they are to pay 30I per annum ; into which e put 
7 oxen for 3 months, f put 9 oxen for 5 months, and g put 

* The proof of this rule is as follows: When the times are 
equal, the fhares of the gain or lofs are evidently as the flocks, as in 
Single Fellowfhip ; and when the flocks are equal, the fhares are as 
the times; therefore, when neither are equal, the fhares mufl be as 
their produtts. 

in 
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in 4 oxen For i2 months ; how much muft each perfort pay" 
of the rent ? . Anf. e muft pay 5I 10s 6d 

f - 11 16 10 Qtt 

1, G - 12 12 7 2tV 

4. A fliip’s company take a prize of 1000I, vrhich they 
agree to divide among them according to their pay and the 
time they have been on board : n<>w the officers and midlhip- 
men have been on board 6 months, and the failors 3 months; 
the officers have 40s a month, the midfhipmen 30s, and the 
failors 22s a month ; moreover there are 4 officers, 12 mid¬ 
fhipmen, and no failors : what will each man’s {hare be ? 

Anf. each officer mud have 23I 2s '5d o-f^q* 

each midffiip. - 17 6 9 3tt9t 

each feaman - 672 oTfy. 

5. H, with a capital of ioool, began trade the firft of Ja¬ 
nuary, and, meeting with fuccefs in bufinefs, took in 1 as a 
partner, with a capital of 1500I, on the firft of March fol¬ 
lowing. Three months after that they admit k as a third 
partner, who brought into dock 2800I. After trading toge¬ 
ther till the end of the year, they find there has been gained 
1776I 10s: how7 muft this be divided among the partners ? 

Anf. h muft have 457I 9s 4|d« 

1 “ 57i 16 

K - 747 3 III* 

6. X, y, and z made a joint*dock for 12 months ; x at 
firft put in 20I, and 4 months after 20I more; y put in at 
firft 30I, at the end of 3 months he put in 20I more, and 2 
months after he put in 40] more ; z put in at firft 60I, and 
5 months alter he put in iol more, 1 month after which he 
took out 30I ; during the 12 months they gained 50I • how 
Jnuch of it muft each have ? 

Anf. x muft have iol 18s 6d 3-|~?-q„ 

Y ~ I1- 8 I Oft 

z ~ 16 J 3 4 o. 

SIMPLE 
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SIMPLE INTEREST. 

Interest is the premium or fum allowed for the loan, 

or forbearance, of money. 
The money lent, or forborn, is called the Principal. 
The fum of the principal and its intereft, added together, 

is called the Amount. 
Intereft is allowed at fo much percent, per annum ; which 

premium per cent, per annum, or intereft of iooi for a year, 

is called the rate of Intereft :—So, 

When intereft is at 3 per cent, the rate is 3 ; 
4 per cent. 
5 per cent. 
6 per cent. 

4; 
Si 
6. 

But, by law, intereft ought not to be taken higher than at 

the rate of 5 per cent. 
Intereft is of two forts ; Simple and Compound. 
Simple Intereft is that which is allowed for the principal 

lent or forborn only, for the whole time of forbearance. 

As the intereft of any fum, for any time, is diredfly propor¬ 
tional to the principal fum, and alfo to the time of continu¬ 
ance ; hence arifes the following general rule of calcula¬ 

tion. 

general rule. 

As lool is to the rate of intereft, fo is any given principal, 
to its intereft for one year. Andag^in, 

As 1 year is to any given time, fo is the intereft for a year, 
juft found, to the intereft of the given fum for that time. 

Otherwise. Take the intereft of 1 pound for a year, 
which multiply by the given principal, and this produft again 
by the time of loan or forbearance, in years and parts, for the 
intereft of the propofed fum tor that time. 

Note, When there are certain parts of years in the time, 
as quarters, or months, or days; they may be worked for, ei¬ 
ther by taking the aliquot or like parts ot the intereft ot a 
year, or by the Rule-ol-Three, in the ufual way. Alfo, to 
divide, by zoo, is done by only pointing.off two figures for 

decimals. . / / 

EXAMPLES. 

I. To find the intereft of 230I los, for I year, at the rate 
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Here, A* ioo : 4 :: 230I 10s : 91 4s 4!^ 

' • * _4 
100) 9,22 a 

20 

4*40 
12 

4*80 

_4 
3*20 Anf. 9I 4s 4| d. 

2. To find the intereft of 547I 15s, for 3 years, at 5 per 
cent, per annum. 

As 100 : 5 :: 547*75 : 
Or 20 : 1 :: 547*75 : 27*3875 intereft for 1 year. 

__1 
1 82*1625 ditto for 3 years. 

20 

s 3*2500 
12 / 

d 3-00 Anf. 82I 3s 3d- 
■ .. 

3. To find the intereft of 200 guineas, for 4 years 7 months 
-and 25 days, at 4J per cent, per annum. 

ds 1 ds 
210 As 365 : 9*45 :: 25 : 1 

4-f- or 73 : 9-45 :: 5 : *6472 

840  5 

I05 73 ) 47'25 ( ‘6472 
9*45 intereft for 1 yr. 345 

4 53° 

37*80 ditto 4 years. 
6mo=:-J 4*725 ditto 6 months. 
iino = ^- 7875 ditto 1 month. 

*6472 ditto 25 days* 

143-9597 
_20 

s 19*1940 
__12 

d 2*3280 
_± 

q 1*3120 ’ * 

10 

Anf, 43I 19s 2|d. 

Ex. 4. 

1 
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Ex. 4. To find the interefl: of 450I, for a year, at 5 per 
cent, per annum. Anf. 22I 10s. 

5. To find the interefl: of 715I I2s 6d, for a year, at \\ 
percent. per annum. Anf. 32I 4s o|d. 

6. To find the interefl of 720I, for 3 years, at 5 per cent, 
per annum. Anf. io8h 

7. To find the interefl of 355I 15s, for 4 years, at 4 per 
cent, per annum. Anf. 56I 18s 4jd. 

8. To find the interefl of 32I 5s 8d, for 7 years, at 4f per 
cent, per annum. Anf. gl 12s id. 

9. To find the interefl of 170I, for ij year, at 5 per 
cent, per annum. Anf. 12I 15s. 

10. To find the infurance of 205I 15s, for \ of a year, at 
4 per cent, per annum. Anf 2l is ifd. 

11. To find the interefl of 319I 6d, for 5J years, at 3! per 
cent, per annum. Anf. 681 15s gfd. 

12. To find the infurance on 107I, for 117 days, at4f per 
cent, per annum. Anf. il 12s yd. 

13. To find the interefl of 17I 5s, for 117 days, at 4f per 
cent, per annum. Anf. 5s 3d. 

14. To find the infurance on 712I 6s, for 8 months, at 
7I per cent, per annum. Anf. 35I 12s 3|d. 

Note. The Rules for Simple Interefl, ferve alfo to calcu¬ 
late Infurances, or the Purchafe of Stocks, or any thing elfe 
that is rated at fo much per cent. 

See alfo more on the fubje£l of Interefl, with the algebra¬ 
ical exprefiion and invefligation of the rules, at the end of 
the Algebra, next following. 

COMPOUND INTEREST. 

Compound Interest, called alfo Interefl upon In¬ 
terefl, is that which arifes from the principled and interefl, 
taken together, as it becomes due, at the end of each Hated 
thne of payment, 

Vol. I, K Although 
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Although it be not lawful to lend money at Compound 
Intereft, yet in purchafing annuities, penfions, or leafes in 
reverfion, it is ufual to allow Compound Intereft to the pur- 
chafer for his ready money. 

RULES. 

1. Find the amount of the given principal, for the time of 
the firft payment, by Simple Intereft. Then conftder this 
amount as a new principle for the fecond payment, whofe 
amount calculate as before. And fo on through all the pay¬ 
ments to the laft, always accounting the laft amount as a new 
principal for the next payment. The reafon of which is 
evident from the definition of Compound Intereft. Or elfe, 

2. Find the amount of i pound for the time of the firft 
payment, and raife or involve it to the power whofe index is 
denoted by the number of payments. Then that power 
multiplied by the given principal, will produce the whole 
amount. From which the faid principal being fubtrafted, 
leaves the Compound Intereft of the fame. As is evident 
from the firft Rule. 

EXAMPLES. 

ti To find the amount of 720I, for 4 years, at 5 percent, 
per annum. 

Here 5 is the 20th part of 100, and the intereft of il for a 
year is or *°5> and its amount 1*05. Therefore, 

I. By the 1ft Rule. 2. By the 2d Rule. 
1 s d 1'05 amount of iL 

20)720 o o ift yr’s princip. 1*05 
36 o o iftyr’s intereft. - 

1 • r 025 2d power of it. 
1-1025 ditto. • 20)756 o o 2d yr’s princip. 

37 16 o 2d yr’s intereft.- 
—— . 1-21550625 4th power of it, 

26)793 16 o 3d yr’s princip. 720 
39 x3 9! 3d yr’s intereft. -- 

——1-’ . 875-1645 
20 ) 833 9 9^ 4th yr’s princip. 20 

"\ 

41 13 5f 4th yr’s intereft. 
—_— - s 3*2900 

£%75 3 3+ the whole amo*. 12 
—--or anf. required,. - 

d 3*4800 

2. To find the amount of 50], in 5 years, at 5 per cent, 
pw annum, compound intereft* Anf. 63I 16s 3|d. 

Ex. 3. 
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Ex. 3. To find the amount of 50I, in 5 years, or 10 half- 
years, at 5 per cent, per annum, compound intereft, the in- 
tereft payable half-yearly. Anf. 64I os id. 

4. To find the amount of 50L in 5 years, or 20 quarters, 
at 5 per cent, per annum, compound intereft, the intereft 
payable quarterly. Anf. 64I 2s o|d. 

5. To find the compound intereft of 370I, forborn for 6 
years, at 4 per cent, per annum. Anf. 98I 3s 4|d. 

6. To find the compound intereft of 410I, forborn for 2{■ 
years, at 4^ per cent, per annum, the intereft payable hal£ 
yearly. Anf. 481 4s 

7. To find the amount, at compound intereft, of 217I, 
forborn for 2j years, at 5 per cent, per annum, the intereft 
payable quarterly, Anf. 242I 13s 4|d* 

Note. See the Rules for Compound Intereft algebraically 
inveftigated, at the end of the Algebra. 

ALLIGATION. 
• 9 i • . , t . * .. «*. 

\ * # \ - * j * 

Alligation teaches how to compound or mix together 
feveral fimples of different qualities, fo that the compofitioit 
may be of fome intermediate quality, or rate. It is com¬ 
monly diftinguifhed into two cafes, Alligation Medial, and 
Alligation Alternate. 

ALLIGATION MEDIAL. 

Alligation Medial is the method of finding the rate 
or quality of the compofition, lrom having the quantities 
and rates or qualities of the feveral fimples given. 

. RULE*. 

Multiply the quantity of each ingredient by its rate or 
quality; then add all the produ&s together, and*add alfo all 

v - . the 

* Demonftration. The Rule is thus proved by Algebra; 

Let a, c be the quantities of the ingredients, 
v K x ^ and 
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the quantities together into another fum : then divide the 
former fum by the latter, that is, the fum of the products by 
the fum of the quantities, and the quotient will be the rate 
or quality of the compofition required. 

EXAMPLES. 

I. If three forts of gunpowder be mixed together, viz. 
5olb at 12d a pound, 441b at gd, and 261b at 8d a pound ; 
how much a pound is the compofition worth ? 

Here 50, 44, 26 are the quantities, 
and 12, 9, 8 the rates or qualities ; 

v then 50 X 12 = 600 
44 X q = 396 

26 x 8 = 208 

120 ) 1204 f 

Anf. The rate or price is ioTVcl the pound. 

2. A compofition being made of 51b of tea at 7s per lb, 
gib at 8s 6d per lb, and i4±lb at 5s iod per lb ; what is a 
lb of it worth ? Anf. 6s iof d. 

3. Mixed 4 gallons of wine at 4s iod per gall, with 7 gal¬ 
lons at £S 3d per gall, and 9^ gallons at 5s 8d per gall; 
what is a gallon of this compofition worth? Anf. 5s 4fd. 

and m, n>p their rates, or qualities', or prices; 
then am, bn, cp are their feveral values, 
and am + bn -f- cp the fum of their values, 
alfo a -h b 4- c is the fum of the quantities, 
and if r denote the rate of the whole compofition, 

then a 4- b~-\- c x r will be the value of the whole, 

confeq. a -f- b -f- c X r == am -p bn cp, 

. and r — am 4“ bn -f- cp -r a 4- b -f- c, which is the Rule. 

AW, If an ounce or any other quantity of pure gold be reduced 
into 24 equal parts, thefe parts are called Caradls; but gold is often 
mixed with fome bale metal, which is called the Alloy, and the 
mixture is faid to be of^ fo many cara&s fine, according to the 
proportion of pure gold contained in it; thus, if 22 caradfs of 
pure gold, and 2 of alloy be mixed together, it is faid to be 22 
faratts fine. 

If any one of the fimples be of little or no value with refpedl to 
the reft, its rate is fuppofed to be nothing; as water mixed with 
wine, and alloy with gold and ftlver. 

Ex. 4. 



ALLIGATION ALTERNATE. 133 

Ex. 4. A mealman would mix 3 bufhels of flour at 3s 5<i 
per bufhel, 4 bufhels at 5s 6d per bufhel, and 5 bufhels at 
4s 8d per bufhel: what is the worth of a bufhel of this 
mixture? Anf. 4s. 7|d. 

5. A farmer mixes 20 bufhels of wheat at 5s the bufhel, 
with 36 bufhels of rye at 3s the bufhel, and 40 bufhels of 
barley at 2s per bufhel : how much is a bufhel of the mixture 
worth ? Anf. 3s. 

6. Having melted together 7 oz of gold of 22 cara&s fine, 
12-|- oz of 2t cara£is fine, and 17 oz of 19 cara&s fine: I 
would know the finenefs of the compofition ? 

Anf. 2044 carats fine. 

7. Of what finenefs is that compofition, which is made 
by mixing 31b of filver of 9 oz fine, with 51b 8oz of 10 oz 
fine, and 1 lb 10 oz of alloy ? Anf. 7||o2 fine. 

ALLIGATION ALTERNATE. 
t • ■ " 

Alligation Alternate is the method of finding what 
quantity of any number of fimples, whofe rates are given, 
will compofe a mixture of a given rate. So that it is the re- 
verfe of Alligation Medial, and may be proved by it. 

RULE 1.* 

1. Set the rates of the fimples in a column under each 
other. ?. - 

2. Connect, or link with a continued line, the rate of 
each fimple, which is lefs than that of the compound, with 
one, or any number, of thofe that are greater than the com¬ 
pound; and each greater rate with one or any number of the 
lefs. 

3. Write 

* Demon]}. By couriering the lefs rate to the greater, and placing 
the difference between them and the rate alternately, the quan¬ 
tities refulting are fuch, that there is precifeiy as much gained by 
one quantity as is loft by the other, and therefore the gain and lofs ' 
upon the whole is equal, and is exa&ly the propofed rate : and the 
fame will be true of any other two fimples managed according to 
the Rule. 

In 
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3. Write the difference between the mixture rate, and 
that of $ach of the fimples, oppofite the rate with which 
they are linked. 

4. Then if only one difference band againll any rate., it 
will be the quantity belonging to that rate \ but it there be 
feveral, their bun will be the quantity. 

•examples. 

I. A merchant would mix wines at 17s, 18s, and 22s per 
gallon, fo as that the mixture maybe worth 20s the gallon: 
what quantity of each rnuft be taken ? 

Here 20 < 18 

h 22 

2 at 17s 

2 at 18s 

3 -|- 2 = 5 at 22s 

Anf. 2 gallons at 17s, 2 gallons at i8s, and 5 at 22s. 

2. How much wine at 6s per gallon, and at 4s per gallon, 
mult be mixed together, that the composition may be worth 
5s per gallon ? Anf. iqt, or igall, &c. 

3. How much corn at 2s 6d, 3s 8d, 4s, and 4s 8d per 
bufliel, mub be mixed together, that the compound may be 
worth 3s xod per bufhel ? 

Anf. 12 at 2s 6d, 1.2 at 3s 8d, 18 at 4s, and 18 at 4s 8d. 

4. A goldfmith has gold ol 17, 18, 22, and 24 eafadfs fine : 
how mucfunult he take of each, to make it 2i caraffs fine ? 

Anf. 3 of 17, 1 of 18, 3 of 22, and 4 of 24. 

In like manner, let the number of fimples be what they will, and 
with how many foever every one is linked, fince it is always a'lefs 
with a greater than the mean price, there will be an equal balance 
oflofs and gain between every two, and confequently an equal ba¬ 
lance on the whole, e. d. 

It is obvious, from the Rule, that queflions of this fort admit of 
a great variety of anfwers ; for, having found one anfwer, we may 
find as many more as we pleafe, by only multiplying or dividing 
each 6f the quantities found, by 2, or 3, or 4. &c. the reafon of 
which is evident ; for. if two quantities, of two fimples, make a 
balance of lors and gain, with refpcft to the mean price, fo mull 
alfo the double or treble, the ~ or part, or any other ratio of thefe 
quantities, and fo on ad. infinitum. 

Thefe kinds of queftions are called by algebraifls indeterminate 

or unlimited problems, and by an analytical procefs, theorems may 
be raifed that v, ill give all the prJJihle anfwers. 

Ex. 5. 
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Ex. 5. It is required to mix brandy at 8s, wine af 7s, cyder 
at is, and water at o per gallon together, fo that the mixture 
may be worth 5s per gallon ? 

Anf. 9 gals of brandy, 9 of wine, 5 of cyder, and 5 of water. 

6. How much fugar at 4d, at 6d, and at lid per lb, mult 
be mixed together, fo.that the compofition formed by them 
may be worth 7<T per lb ? 

Anf. 1 lb, or 1 /tone, or 1 cwt, or any other equal quan¬ 
tity of each fort. 

rule 2. 

When the whole compofition is limited to a certain quan¬ 
tity : 

Find an anfwer as before by linking ; then fay, as the fum 
of the quantities, or differences thus determined, is to the 
given quantity ; fo is each ingredient, found by linking, to 
the required quantity of each. 4 

EXAMPLES. 

i. How much gold of 15, 17, 18 and 22 cara&s fine, muft 
be mixed together, to form a compolition of 40 oz of 20 ca- 
rafts fine ? 

Then, 16 
as 16 : 40 :: 2 : 5 
and 16 : 40 :: 10 : 25 

Anf. <5 oz of 15, 17, and 18 carafts fine, and 25 oz of 22 ca~ 
rafts fine*. - * 

Ex. 2.. 

* A great number of queftions might be here given relating to 
the fpecific gravities of metals, dec. but one of the mod curious may 
here fuffice. 

Hiero, king of Syracufe, gave orders for a crown to be made en¬ 
tirely of pure gold ; but fufpefting the workman had debafeditby 
mixing it with filver or copper, he recommended the difeovery of 
the fraud to the famous Archimedes, and defired to know theexadl 
quantity of alloy in the crown. 

Archimedes, in order to deteft the impofition, procured two 
other maffes, the one of pure gold, the other of filver or copper, and 
each of the fame weight with the former j and by putting each fe- 

paratcly 
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Ex. 2. A grocer has currants at 4d, 6d, 9<J, and i id per lb, 
and he would make a mixture of 24olb, fo that it might be 
afforded at 8d per lb ; how much of each fort muff he take ? 

Anf. 721b at 4d, 24 at 6d, 48 at 98, and 96 at 1 id. 

RULE 3*. 

When one of the ingredients is limited to a certain quan¬ 
tity ; Take the difference between each price, and the mean 
rate as before ; then fay, 

As the difference of that fimple, whole quantity is given, 
is to the reft of the differences feverally, fo is the quantity 
given, to the feveral quantities required. 

EXAMPLES. 

1. How much wine at 5s, at 5s 6d, and 6s the gallon, 
muft be mixed with 3 gallons at 4s per gallon, fo that the 
mixture may be worth 5s 4d per gallon ? 

8 -j~ 2 zir IO 

8 4- 

16 4- 

16 + 4—20 

2 = IO 

20 

parately into a vefiel full of water, the quantity of water expelled 
by them determined their fpecific gravities; fom which, and their 
given weights, the exact quantities of gold and alloy in the crown 
inay be determined. 

Suppofe the weight of each crown to be tolb, and that the water 
expelled by the copper or filver was 921b, by the gold ’$2lb, and 
by the compound crown 641b j what will be the quantities of gold 
and alloy in the crown ? 

rI he rates of the fimples are 92 and 52, and of the compound 
64; therefore 

64 9*copper 
T S2~J 2« °r gold 

And the fum of thefe is 12 + 28 — 40, which fhould have been 
but 10; therefore by the Rule. 

40 ; 10 :: iz : jib of copper] , , 
40 : 10 :: ; -ib of gold yneanlwer- 

# In the very fame manner queiiions may be wrought when fe¬ 
veral of the ingredients are limited to certain quantities, by finding 
firft for one limit, and then for another. 

1 he two laft Rules can w'ant no demonftration, as they evidently 
refult from the firft, the reafon of which has been already exr 
plained* 

Then 
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Then io : io ^: 3 : 3 

10 : 20 :: 3 : 6 

10 : 20 :: 3 : 6 

Anf. 3 gallons at 5s, 6 at 5s 6d, and 6 at 6se 

2. A grocer would mix teas at 12s, 10s, and 6s per lb, 
with 2olb at 4s per lb : how much of each fort mull he take 
to make the compofition worth 8s per lb ? 

Anf. 2olb at 4s, iolb at 6s, iolb at 10s, and 2olb at 12s, 

3. How much gold of 15, of 17, and of 22 cara&s fine, 
mu ft be mixed with 5 oz of- 18 cara&s fine, fo that the com¬ 
pofition may be 20 caracts fine ? 

Anf. 5 ozol 15 caraffs fine, 5 oz of 17, and 25 of 22, 

POSITION. 

Position is a method of performing certain queftions, 
which cannot be refolved by the common dired rules. It is 
fometimes called Falfe Pofition, or Falfe Suppofition, becaufe 
it makes a, fuppofition of lalfe numbers, to work with the 
fame as if they were the true ones, and by their means dis¬ 
covers the true numbers fought. It is fometimes alfo called 
Trial-and-Error, becaufe it proceeds by trials of falfe num¬ 
bers, and thence finds out the true ones by a comparifon of 
the errors. 

Pofition is either Single or Double. 

SINGLE POSITION. 

Single Position is that by which a queftion is refolved 
by means of one fuppofition only. 

Queftions which have their refults proportional to their 
fuppofitions, belong to Single Pofition : fuch as thofe which 
require the multiplication or divifionof the number fought by 
any propofed number ; or when it is to be increafed or dirni- 
mfhed by itfelf, or any parts of itfelf, a certain propofed num¬ 
ber of times. 

/ 
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R U L E. 

Take or a Hume any number for that which is required, 
and perform the fame operations with it, as are defcribed 
or performed in the queftion. 

Then fay, As the refult of the faid operation, is to the 
pofition, or number affumed ; fo is the refult in the queftion, 
to the number fought 

EXAMPLES, 

x. A perfon, after fpending 4 and | of his money, has yet 
remaining 6ol ; what had he at firft ? 

Suppofe he had at firft 120I. Proof. 
Now y of x20 is 40 > y of 144 is 48 

J of it is 30 \ of 144 is 36 

their fum is 70 
which taken from 120 

their fum 84 
taken from 144 

leaves 50 - leaves 60 as 
per queftion. 

Then, 50 : 120 :: 60 I I44i the Anfwer. 
.2. What number is that, which multiplied by 7, and the 

produdl divided by 6, the quotient may be 14 ? Anf. 12. 
3. What number is that, which being increafed by ■£, 4, 

and {, of itfelf, the fum (hall be 125 ? Anf. 60. 
4. A general, alter fending out a foraging and -£• of his 

men, had yet remaining 700 ; what number had he in com¬ 
mand ? Anf. 4200. 

5. A gentleman diftributed 78 pence among a number of 
poor people, confifting of men, women, and children ; to 
each man he gave 6d, to each woman 4d, and to each-child 
2d : moreover there were twice as many women as men, and 
thrice as many children as women. How many were there 
of each ? Anf. 3 men, 6 women, and 18 children. 

* The reafon of this Rule is evident, becaufe it is fuppofed that 
the refults are proportional to the fuppofitions. 

Thus, 11X \ X 
« . . • na <7% 
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Ex. 6. Onie being aiked his age, laid, if •§- of the years X 
have lived, be multiplied by 7, and *§- of them be added tQ 
the prodiidf, the firm will be 292. What was his age ? 

, Anf. 60 years* 

DOUBLE POSITION. 

Double Position is the method of revolving certain 
queftions by means of two fuppofitions of falfe numbers. 

To the Double Rule of Position belong iuch queifions as 
have their refults not proportional to their portions : iuch are 
thole, in which the numbers fought, or their parts or their 
multiples, are increafed or diminilhed by fome given ablolute 
number, which is no known part of the number fought. 

RULE*. 

Ta ke or affufne any two convenient numbers, and proceed 
with each of them leparately, according to the conditions of 
the queilion, as in Single Po'fition ; and find how much each 
refult is different from the refult mentioned in the queilion, 
falling thefe differences the errors, noting alfo whether the. 
refults are too great or too little. 

Then 

* Demonjir. The Rule is founded on this fupprofition, namely, 
that the fir ft error is to the fecond, as the difference between the 
{rue and firft fuppofed number, is to the difference between the true 
and fecond ftfpi ofed number ; when that is not the cafe, the exatff 
anfwer to the queilion cannot be found by this Rule.—That the 
Rule is true, according to that fuppofition. may be thus proved. 

Let a and b be the two fuppofitions, and a and b their refults, 
produced by fimilar operations ; alfo r and s their errors, or'the 
differences between the refults a and b from the true refult n ; 
and let x denote the number fought, anfwering to the true refult n 
of the queilion. 

. Then is n — a — r, and n — b = r, And, according to the 
fuppofition on which the Rule is founded, r \ s \ \ x— a \ x — b; 
hence, by multiplying extremes and means, rx — rb — sx— sa ; 
then, by tranfpofition, rx — sx rb — sa; and, by divifion, 

.v — --— — the number fought, which is the Rule when the 
r—s 

refults are both too little. 
If 
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Then multiply each of the faid errors by the contrary 
fuppofition, namely, the firft pofition by the fecond error, 
and the fecond pofulon by the firft error. Then, 

If the errors are alike, divide the difference of the pro¬ 
ducts by the difference of the errors, and the quotient will 
be the anfwer. 

But if the errors are unlike, divide the fum of the pro- 
duffs by the fum of the errors, for the anfwer. 

Note, The errors are faid to be alike, when they are either 
both too great or both too little ; and unlike, when one is too 
great and the other too little. 

EXAMPLES. 

I. What number is that, which being multiplied by 6, 
the produff increafed by 18, and the fum divided by 9, the 
quotient (hall be 20 ? 

Suppofe the two numbers 18 and 30. Then, 

Firft Pofition. Second Pofition. Proof, 
18 Suppofe 3° 27 
6 mult. 6 6 

108 180 162 
18 add , 18 18 

9)i26. 9 ) 198 9 ) 180 

U refults 22 20 
20 true ref. 20 

T 6 errors unlike • — 2 

2d pof. 30 mult. 18 ift pof. 

Er- 1 2 180 26 
rors J 6 36 • 

fum 8 J 216 fum of produ&s 

27 Anfwer fought. 
i .* I 

R U ] L E 2. 

Find, by trial, two numbers, as near the true number as 
convenient, and operate with them as in the queftion; mark¬ 
ing the errors which arife from each of them. 

Mul- 

If the refults be both too great, fo that a and b are both greater 
than n ; then n — a = —r, and n — b — —s,or r and s are both 
negative ; hence — r \ — s y x — a \ x — b, but — r \ — s 

11 -F r : -f s, therefore r \ s y x — a l x — bt and the reft 
will be exactly as in the former cafe. 

But 
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Multiply the difference of the two numbers affumed, or 
found by trial, by the lead error, and divide the product by 
the difference of the errors, when they are alike, but by their 
fum when they are unlike. 

Add the quotient, laft found, to the number belonging to 
the lead error, when that number is too little, but lubtradt 
it whert too great, and the refult will give the true quantity 
fought*. 

EXAMPLES. 

1. So, the foregoing example worked by this 2d rule, 
will be as follows : 

30 pofitions 18 ; their dif. 12 
— 2 errors + 6 * lead error 2 * 

fum of errors 8 j 24 ( 3 fubtr, 
from the pofition 30 

leaves the anfwer 27 

2. A fon afking his father how old he was, received this 
Anfwer : Your age is now one-fourth of mine; but 5 years 
ago, your age was only one-fifth of mine. What then are 
their two ages ? Anf. 20 and 80. 

3. A workman was hired for 30 days, at 2s 6d per day, 
for every day he worked; but with this condition, that for 
every day he played, he fhould forfeit is. Now it fo hap¬ 
pened, that upon the whole he had 2l 14s to receive. How 
many of the days did he work ? Anf. 24. 

4. A and B began to play together with equal fums of 
money : a firft won 20 guineas, but afterwards loft back f- of 
what he then had; after which, b had 4 times, as much as a. 
What fum did each begin with ? Anf. 100 guineas. 

5. Two perfons, a and b, have both.the fame income. 
A faves 4 of his ; but B, by fpending 50I per annum more 
than A, at the end of 4 years finds himfelf iool in debt. 
What doth each receive and fpend per annum ? 

Anf. They receive 1251 per annuirf; alfo A fpends tool, 

and b fpends 150I per annum. 

But if one refult a only be too little, and the other b too great, 
or one error r pofitive, and the other/ negative, then the theorem be- 

rb -j- sa 
comes x = ■-, 

r -p s 
errors are unlike. 

which is the Rule in this cafe, or when the 
s . ; 

* For fince, by the fuppofition, r • / x — a \ x — b, there¬ 
fore by divifion, r — s\ s \ \ b -~a l x — b> which is the 2d Rule. v 

PER MU- . 
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PERMUTATIONS and COMBINATIONS. 
_ » 

Permutation is the altering, changing, or varying the 
pofition or order of things ; or the {hewing how many diffe¬ 
rent ways they may be placed.—This is otherwife called 
Alternation, Changes, or Variation; and the only thing to 
be regarded here, is the order they hand in ; for no two par¬ 
cels are to have all their quantities placed in the fame fitu.a- 
tion: as, how many changes may be rung on a number of 
bells, or how many different ways any number of perfons 
may be placed, or how many feveral variations may be made 
of any number of letters, or any other things propofed to 
be varied. 

Combination is the the wing how often a lefs number of 

things can betaken out of a greater, and combined together, 
without confidering their places, or the order they hand in. 
This is fometimes called Eleffion or Choice; and here every 

parcel muff be different from all the reft, and no two are tof 

have precisely the fame quantities or things. 

Combinations of the fame Form, are thofe in which there are 
the fame number of quantities, and the fame repetitions: 
thus, aabc, bbed, cede, are of the fame fqrm ; aabc, abbb, aabb% 

are of different forms. 
Compaction of Quantities, is the taking a given number of 

quantities, out of as many equal rows of different quantities, 
one out of every row, and combining them together. 

Some illuffrations of thefe definitions are in the following 
Problems: 

PROBLEM I. 

To ajjig n the Numb/r of Permutations, or Changes, that can be 

made of any Given Number of Things, all different from eacl> 
other. 

t - i* 

9 RUL E*. '» 

Multiply all the terms of the natural feries of numbers, 

from i up to the given number, continually together, and the 

laft produbt will be the anfwer required. 

E x A M- 

* The reafon of the Rule may be ftiewn thus: any one thing a 
is capable only of one pofition, as a. 

Any two things a and b, are only capable of two variations; as 
ah', ba; whofe number is exprefled by i x 2. 

If 
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EXAMPLES. 

1. How many changes may be rung on 6 bells ? 
V • I 

2 ' • 

2 

_3 
6 . 

V, ' _4 
24 

5 
120 

6 

720 the Anfwer. 

Or 1 X 2X3. X4X5X6 = 7 20 the Anfwer, 

2. How many days can 7 perfons be placed in a different 
polition at dinner ? Anf. 5040 days. 

3. How many changes may be rung on 12 bells, and what 
time would it require, fuppofing 10 changes to be rung in 1 
minute, and the year to confifl of 365 days, 5 hours, and 49 
minutes ? 

Anf. 479001600 changes, and 91 years, 26 days, 22 hours, 
41 minutes. 

4. How many changes may be made of the words in the 
following verfe: Tot tibi font dotes, virgo, quot ftdera ccelo P 

Anf. 40320 changes. 

If there be three things, a, ht and c; then any two of them, 
leaving out the 3d, will have 1 X 2 variations; and confequently, 
when the 3d is taken in, there will be 1 x 2 X 3 variations. 

In the fame manner, when there are 4 things, every three, leav¬ 
ing out the 4th, will have 1x2X3 variations; confequently by 
taking in fucceflively the 4 lefr out, there will be 1 X 2 X 3 X 4 
variations. And fo on as far as we pleafe. 

PRO- 
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PROBLEM II. 
i 

Any Number of different Things being given; to find how many 
Changes can be made out of them, by taking a Given Number of 
Quantities at a Time. 

RULE*. 

Take a feries of numbers, beginning at the number of 
things given, and decreafing by I to the number of quanti¬ 

ties to be taken at a time, and the product of all the terms 

will be the anfwer required. x 

EXAMPLES. i 
i. , 

1. How many changes may be rung with 3 bells out of 8 P 
8 

_7 
56 

6 
336 the Anfwer. 

Or, 8 X 7 X 6 (= 3 terms) — 336 the Anfwer. 

2. How many words can be made with 5 letters of the 
alphabet, admitting that a number of confonants alone will 
not make a word ? Anf. 5100480. 

P R O- 

' \ * 

* This Rule, exprefled in algebraic terms, is as follows : 

n x rn— 1 X m — 2 X m — 3 &c> to n terms: where m = 
the number of things given, and n = the quantities to be taken 
at a time.1 

In order to demonftrate the Rule, it will be proper to premife 
the following Lemma : 

Li mm a. The number of changes of m things, taken n at a time, 
is equal to m changes of m — 1 things, taken » — 1 at a time. 

Demonfir. Let any five quantities, a b c d e be given. 
firft, leave out the a, and let <v — the number of all the varia¬ 

tions of every two, be, bdt &c> that can be taken out of the four re¬ 
maining quantities b c d e. 

Now, let a be put in the firft place of each of them; a, b, r, a, b, d, 
&c, and the number of changes will ftill remain the fame ; that is, 
*r m the number of variations of every 3 out of the 5, a b c d e, 
when a is firft. 

In 
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PROBLEM III. 

Any Number of Things being given ; of which there are fevered 

given Things of one Sort, and fevcral of another, lAc ; To fnd 

how many Changes can be ?nade out of them all. 

R U L E*. 

Take the feries i X 2 X 3 X 4, &c, up to the number 
of things given, and find the produfcft of all the terms. 

Take the feiies 1 X 2 X 3 X 4, &c, up to the number of 
given things of the fir ft fort, and the feries 1 X 2 X 3 X 4, 
&c, up to the number of given things of the fecond fort, &c. 

Divide 

In like manner, if b, c, dy e be fuccefti vely left out, the number of 
variations of all the two’s will alfo be — <v : and putting b, r, dy e re- 
fpe&ively in the firff place, to make 3 quantities out of 5, there will 
Hill be x> variations, as before. 

But thefe are all the variations that can happen of 3 things out of 
3, when ay by c. d> e are fucceffiveiy put firft : and therefore the fum 
of all thefe is the fum of all the changes of 3 things out of 5. 

But the fum of thefe is fo many times x>, as is the number of 
things ; that is 3^, or w, = all the changes of 3 rimes out ot 3. 

And the fame way of reafoning may be applied to any numbers 
whatever. 

Demon, of the Ruh. Let any 7 things a b e d e f g be given, and 
let 3 be the number of quantities to be taken. 

Then m — 7.'and n — 3. 
Now, it is evident, that the number of changes that can be made 

by taking 1 by 1 out of 5 things will be 3, which let = v. 

Then, by the Lemma, when m — 6. and r> — 2, the number of 
changes will be = mx> =6x3; which let be = wa fecond time. 

Again, by the Lemma, when m~ 7 and n = 3, the number of 

changes is m-v = 7x6X3; that .is mxj = m X (*» — i j X 
(/»—2), continued tog, or n terms. 

And the fame may be fhewn for any other numbers. 

* 1 his Rule, is expreffed in terms thus : 

1 X 2 X 3 X 4 X 3> &c, ™ 

1 X 2 X 3,&c to//X 1 X 2 X 3»&c toy, &q. 
where m — the number of things given,. /> = the number of things 
of the firft fort, q = the number of things of the fecond fort, &c. 

The Demonf ration may be fhewn as follows : 
Any 2 quantities, a b, both different, admit of 2 changes : but if 

the quantities are the fame, or a b becomes a a, there will be only 

one pofition; which may be expreffed by —^— 1. 

Vol. I. L Any 
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Divide the produft of all the terms of the firfl feries by 
the joint produ£t of all the terms of the remaining ones, and 
the quotient will be the anfwer required. 

EXAMPLES. 

I. How many variations can be made of the letters in the 
Word Bacchanalia ? 

I x 2 ( = number of r’s) = 2 
I X 2X 3 X 4( = number of a’s) = 24 
1X2X3X4X5X6X7X8X9X10X11 

(= number of letters in the word) = 39916800 

2 X 24 = 48 ) 39916800 ( 831600 the Anfwer. 

76 
288 

Any 3 quantities, a be, all different from each other, afford 6 
variations; but if the quantities be all alike, or a b c becomes a a a, 
then the 6 variations w ill be reduced to 1; which may be expreffed by 

-- = 1. Again, if two of the quantities only are alike, or 
t X 2 X 3 
a be becomes a a c; then the 6 variations will be reduced to thefe 3, 

1 X ^2 X 3 
a a c, ca ay and a ea; which may be expreffed by ----- = 3, 

J X 2' 
Any 4quantities, a bed, all different from each other, will admit 

of 24 variations. But if the quantities be tffc fame, or abed be¬ 
comes aaaa, the number of variations will be reduced to one; 

.... I X 2 X 3 X 4 
which is = --=---- = 1. 

I X 2 X 3 x 4 
Again, if three of the quantities only be the fame, or abed 

becomes a a a b9 the number of variations will be reduced to 
thefe 4, a a a bt a a b a, a b a ai and b a a a\ which is = 

* X 2 X 3 X 4 „ 
—— 

1 X 2 X 3 
And thus it may be lhewn, that if two of the quantities be alike, 

or the 4 quantities be a a b e, the number of variations will be re- 

1 X 2 X 3 X 4 
duced to 12; which may be expreffed by---= 12. 

• 1 X 2 
And by reafoning in the fame manner, it will appear, that the 

number of changes which can be made of the quantities a b b c c, 

is equal to 60; which may be expreffed by * *-■X ^ 
1X2X1X2X3 

A.nd fo on for any other quantities whatever. 

2. How 
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2. How many different numbers can be made of the fol¬ 
lowing figures, 1220005555 ? . Anf. 12600. 

3. How many varieties will take place in the fucceflion of 
the following mulical notes, fa, fa, fa, fol, fol, la, mi, fa ? 

Anf. 3360. 

PROBLEM IV. 

To find the Changes of any Given Number of Things, taking a 
Given Number at a Time ; in which there are Jeveral Given 
Things of one Sort, feveral of another, &c, 

RULE*. 

Fi n d all the different forms of combination of all the given 
things, taken as many at a time as in the queftion. 

Find the number of changes in any form, and multiply it 
by the number of combinations in that form. 

Do the fame for every diftinft form, and the fum of all 
the produffs will give the whole number of changes required. 

EXAMPLES. 
\ 

i. How many alternations, or changes, can be made of 
every four letters out of thefe 8, aaabbbcc f 

No. of forms. No. of changes. 

a3b, a3c, b3a, b3c.4 
a2b2, a2c2, b~c2.6 
a2bcf blact c2ab  .12 

* The reafon of this Rule is plain from what has been (hewn be¬ 
fore, and the nature of the problem. 

A Rule for finding the Number of Forms. 

1. Place the things fo, that the greateft indices maybe firft, 
and the reft in order. 

2. Begin with the firft letter, and join it to the fecond, third, 
fourth, &c. to the laft. 

3. Then take the fecond letter, and join it to the third, fourth, 
Sec. to the laft. And fo on, till they are entirely exhaufied. always 
remembering to rejedf fuch combinations as have occurred before; 
and this will give the combinations of all the two’s. 

4. Join the firft letter to every one of the two’s, and the fecond, 
third, Sec. as before ; and it will give the combination* of all the 
three's. 

5;. Proceed in the fame manner to get the combinations of all the 
four*s; &c, and you will at laft get all the feveral forms of combina¬ 
tion, and the number in each form. 

kL % ' Therefore 
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Therefore 
4 X 
3 x 
3 X 

4 = 16 
6 = 18 

12 — 36 

70 number of changes 
required. 

2. How many changes can be made of every 8 letters out 
of thefe 10; Qaaabbccdc P Anf. 22260. 

3. How many different numbers can be made out of 1 unit, 

2 two’s, 3 three’s, 4 four’s, and 5 five’s ; taken 5 at a time ? 
Anf. 2111. 

.PROBLEM v. 

To find the Number of Combinations of any Given Number of 

Things, all different from each other, taken any Given Number 

at a Time. i ' ■' 
• " • ' : : . \'P 

RULE.* 

Take the feries iv, 2, 3, 4, &c, up to the number to be 

taken at a tinje, and find the product of all the terms. 

Take 

* This Rule, expreffed algebraically,'is, 
771 771 . t . 771 ~ 2 m-; 3 . , 

«— X - X - X -or, to n terms; where m is the 
U_4.,. 2 _3 # . .4 
number of given quantities, and n thofe to be taken at a time. 

Demonjir. f ti:? Rule.■t. I et the number of things to be taken at 
a time be 2, and the things to be combined = m. 

Now, when or the number of things to be combined, is only 
two, as a and by\t is evident that there can e but one combination, 
as ab ; but if 'in be inereaf,d by oriej or the letters to be combined 
be 3, a Sr a, by e; then i is plain that the number of combinations will 
be inc eafed by 2, fince with each of the former letters a and by the 
new letter <-■ may be joined. In this cafe therefore, it is evident that 
the whole number of combinations.u ill be truly expreffed by 1 4- 2. 

Again. iHw be ihcreafed by one letter more, or the whole number 
of letters be four, as4?, bf c, d; then it will appear that the whole 
number of combinations rauft be inc'reafed by 3, fince whheach of 
the preceding letters the new let er d rray be combined. Thecombi- 
nations, therefore, in tmS caft4, will be truly expreffed by 14-24-3, 
, ,And in the fame manner it may be fhevvn that the whole number 
pf combinations of,‘2, in £ things, wifi he i 4" 2 4~ 3 4* 4 5 °f 2, in 6 

things, 1 ~\r 2 4“ 3 4" \ T 5 ; and of .2, ill 7 things, 1 4" 2 4~ 3 4" 
4 + 5 + ^ &c. : whence, univerfally, the number of combinations 

of 
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Take a feries of as many terms, decreafing by 1, From the 
given number, out of which the eleflion is to be made, and 
find the produ6L ofaii the terms. 

Divide the lall product by the former, and the quotient 
will be the number fought. 

EXAMPLES. 

1. How many combinations can be made of 6 letters out 
oi ten ? 

iX2XgX4X5X6 ( — the number to be taken at a 
time ) = 720. 

10 x 9'X 8 X J X 6 X S (— fame number from 10) 
= 151200. 

of m things, taken 2 by 2, is rr: 1 -f 2 + 3 -j- 4 6, &c* 
to [m — 1) terms. 

But the fum of this feries is = — X -- 
1 2 

> 

as the rule. 

-; which is the fame 

?. Let now the number of quantities in each combination be 
fuppofed to be three. 

Then it is plain, that when m — 3, or the things to be combined 
are <7, b, c, there can be only one combination. But if m be in- 
creafed by 1, or the things to be combined are 4, as a, b, c, d, then 
will the number of combinations be increafed by 3 : fince 3 is the 
number of combinations of 2 in all the preceding letters, v, b, c, 

and with each two of thefe the new letter d may be.combined. 
The number of combinations, therefore, in this cafe, is 1 + 3. 
Again, if m be increafed by one more, or the number of letters 

be fuppofed 3 ; then the former number of combinations will be 
increafed by 6, that is, by all the combinations of 2 in the 4 pre¬ 
ceding letters, a, b, c, d\ fince, as before, with each two of thefe 
the new letter c may be combined. 

The number of combinations, therefore, in this cafe, is 1 -J- 3 

-f-6. . 
Whence, univerfally, the number of combinations of m rhings, 

taken 3 by 3, is 1 -f 3 -f 6 -f 10, &c. to m — 2 terms. 
. m 7ti — 1 m — 2 

But the fum of tills feries is —— X - X -i which 
1 2 3 

' , o J 

is the fame as the rule. 
And the fame thing will hold, let the number of things to be 

taken at a time be what it will; therefore the number of combi¬ 
nations of m things, taken n at a time, will be = 
vi m — 1 77i — 2 77i —3 
.— X - x - X —-> &c, to n terms. e. d. 
1 * 3 4 

L 3 . Then 
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Then 72o ) 151200 ( 210 the Anfwer. 

H4Q 
720 
720 ' 

2. How many combinations can be made of 2 letters out 
of the 24 letters of the alphabet ? Anf. 276. 

3. A general, who had often been fuccefsful in war, was 
afked by his king what reward he fhould confer upon him for 
his fervices ; the general only defired a larthing for every 
file, of 10 men in a file, which he could make with a body 
of 100 men; what is the amount in pounds fferling ? 

Anf. 18031572350I 9s 2d. 

PROBLEM VI. 

To find the Number of, Combinations of any Given Number of 

Things, by taking any Given Number at a Time ; in which 

there are ftveral Things of one Sortyfeverai of another, &c. 

* RULE. 

Find, by trial, the number of different forms which the 
things to be taken at a time will admit of, and the number 

of combinations there are in each. 
Add all the combinations, thus found, together, and the 

fum will be the number required. 

EXAMPLES. 

I. Let the things propofed be a a a b b c ; it is required to 
find the number of combinations made of every 3 of thefe 
quantities ? 

Forms. , Combinations. 

4 
1 

Number of combinations required —~o 

2. Let aaabbbcc be propofed ; it is required to find the 
number of combinations of thefe quantities, taken 4 at a 
time? ' • Anf. 10. 

3. How many combinations are there in aaa abb cede, 
taking 8 at a time? . Anf. 13. 

a*by a2ct b2a, b2c 

a b c. 

4. Hovr 
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4. How many combinations are there in aaaaabbbhb 

{C £ c d dd d e e e efff g, taking 10 at a time ? Anf. 2819, 

PROBLEM VII. 

To find the Compojitions of any Nu?nber% in an equal Number of 

Sets, the Things tbemjelves being all different. 

RULE1, 

Multiply the number of things in every fet continually 

together, and the produft will be the anfwer required. 

EXAMPLES. 

I. Suppofe there are four companies, in each of which 

there are 9 men ; it is required to find how many ways 9 
men may be chofen, one out of each company ? 

9 
_9 

81 

_9 

729 
_9 

6561 the Anfwer. 

Or, 9 X 9 X 9 X 9 = 6561 the Anfwer. 

1 Ex. 2. 

* Demoujlr. Suppofe there are only two fets; then, it is plain, 
that every quantity of the one fet being combined with every 
quantity of the other, will make all the compofitions, of two things 
in thefe two fets; and the number of thefe compofitions is evidently 
the produd of the number of quantities in one fet by that in the 
other. 

Again, fuppofe there are three fets ; then the eompofition of two, 
in any two of the fets, being combined with every quantity of the 
third, will make all the compolitions of three in the three fets. 
That is, the compolitions of two, in any two of the fets, being 
multiplied by the number of quantities in the remaining fet, will 
produce the compofitions of three in the three fets; which is evi¬ 
dently the continual produd of all the three numbers in the three 
.fets. 

And the fame manner of reafoning will hold, let the number of 
fets be what it will. . e. d. 

The 
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Ex. 2. Suppofe there are 4 companies; in one of which 
there are 6 men, in another 8, and in each of the other two 
9 ; what are the choices, by a compofition of 4 men, one out 
of each company ? Anf. 3888. 

3. How many changes are there in throwing 5 dicer 
Aiil' 7776. 

PRACTICAL QUESTIONS in ARITHMETIC. 

Quest, i. The fwifteft velocity of a cannon-ball, is 
about 2000 feet in a fecond of time. T hen in what time, 
at that rate, would fuch a ball be in moving from the earth 
to the fun; admitting the diftance to be 100 millions of 
miles, and the year to contain 365 days 6 hours ? 

Anf. 8t4TtW years. 

Quest. 2. What is the ratio of the velocity of light to 
that of a cannon-ball, which i flues from the gun with a ve¬ 
locity of 1500 feet per fecond; light pafling from the fun to 
the earth in y\ minutes ? Anf. the ratio of 782222$ to 1. 

Quest. 3. 1 he flow or parade-Rep being 70 paces per 
minute, at 28 inches each pace, it is required to determine 
at what rate per hour that movement is ? Anf. ij-j# miles. 

Qp est. 4. The quick-time or Rep, in marching, being 
2 paces per fecond, or 120 per minute, at 28 inches each ; 
then at what rate per hour does a troop march on a route, 
and how long will they be in arriving at a garrifon 20 miles 
diftant, allowing a halt of one hour by the way to refredi ? 

Anf ■[ rate *s 3t?t m^es an h°ur» 
{ and the time 77- hr, or 7 h. 173,min. 

.0? est., 5. Two perfons, a and b, being on oppofite 
fides of a wood, which is 268 yards about, they begin to go 
round it, both the fame way, at the fame iuRant ot time ; a 

The do&rine of permutations, combinations, &c, is of very ex- 
ten five ufe in different parts of the Mathematics; particularly in 
the calculation of annuities and chances. 1 he fubject might have 
been purfued to a much greater length ; but what is here done will 
feef ound fufficient for molt of the purpofes to which things of this 
nature are applicable. 

/ 

goes 
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goes at the rate of 11 yards per minute, and B 34 yards in 
3 minutes ; the queftion is, how many times will the wood 
be gone round before the quicker overtake the flower ? 

. ‘ Anf. 17 times. 

Qp fst. 6. To determine how far 500 millions of gui¬ 
neas will reach, when laid down in a llraight line touching 
one another ; fuppofing each guinea to be an inch in diame¬ 
ter, as it is very nearly. Anf. 7891 miles, 728 yds, 2 ft 8 in. 

Quest 7. A wall was to be built 700 yards long in 29 
days. Now, after 12 men had been employed on it for II 
days, it was found that they had completed only 220 yards of 
the wall It is required then to determine how many men 
mull be added to the former, that the whole number of them 
may juft finifh the wall in the time propofed, at the fame rate 
of working. Anf. 4 men to be added. 

Quest. 8. The hour and minute hand of a clock are 
exaciiy together at 12 o’clock ; when are they next together ? 

Anf. At iTVhr, or I hr 5^- min. 

Qp est. 9. A perfon after fpending iol more than 2. of 
his yearly income, had then remaining 15I more than the 
half of it ; what was his income ? Anf. 150I. 

Quest. 10. A perfon who was poflfefled of a A fliare of 
a copper mine, fold f of his intereii in it for 1710I : what 
was the reputed value of the whole at the fame rate? 

Anf. 3800b 

Quest, ii. A can do a piece of work alone in 10 days, 
and b alone in 13 ; in what time will they both together per¬ 
form a like quantity of work ? Anf. 52.-J days, 

0? est. 12. A perfon bought 120 oranges at 2 a penny, 
and 120 more at 3 a penny ; after which, felling them out 
again at 5 for 2 pence, whether did he gain or lofe by the 
bargain ? Anf. he loll 4 pence. 

Qy est. 13. If a gentleman whofe annual .income is 
1200I, fpend 20 guineas a week ; whether will he fave or 
run in debt, and how much in the year ? Anf. fave 108I. 

Qy est. 14. In the latitude of London, the diftance 
round the earth, meafured on the parallel of latitude, is about 
15550 miles; now as the earth turns round in 23 hours 56 
minutes, at what rate per hour is the city of London carried 
by this motion from well to calf ? 

Anf. 649-!!!- miles an hour. 

Quest. 15. If a quantity of proviflons ferves 1500 men 
Xj2 weeks, at the rate of 2o ounces a day for each man; how 

many 
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many men will the fame proviftons maintain for 20 weeks, at 
the rate of 8 ounces a day for each man ? Anf. 2250 men. 

On est. 16. If 1000 men befieged in a town, with pro- 
vifionsfor 5 weeks allowing each man 16 ourtces a day, be 
reinforced with 500 men more; and fuppofing that they can¬ 
not be relieved till the end of 8 weeks, how many ounces a 
day rnuft each man have, that the provifion may laid that 
time ? * Anf. 6f ounces. 

Quest. 17. A father left his fon a fortune, { of which 
he ran through in 8 months ; y of the remainder laded him 
•i2 months longer; after which he had bare 410I left. 
What fum did the father bequeath the fon? • 

Anf. 956I 13s 4d. 

Qy est. 18. A per-fon, looking on his watch, was afked • 
what was the time of the day, who anfwered, It is between 
4 and 5 ; but a more particular anfwer being required, be 
faid that the hour and minute hands were then exacfly toge¬ 
ther : What was the time ? Anf. 2 it9t min. pall 4. 

Quest. 19. If 20 men can perform a piece of work in 
12 days, how many men will accomplilh another thrice as 
large in one-fifth of the time ? Anf. 300. 

Quest. 20. A younger brother received 6300I, which 
was juft 2- of his elder brother’s fortune: What was the 
father worth at his death ? Anf. 14400I. 

Qujest. 21. A perfon, making his will, gave to one 
child ol his eftate, and the reft to another. When thefe 
legacies came to be paid, the one turned out oool more than 
the other : What did the teltator die worth ? Anf. 2000I. 

Quest. 22. A lather devifed T7¥ of his eftate to one of 
his Ions, and T7T of the refidue to another, and the furplus 
to his relibl for life. The children’s legacies were found to 
be 257I 3s 4d different: Fray what money did he leave the 
widow the ufe of ? Anf. 635I cs ro-lfd. 

Quest. 23. Two perfons, a and b, travel between Lon¬ 
don and Exeter. A leaves Exeter at 8 o’clock in the morn- 
j 

ing, and walks at the rate of 3 miles an hour, without inter- 
miftion ; and b fets out from London at 4 o’clock the fame 
evening, and walks for Exeter at the rate of 4 miles an hour 
conftamiy. Now, fuppofing the diftance between the two 
cities to be 130 miles, whereabouts on the road will they 
meet r Anf. 69J- miles Irom Exeter. 

Quest. 
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Quest. 24. Two perfons, a and b, travel between 
London and Lincoln, diftant 100 miles, A from London, 
and b from Lincoln, at the fame in Rant. -After 7 hours 
they meet on the road, when it appeared that a had rode i£ 
miles an hour more than b. At what rate per hour then 
did each of the travellers ride ? 

Anf. A. 7-|-J,and b 64.4miles. 

Quest. 25. The clocks of Italy go on to 24 hours : 
Then how many ftrokes do they ftrike in one complete revo¬ 
lution of the index ? Anf. 300. 

Quest. 26. One hundred eggs being placed on the 
ground, in a ftraight line, at the diltance of a yard from each 
other: How far will a perfon travel who (hall bring them 
one by one to a bafket, which is placed at one yard from the 
firft egg ? Anf. 10100 yds, or 5 miles and 1300 yds. 

Quest. 27. One Sefla, an Indian, having invented the 
game of chefs, (hewed it to his prince, who was fo delighted 
with it, that he promifed him any reward he (hould afk ; on 
which SefTa requefted that he might be allowed one grain of 
wheat for the ftrft fquare on the chefs board, 2 for the fecond, 
4 for the third, and fo on, doubling continually, to 64, 
the whole number of fquares. Now, fuppofing a pint to 
contain 7680 of thefe grains, and one quarter or 8 bufhels 
to be worth 27s 6d, it is required to compute the value of all 
the corn? Anf. 6450468216285I 17s 3d 

Quest. 28. Two young gentlemen, without private for¬ 
tune, obtain commilfions at the fame time, and at the age of 
18. One thoughtlefsly fpends iol a year more than his pay; 
but, (hocked at the idea of not paying his debts, gives his 
creditor a bond for the money, at the end of every year, and 
alfo infures his life for the amount; each bond colls him 30 
fhillings, befidcs the lawful intereft of 5 per cent, and to 
infure his life cofts him 6 per cent. 

The other, having a proper pride, is determined never to 
run in debt; and, that he may aftift a friend in need, perfe- 
veres in faving iol every year, for which he obtains an inte- 
rell of 5 per cent, which intereft is every year added to his 
favings, and laid out, fo as to anfwer the effedt of compound 
intereft. 

Suppofe thefe two officers to meet at the age of 50, when 
each receives from Government 400I. per annum ; that the 
one, feeing his pall errors, is refolved in future to fpend no 

more 
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more than he actually has, after paving the intereft for what 
he owes, and the infuranceon his life. 

The other, having now fomething before hand, means in 
future to fpend his full income, without increafing his flock. 

It is defirable to know how rnucn each has to fpend per 
annum, and what money the latter has by him to afiift the 
diftretfcd, or leave to thofe who deferve it ? 

END of ARITHMETIC, 
- • v ■ * i . > , 
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AND 

ALGEBRA. 

OF LOGARITHMS*. 

Logarithms are numbers To contrived, and adapted 
to other numbers, that the fums and differences of the 
former (hall correfpond to, and (hew, the produfis and 
quotients of the latter. 

Or, more generally, logarithms are the numerical expo¬ 
nents of ratios; or a feries of numbers in arithmetical 
progreffion, anfwering to another feries of numbers in 
geometrical progreffion. 

Thus 

* The invention of Logarithms is the undoubted right of Lord 
Napier, Baron of Merchifton, in Scotland, and is properly con- 
fidered as one of the moil ufeful and excellent difcoveries of modem 
times. A table of thefe numbers was firft publifhed by him at 
Edinburgh, in the year 1614, in a treatife entitled Canon Mirifi- 

cum Logarithmorum; and as their great utility and extenfive appli¬ 
cation were fufficiently apparent, they were immediately received 
by all the learned throughout Europe. Mr. Henry Briggs, then 
profeffor of geometry at Grefham College, on hearing of the 
difcovery, fet out upon a vifit to the noble inventor, and foon 
afterwards they jointly undertook the arduous talk of computing 
new tables on thisfubjett, and reducing them to a more convenient 
form than that which was at firft thought of. But Lord Napier 
dying before they were finifhed, the whole burden fell upon Mr. 
Briggs, who, with prodigious labour and great {kill, made an 
entire Canon, according to the new form, for all numbeis from 
1 to 20000, and from 900010 10100, to 14 places of figures, and 
publifhed it at London in the year 1624, in a treatife entided 
Arithmetica Logarithmica, with directions for fupplying the 
intermediate chiliads. 

VOL. I. M This 
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AT , |*6, i, 2, 3, 4, 5, 6, Indices, or logarithms. 

Us \ 1, 2, 4, 8, 16, 32, 64, Geometric progreflion. 
q f Oy i, 2, 3, 4, 5* 6, Indices,or logarithms 

1 \ r, 3, 9, 27, 81, 243, 729, Geometric progreflion 
q . f o, I, 2, 3, 4. 5, Indices, or logs. 

1 1, 10, 100, 1000, 10000, 100000, Geom. progref. 

Where it is evident, that the fame indices ferve equally 
for any geometric leries ; and confequently there may be an 
endlefs variety of fyflems of logarithms, to the fame com¬ 
mon numbefs, by bnly changing the fecond term, 2, 3, or 
10, &c, of the geometrical feries of whole numbers ; and 

This Canon was again publifhed in Holland by Adrian Vlacq, 
anno i6«b, together with the Logarithms of all the numbers which 
Mr. Briggs had omitted ; but he contracted them down to 10 
places of decimals. Mr. Briggs alfo computed the Logarithms of 
the fines, tangents and fecants, to every degree, and ccntefm, or 
locth part of a degree, of the whole qu .drant; and fubjoined 
them to the natural fines, tangents, and fecants, which he had 
before computed to 15 places of figures. r\ hefe Tables, together 
with 1 heir conftrudion and ufe. were firft publifhed in the year 

v 1 633, after Mr. Briggs's death, d>y Mr. Henry Gellibrand, under 
the title of Trigonometria Britannica. 

Benjamin TJrfinus alfo gave a Table of Logarithms to everv 10 
feconds. And Chr. Wolf, in his Mathematical Lexicon, fays 
that one Van Lofer had computed them to every fingle fecppdj 
but his untimely death prevented their publication. 

A great number of other authors have treated on this4^>ffl6j^ 
but as their numbers are frequently inaccurate and incomnitixU- 
oully difpofed, they are now generally neglected. The TabHesstn 
molt repute at prefent, are thofe of Gardiner in 4to, firft pub¬ 
lifhed in the year 1742 ; and my own Tablesin 8vo, firft printed in 
the year 1783, where the Logarithms of all numbers maybe 
cafily found from 1 to ioooccoo ; and thofe of the fines, tangents, 
and fecants, to any degree of accuracy required. 

Alfo, Mr Michael Taylor's Tables in large 4to, containing the 
common logarithms, and the logar thrnic fines and tangents to 
every feccnd of die quadrant. And, in France, the new book of 
logarithms by Caller ; the 2d edition of which, in 1793, has 
the tables fill farther extended, and are printed with what they 
call ftereotypes, the types in each page being foldered together 
into a folid mafs or block. 

Dod Ion's Amilogarithmic Canon is likewife a very ingenious 
work, and of great ufe for finding the numbers anfjvering to 
any given logarithm. 
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bv interpolation the whole fyflem of numbers may be made 
to enter the geometric feries, and receive their proportional 
logarithms, whether integers or decimals. 

It is alfo apparent, from the nature of thefe feries, that if 
any two indices be added together, their fum will be the 
index of that number which is equal to the produ6l of the 
two terms, in the geometric progreilion, to which thofe 
indices belong. » 

Thus, the indices 2 and 3, being added together, make 
5; and the numbers 4 and 8, or the terms correfponding to 
thofe indices, being multiplied together, make 32, which is 
the number anlwering to the index 5. 

In like manner, if any one index he fubtrqfled from 
another, the difference will be the index of that number 
Which is equal to the quotient of the two terms to which 
thofe indices belong. 

Thus, the index 6, minus the index 4, is — 2 ; and the 
terms- correspondin'?’ to thole indices are 64 and 16, whole 
quotient is — 4 ; which is the number anfwering to the 
index 2. 

ith’m of any number be 
f * 'fr ‘1 1 j 

er, the 

Thus, the index or logarithm of 4, in the above feries* 
is* 2’; and if this number be multiplied by 3, the product 
will be -=:6 ; which is thp logarithm of 64, or the third 

• power of 4, 

And* if the logarithm of any number he divided by the 
index of its root, the quotient will be equal to the logarithm 
of that root. 

Thus, the index or logarithm of 64 is 6 ; and if this 
number be divided by 2, the quotient will be === 3 ; which 
is the logarithm of 8, or the fquare root of 64: 

The logarithms moft convenient for practice, are fuch as 
are adapted tty a geoqie-tric feries increafing 111 a tenfold pro¬ 
portion, as ii) the tail of the above forms ; and are thofe 
which 4re to be found, .at p relent, jq moH of the common 
tables on this fubjedt. 

product will be 
For the fame reafon, if the logar 

multiplied by the index of its pow 
eauaf to- the logarithm of that power 

M 2 The 
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The diftinguifiling mark of this fyfiem of logarithms is, 
that the index or logarithm of 10 is I ; that of 100 is 2; 
that of iooo is 3, &c. And, in decimals, the logarithm of 
*1 is — I; that of *oi is—2; that of *coi is — 3; &c. 
The log. of 1 being o in every fyfiem. 

From whence it follows, that the logarithm of any num¬ 
ber between I and 10, muft be o and fome fradlional parts ; 
and that of a number between 10 and 100, will be 1 and 
fome fractional parts ; and fo on, for any other number 
whatever. 

And fince the integral part of a logarithm is always thus 
readily found, it is ufually called the Index, or Chara&er- 
ifiic ; and is commonly omitted in the tables ; being left to 
be fuppliea by the operator himfelf, as occafion requires. 

Another definition of Logarithms is, that the logarithm of 
any number is the index of that power of fome other num¬ 
ber, which is equal to the given number. So if there be 
N = r'\ then n is the log. of N ; where n may be either 
pofitive or negative, or nothing, and the root r any number 
whatever, according to the different fyftems of logarithms. 

When n is=ro, then Nis=i, whatever the value of r 

is ; which (hews, that the log. of 1 is always o, in every 
fyfiem of logarithms. 

When n is — t, then N is — r; fo that the radix r is 
always that number whofe log. is 1, in every fyfiem. 

When the radix r is = 2718281828459 &c, the indices n 

are the hyperbolic or Napier's log. of the numbers N ; fo that 

n is always the hyp. log. of the number N or 2*718, &c7]n. 

But when the radix r is — 10, then the index n becomes 
the common or Briggs’s log. of the number N; fo that the 
common log. of any number ion or N, is n the index of 
that power of 10 which is equal to the faid number. Thus 
loo, being the fecond power of 10, will have 2 for its loga¬ 
rithm ; and 1000, being the third power of 10, will have 3 
for its logarithm: hence alfo, if 50 be —- io1 * 6 9 8 9 7 , then 
is 1-69897 the common log. of 50. And, in general, the 
following decuple feries of terms, 

VIZ. 104, IO3, IO2, IO1, io0 IO-1 IO-2, IO-5, IO-4, 

or f < • • 10000, 1000, 100, 10/ I, -I, •01, *001, *0001, 

have 4, 3» 2, I, 0, —1, —2, —3, —4, 

for their logarithms, refpedlively. And from this fcale of 
numbers and logarithms, the fame properties eafily follow, 
as above mentioned. *. 

pro- 
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PROBLEM. 

To compute the Logarithm to any of the Natural Numbers 
I, 2, 3, 4, 5, &c. 

RULE I *. 

1. Take the geometrical feries, 1, 10, 100, 1000, 10000, 
and apply to it the arithmetical feries, o, 1,2, 3, 4, &c, 

as logarithms. 
2- Find a geometric mean between 1 and 10, 10 and 100, 

or any other two adjacent terms of the feries, betwixt which 
the number propoied lies. 

3. Between the mean, thus found, and the nearefl extreme, 
find another geometrical mean, in the fame manner ; and fo 
on, till you are arrived w.rh n the propoied limit of the 
number whofe logarithm is fought. 

4. Find as many arithmetical means, in the fame order as 
you found the geometrical ones, and the lad of thefe will be 
the logarithm anfwcring to the number required. 

EXAMPLE. 

Let it be required to find the logarithm of 9 
Here the propofed number lies between 1 and 10. 

Firft, then, the log. of 10 is 1, and the log. of 1 is o; 

theref. 1 -f- p 4- 2 — *5 is the arithmetical mean, 

and <jio x 1 == V10 = 3-1622777 the geom. mean ; 
hence the log. of 3'1622777 is 5. 

Secondly, the log. of 10 is 1, and the log.- of 3* 1622777 is *5 ; 

theref. 1 4- ^5 4- 2 = 75 is the arithmetical mean, 

and v/icTx 3*1622777 = 5*6234132is the gcom. mean; 
hence the log. of 5-6234132 is -75. 

Thirdly, the log. of to is 1, and the log. of 5-623413215 -75; 

theref. 1 -j- -75 4- 2 == *875 is the arithmetical mean, 

and 7*49^9422 the geom. mean; 
hence the log. of 7-4989422 is *875. 

Fourthly, the log. of 10 is 1, and the log. of 7-4989422 is *875; 

theref. 1 4- -875 4- 2 = ’9375 is the arithmetical mean, 

and y/io X_7*498942! = 8*6596431 the geom. mean; 
hence the log. of 8*6596431 is 9^75. 

* The reader who withes to inform himfelf more particularly 
concerning the hiftory, nature, and conif ruftion of Logarithms, 
may confult the introduction to my Mathematical Tables, lately 
publilhed, where he will find hiscuriofity gratified. 

Fifthly, 
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Fifthly, the log. of to is x, and the log/of 86596431 is '9375 > ' 

theref. 1 4- 0375-^-2=4*90875 is the iritfnhettcal mean, 

and v/ 10 X 8*0590431 — 9*3657^04 the geom. mean : 
hence the log. of 9*3057204 is *96875. 

-Sixthly, the log. of 8*6596431 is *9375, and the log. of 
9-305 7204 15 ‘9^875 ; 

theref. *03744-396875 4-2— *953125 is ttesfith.Tfrehfi-, 

and 8 0596431 x 9:3057204 =4 8*9768713 the geo- 
' 'metric rheah : 

J'rence the log. of 8*9768713 is *953125. 

And proceeding in this manner, after 25 extractions, it 
%vi 11 be found that the logarithm of 8*9999998 is *9542425 ; 
which may be taken for the logarithm of 9, as it differs lo 
-little from it, that it is fufficiently exact for all practical 
Jpurpofes. 

And in this manner were the logarithms of almoil all the 
prime numbers at firffc found. 

RULE ii#. 

Let b be the number whofe logarithm is required to be 
found ; and a the number next lets than b, lo that b — a±±z I, 
the logarithm of a being known ; and let s denote the fum 
of the two numbers a -f- b. Then 

1. Di vide the eon Han't decimal *8685889638 &c, by s, 
and referve the quotient : divide the refers ed quotient,by the 
fquareol s, and relerve this quotient: -divide this laid quo¬ 
tient alfo by the Iquare of j, adtd again referve the quotient : 
and thus proceed, continually dividing the 1 aft quotient by 
the fquare of s, as long as diviiion can he made. 

'2. 1 hen write thefe quotients orderly under one another, 
the fir ft uppermolf,, and divide them refoeHively by the odd 
numbers 1, 3, 5, 7, 9, See, as long as divifitTD can be made; 
that is, divide the firft referved quotient by i, the fecond by 
3, the third by 5, the fourth by 7, and fo on. 

3. Add all thefe laid quotients together, and the fum will 
be the logarithm of b a; therefore to this logarithm add 
alfo the given logarithm of the fa id next lefs number a, fo 
will the iaft fum be the logarithm of-the number b prapofed. 

* For the dernonftration of this rule, fee the Mathematical Ta¬ 
bles, pa. 1 28, kc. 

That 
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That is, 

Log. of b is log. + + — + -V H- &c.) 
' - 3* 5j4 7J 

where/2 denotes the conflant given decimal 8685889638 &cc. 

EXAMPLES. 

Ex. i. Let it be required to find the log. of the number 2. 
Here the given number b is 2, and the next lefs number a 
is I, whofe log. is o ; alfo the fum 2 -f- I ■= 3 = s, and its 
fquares2 — 9. Then the operation will be as follows : 

3 ) •868588965 I ) 
9 

\ 

) •289529654 3 ) 
9 ) 32169962 5 ) 
9 3574440 7 ) 
9 ) 

-/ 
39-160 : 9 ) 

9 ) 44129. 11 j 
9 ) 49°3 13 ) 
9 ) 545 15 ) 
9 ) 6l 

•289529654 ( -289529654 
22169962 f 10722221 

3574440 ( 714888 
397160 t 56737 
44129 ( 4903 

4903 ( 446 

545 ( 42 
61 ( 4 

log. off - '301029995 
add log. 1 - ocooooooo 

log. of 2 - *301029995 

Ex. 2. To compute the logarithm of the number 3. 
Here b — 3, the next lefs number <2 = 2, and the fum 

n -f- b — 5 — s, whole fquare s2 is 25, to divide by which, 
always multiply by *04. Then the operation is as follows: 

5 ) *868588964 

25 J 173717793 
25 ) 69487i2 
25 ) 277948 
25 ) I IIl8 

25 ) 445 
18 

1) •I737I7793 (• 173717793 
3 j 6948712 ( 2316237 

5) 277948 ( 5559° 
7) 11118 ( 15 88 

9) 445 ( 5° 
11) 18 ( 

log. of # - - • 176091260 
log. of 2 add - » 301029995 

log. of 3 fought *477121255 

Ex. 3. To find the log. of 7 ; that of 6 being '77815125. 

Then, becaufe the fum of the logarithms of numbers, 
gives the logarithm of their produft ; and the difference >f 
the logarithms, gives the logarithm of the quotient of the 

numbers; 
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numbers ; from the above two logarithms, and the logarithm 
of io, which is i, we may raife a great many logarithms, as 
in the following examples 

EXAMPLE 4. 

Becaufe 2x2 = 4, therefore 
to log. 2 - *301029995! 
add log. 2 - *301029995-! 

fum is log. 4 *60205999 if 

EXAMPLE 5. 
Becaufe 2 x 3 —6, therefore 

to log. 2 - *301029995 
add log. 3 ,477121255 

fum rs log. 6 *778151250 

example 6. 

Becaufe 23 =8, therefore 
Jog. 2 - -301029995} 
mult, by 3 3 

gives log. 8 *903089987 

example 7. 

Becaufe 32 =9, therefore 
, log. 3 - -4771212544V 

mult, by 2 2 

gives log. 9 *954242509 

example 8. 

Becaufe *T° = 5 therefore 
from log 10 I'ocoocoooo 
take log. 2 *301029995-! 

leaves log 5 *698970004-! 

EXAMPI.E 9. 

Becaufe 3x4=12, therefore 
to log. 3 - *477121255 
add log. 4 *60205999! 

gives log. 12 1*079181246 

And thus, computing, by this general rule, the logarithms 
to the other prime numbers 7, 11, 13, 17, 19, 23, &c, and 
then ufing compofition and divifion, we may ealily find as 
jnany logarithms as we pleafe, or may fpeedily examine any 
logarithm in the table*. 

* There are, befides thefe, many other ingenious methods, 

which biter writers have di.fcovered for finding the logarithms of 

numbers, in a much eafier way than by the original inventor ; but, 

as they cannot be underftood without a knowledge of fome of the 

higher branches of the mathematics, it is thought proper to omit 

them, and to refer the reader to thofe works which are written 

exprefsly on the fubject. 

it would likewife much exceed the limits of this compendium, 

to point out all the peculiar artifices that are madeufe of for con- 

ftrutting an e; tire table of thefe numbers; fuch as thofe of Gar¬ 

diner, Sherwdn, and others, who have treated on this fubje£t; but 

any information of this kind, which the learner may wiih to ob¬ 

tain, may be found in the Tables, before mentioned. 

De- 
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Defcripiion and XJfe of the Table of Logarithms. 

Having explained the method of making a table of the 
logarithms of numbers, greater than unity; the next thing to 
be done is, to fhew how the logarithms of iradtional quan¬ 
tities may be found. And, in order to this, it may be ob- 
ferved, that as in the former cafe a geometric feiies is fup- 
poled to increafe towards the left, from unity, fo in the latter 
cafe it is fuppofed to decreafe towards the right hand, (fill 
beginning with unit; as,exhibited in the general defcription, 
page 164, where the indices being made negative, ftiii (hew 
the logarithms to which they belong. Whence it appears, 
that as -f- 1 is the log or 10, fo — 1 is the log. of or *i ; 
and as -f- 2 is the log. of ioo, fo — 2 is the log. of or 
*01 ; and fo on. 

Hence it appears in general, that all numbers which con- 
fid of the fame figures, whether they be integral, or frac¬ 
tional, or mixed, will have the decimal parts of their loga¬ 
rithms the fame, but differing only in the index, which will 
be more or lefs, and pofitive or negative, according to the 
place of the firlt figure of the number. 

Thus, the logarithm of 2651 being 3^4234097, the log. of 

tV> or tvo> nrTodro* Part it , will be as follows: 
Numbers. 

2 6 5 1 

• *0 
•o o 

2 

2 

2 

*2 

2 

2 

6 
6 
•6 
6 
6 
6 

5 
5 
5 
5 
5 
5 

1 
1 
1 

1 
1 
1 

Logarithms. 

3 
2 
1 

o 
-1 

-2 

-3 

*4 
*4 
*4 
*4 
*4 
*4 
*4 

2 
2 

2 

2 

2 

2 

3 
3 
3 
3 
3 
3 
3 

4 
4 
4 
4 
4 
4 
4 

o 
o 
o 
o 
o 
o 
o 

9 
9 
9 
9 
9 
9 
9 

7 
7 
7 
7 
7 
7 
7 

From this it alfo appears, that the index, or charafferiflic, 
of any logarithm, is always lefs by 1 than the number of 
integer figures which the natural number coniifts of; or it is 
equal to the diftance of the hrft or left hand figure, from the 
place of units, or firlt place of integers, whether on the left, 
or on the right of it: and this index is conltantly to be placed 
on the left hand fide of the decimal part of the logarithm. 

When there are integers in the given number, the index 
is always affirmative ; but when there are no integers, the 
index is negative, and is to be marked by a (hort line drawn 
before it, or elfe above it. Thus, 

A number having 1, 2, 3, 4, 5, &c, integer places, 
the index of its log. iso, x, 2, 3, 4, &c, or 1 lefs than thofe 

places. 
And 
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And 3 decimal frafiiion having its firil figure in the 

Ift,’ 2c1, 3d, 4th, £cc, place of decimals, has always 

— 1,—2,^—3,—4, See, ior the index of its logarithm. 

It may alfo be obferved, that though the indices of frac¬ 

tional quantities are negative, yet the decimal parts of their 

logarithms are always affirmative. 

I. TO FIND, IN THE TABLE., THE LOGARITHM TO ANY 

NUMBER. 

j. If the Number Jo not exceed icocoo, the decimal part of 

the logarithm is found, by infpefifion in the table, funding 

againft the given number, -in this manner; viz. in moft 

tables, the firft four figures of the given number in the firft 

column of the page, and the fifth figure one of thofe along 

the top line of it j then in the angle of meeting are the laft 

four .figures of the logarithm, and the firff 3 figures of the 
fame at the beginning of the fame line : to which is to he 

prefixed the proper index, which is always 1 lefs than the 

number of integer figures. 

So the logarithm of 34x92 is 1*5326525, that is, the de¬ 
cimal *5326525 found in the table, with the index 1 prefixed, 

becanfe the given number contains two integers. 

2. Bi t if the given number contain more than five figures ; 
takeout the logarithm of the firft five figures by infpefifion 
in the table as before, as alfo the next greater logarithm, 

fubtradfing the one logarithm from the other, as alfo their 

correfponding numbers the one from the other. 1 hen fay, 

As the difference between the two numbers, 
Is to the difference of their logarithms, 

So is the remaining part of the given number, 
To the proportional part of the logarithm. 

Which part being added to the lefs logarithm, before taken 

out, gives the whole logarithm fought, very nearly. 

4 

E X A M~ 



LOGARITHMS. i'Jt 

EXAMPLE. , 

To find the logarithm of the numbef 3V6£}2‘64. 
The log. of 3409200, as before, is 5326525, 
And fog. of 3409300 - is 5326652, 

The difts. are Too and 127 

Then, as 100 127 :: 64 : Si, the -proportional paTt. 
This added to - ‘5326525, the firftlog. 
Gives, w ith the index, ’1-5326006 for the log. of 34*09264. 

G'r, in the bed tables, the proportional part may often be 
taken out by infpe£tion, -by means of the fiiiall tab-lets of 
proportional parts placed ihthe margin. 

3. If the number confifl both ot integers and fraHions, or 
is entirely Iradlional • find the decimal part of the logarithm 
the fame as if all its figures were integral ; then this, being 
prefixed to the proper charableriftic, will give the logarithm 
required. 

4. And if the given number be a proper vulgar Fra£lion ; 
fubtratf the logarithm of the denominator from the loga¬ 
rithm of the numerator, and t.he remainder will be the loga¬ 
rithm fought ; which, being that of a decimal fra61 ion, mull 

always have a negative index. 
5. But if it be a mixed number ; reduce it to an improper 

irabtion, and find the difference of the logarithms of the 
numerator and denominator, in the fame manner as before. 

EXAMPLES. 

1. To find the log. of -f-J. 
Log. ol 37 - 1-568 zo 17 
Log. of 97 - 1-9731279 

Dif. log. of fz. —1-5950738 

Where the index 1 is negative. 

2. To find the log. of I7ff-, 

Firfl, 1744 — W ♦ Then, 
Log. 01405 - 2-6074550 
Log. of 23 - i-36t7278 

Dif. log. of 1734 1-2457272 

II. TO FIND THE NATURAL NUMBER TO ANY GIVEN 

LOGARITHM. 

This is to be found in the tables by the reverfe method 
to the former, namely, by fearching for the propofed loga¬ 
rithm among thofe in the table, and taking out the corre- 
fponding number by infpebtion, in which the proper number 
of integers are to be pointed out, viz. I more than the 
index. For, in finding the number anfwering to any given 
logarithm, the index always thews how far the firlt figure 

muff 
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muff be removed from the place of units, viz. to the left 
hand, or integers, when the index is affirmative; but to the 
right hand, or decimals, when it is negative. 

EXAMPLES. 

So, the number to the log. 1*5326525 is 34*092. 

And the number of the log. 1*5326525 is *34092. 
But if the logarithm cannot be exaftly found in the table; 

take out the next greater and the next lefs, fubtrafting the 
one of thefe logarithms from the other, as alfo their natural 
numbers the one from the other, and the lefs logarithm from 
the logarithm propofed. Then fay, 

As the difference of the firfd or tabular logarithms, 
Is to the difference of their natural numbers, 
So is the differ, of the given leg. and the lead tabular log. 
To their correfponding numeral difference. 

Which being annexed to the lead natural number above 
taken, gives the natural nnmber fought, correfponding to 
the propofed logarithm. 

EXAMPLE. 

So, to find the natural number anfwering to the given 
logarithm 1*5326606. 

Here the next greater and next lefs tabular logarithms, 
with their correfponding numbers, &c, are as below : 

Nextgreater 5326652 its num. 3409300; given log. 5326606 
Next lefs 5326525 its num. 3409200; next lets 5326525 

Differences 127 - - ico - - _$i 

Then, as 127 : 100 :: 81 : 64 nearly, the numeral differ. 

Therefore 34*09264 is the number fought, marking off 
two integers, becaufe the index of the given logarithm is 1. 

Had the index beeri negative, thus 1*5326606, its corre¬ 
fponding number would have been *3409264, wholly de¬ 
cimal. 

Or the proportional numeral difference may be found, in 
the beft tables, by infpeftion, by means of the fmall tablets 
of proportional parts placed in the margins of the pages. 

III. MUL 
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III. MULTIPLICATION BY LOGARITHMS. 

RULE. 

Take out the logarithms of the faftors from the table, 
then add them together, and their fum will be the logarithm 
of the product required. Then, by means of the table, 
take out the natural number anfwering to the fum, for the 
produ6l fought. 

Obferving to add what is to be carried from the decimal 
part of the logarithm to the affirmative index or indices, or 
elfe fubtradl it from the negative. 

Alfo, adding the indices together when they are of the 
fame kind, both affirmative or both negative ; but fubtraft- 
ing the lefs from the greater, when the one is affirmative 
and the other negative, and prefixing the fign of the greater 
to the remainder. 1 

i. To multiply 23*14 by 
5*062. 

Numbers. Logs. 
23*14 - 1*3643634 
5*062 - 0*7043221 

Produft 117-1347 2*0686855 

To multiply 2*581926 

by 3'45729*- 
Numbers. Logs. 
2*581926 - 0*4119438 

3-457291 - °'5387359 

Prod. 8-92647 - 0-9506797 

EXAMPLES. 

2. 

3. Tomult.3*902,and597*16, 
and *0314728 all together. 

Numbers. Logs. 
3*902 - 0*5912873 
597*16 - 27760907 
•0314728—2*4979353 

Prod. 73*33533 - I*8^53I33 

Here the —2 cancels the 2, 
and the 1 to carry from the 
decimals is fet down. 

4. Tomult. 3*586, and2;io46, 
and 0*8372, and 0*0294 ail 
together. 

Numbers. Logs. 
3-586 - 0-5546103 
2*1046 - 0*3231696 
08372 —1*9228292 
0*0294 —2*4683473 

Prod. 0*1857618—1*2689564 

Here the 2 to carry cancels 
the —2, and there remains 
the —I to fet down. 

Dxvi~ 
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Division by Logarithms. 

% • * *—■ » 

RUBE. 

From the logarithm of the dividend fubtrad the loga¬ 
rithm of the divifor, and the number anfwerkig to the re¬ 
mainder will be the quotient required. 

Obferving to change the fign of the index of the divifor, 
from affirmative to negative, or from negative to affirmative; 
then take the fum of the indices if they be of the fame name, 
or their difference when ol different fign?, with the fign of 
the greater, for ihe index to the logarithm of the quotient. 

And alfo, when t is borrowed, in the left-hand place of 
the decimal part of the logarithm, add it to the index of 
the divifor when that index is affirmative, but fubtrad it 
when negative ; then let the index arifihg front thenc^ be 
changed, and worked with as before. 

EXAMPLES. 

i. To divide 24163 by 4567.1 
Numbers, Logs. 

Dividend 24163 4'3^3i5°9 
Divifor 4567 - 

Quot. 5*290782 0*7235199 

3. Divide *06314 by *007241. 
Numbers. Logs. 

Divid. *06314 —2*8003046 
Divfor • 007241 —3 ‘8597 985 

I f ,.mj . .1   

Quot. 8*719792 0*9405061 

Here f carried from tbq 
decimals to the —3, makes it 
become — 2, which taken f rom 
the other —2, leaves o re¬ 
maining. 

2.To divide 37*149 by 523*76, 
Numbers. Logs, 

Dividend 37* 149 — 1*5699471 
Divifor 523*76^-27191323 

Quot. *07092752^2*8508148 

4.T0 divide *74386712*9476, 
Numbers. Logs. 

Divid. *7438 —1*8714562 
Divifor 12*9476 1*1121893 

Quo*. *05744^94^2-7592669 

Here the I taken from the 
—1, makes it become—2, to 
fqt down. 

x Note. As to the Rule-of-Three, or Rule of Proportion, 
it is performed by adding the logarithms of the 2d and 3d 
terms, and fubtrading that of the firft term from their fum. 

' Inyo- 
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Involution by Logarithms. 

RULE. 

Take out the logarithm of the given number from the 

table. 
Multiply the log. thus Found, by the index of the power 

pro poled. 
Find the number anfwering to the product, and it will be 

the power required. 

NotK In multiplying a logarithm with a negative index, 
by an affirmative number, the product will be negative. 

But what is to be carried from the decimal part of the 
logarithm, will always be affirmative. 

And therefore their difference will be the index of the 
product, and is always to be made of the fame kind with 
the greater. 

. . .. 1 * ‘ \ ~ 

EXAMPLES. 

i. To fq-uare the number 

* 2-5791. 
Numb. Log. 

Root 275791 - 0*4114682 
The index - - 2 

Power 6*651756 0*8229364 

3. To raife *09163 to the 4th 
power. 

Numb. Log. 
Root *09163 —-2*9620377 

The index - - 4 

2. To find the cube of 

3*07146'. 
Numb. Log. 

Root 3*07146 - 0*4873449 

R he index — - 3 

Po. *000070493-8 —5*8481508 

Here, 4 times the negative 
index being — 8, and 3 to 
carry, the difference —3 is 
the index of the product. 

Power 28-97575 1 ’4620347 

4. To raife 1*0045 to the 
365th power. 

N umb. Log. 
Root 1*0045 — 0*0019499 

N The index — 365 

97495 
116904 

5S497 

Power 5*148888 *7117135 

Evo- 
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Evolution by Logarithms, 

Take the log. of the given number out of the table. 
Divide the log. thus found, by the index of the root. 
Then the number anfwering to the quotient, will be the 

root. 

Note. When the index of the logarithm, to be divided, is 
negative, and does not exactly contain the divifor, without 
fome remainder, increafe the index by fuch a number as 
will make it exaflly divifible by the index, carrying the units 
borrowed, as fo many tens, to the left-hand place of the 
decimal, and then divide as in whole numbers. 

Ex. 1. To find the fquare root 
of 365. 

Numb. Log. 
Power 365 2 ) 2*5622929 
Root 19*10498 1*2811465 

Ex. 2. To find the gd root of 

12345- 
Numb. Log. 

Power 12345 3)4*0914911 
Root 23*11162 1*3638304 

Ex. 3. To find the 10th root 
of 2. 

Numb. Log. 
Power 2 - 10 ) 0 3010300 
Root 1*071773 0*0301030 

Ex. A.. To find the 26cth root 
of 1 *045. 

Numb. Log. 
Pcjwer 1*045 365)0*0191163 
Root 1*000121 0*000052 4 

Ex. 5. To find y *093. 
Numb. Lo£. 

Power *093 2)—2*9684829 
Root *304959 —1*4842415 

Here the divifor 2 is con¬ 
tained exactly once in the 
negative index — 2, and 
therefore the index of the 
quotient is —1. 

Ex. 6. To find the y*ooo4$. 
Numb. Log. 

Power *00048 3)—4*6812412 
Ro. -07829735 —2-8937471 

Here, the divifor 3 not being exactly 
contained in —4, it is augmented by zf 
to make up 6, in which the divifor is con¬ 
tained jull 2 times; then the z, thus bor¬ 
rowed, being carried to the decimal fi¬ 
gure 6, makes 26, which divided by 
3, gives 8, Sit. 

Ex. 7. To find x *ooi yT°T. 

Ex. 8. To find -^ltii.:oaV»3A.. 

7tttV37t x "°9VttV 
Ex. 9. AsyT : yyT-L^._T :; y.^ - ? 

Ex. Io. As VrSTToTT * ( TtVt ) i • • 
• • 

6TT 

V i o'5'T7'6 • 

ALGE- 
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ALGEBRA. 

DEFINITIONS AND NOTATION. 

t. Algebra is the art of computing by fymbois. It 
Is fometimes alfo called Analyfis ; and is a general kind of 
arithmetic, or univerfal way of computation. 

2. In this fcience, quantities of all kinds are reprefented 
by the letters of the alphabet. And the operations to be per¬ 
formed with them, as addition or fubtradfion, &c, are de¬ 
noted by certain Ample characters, inllead of being exprefled 
by words at length. 

3. In algebraical queftions, fome quantities are known or 
given, viz, thofe whofe values are known: and others un¬ 
known, or are to be found out, viz, thofe whofe values are 
not known. The former of thefe are reprefented by the 
leading letters of the alphabet, a, by c, dy 8cc ; and the latter, 
or unknown quantities, by the final letters, z, y, x, u, 8cc. 

4. The chara&ers ufed to denote the operations, are 
chiefly the following: 

-f- fignifies addition, and is named plus. 
— fignifies fubtradfion, and is named minus. 
X or . fignifies multiplication, and is named info, 
-f- fignifies divifion, and is named by. 
y fignifies the fquare root; y the cube root; y the 4th 

root, &c ; and y the /zth root. 
: :: : fignifies proportion. 
— fignifies equality, and is named equal to% 
And fo on for other operations. 

Thus a -j- b Ihews, that the number reprefented by'b is to 
be added to that reprefented by a. 

a — b {hews, that the number reprefented by b is to be fub- 
tra&ed from that reprefented by a. 

atnb reprefents the difference of a and by when it is not 
known which is the greater. • 

aby or a X by or a.b, denotes the produdt, by multiplier* 
tion, of the numbers reprefentedby a and 

Vo i.L ‘ ' 1 ;N - a~b% 
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a-—l, or-r, Vhews that the number reprefented by a is to 
- “ b 

be divided by that which is reprefented by b. 

- is the reciprocal of -, and - the reciprocal of a, 
b a a 
a ! b :: c : d denotes that a is in the fame proportion to b, 

as c is to d. 
x — a — b + c is an equation, (hewing that x is equal to 

the difference of a and b, added to the quantity c. 
.1 1 

,/a, or a1, is the fquare root of a; \/a, or aT, is the cube 
t V •' <Q‘ i ; : .2-. t • 

root of a ; and %ja2 or ar is the cube root of the fquare of a; 
n 

JL / — 
and ya, or am, is»the mi\\ rpot of a; and yd* or a™ is the 

«th power of the ?/zth root of a, or it is a to the - power. 
1 m 

a2 is the fquare of a; a3 the cube 6f a; «4 the fourth 
power of a ; and am the jwth power of a. 

a b X c, or (a + b) c, is the produ£f of the compound 
quantity a -f- b multiplied by the fimple quantity c. Ufing 
the bar —*—, or the parenthefis (J as a vinculum, to connect 
feveral quantities into one. 

L ~ ^ -'S'. ' ! 

a 4- b -=r a — b, or expreffed like a fradlion, is the 

quotient of a -j- b divided, by a —• b. 
~—.—— i 

^ ab 4- cd, or (ab -{- cd)1, is the fquare root of the com¬ 

pound quantity ab -{- cd. And c\f ab -j- cd, or c [ab -f- cd)1 
denotes the produdf of c into the fquare root of the compound 
quantity ab -j- cd. 

b — c3i or (a + b — r)3, is the cube, or third power, 
of the quantity.** 4- b — c. 

5<z denotes that the quantity a is to be taken 5 times, and 
7. (b-\-c) is 7 times b -f- c. And thefe numbers, 5 or 7, 
(hewing how often the quantities are to be taken, or multi¬ 
plied, are called Co-efficients. 

Alio {x denotes that x is multiplied by |; thus \ X x or 
. J- x • . • 4- ’ ' 

Like Quantities, are thofe Which confift of the fame 
letters, and powers. As a and 30; or 'lab and Apb ; or 
3a2be and — 5a2be. 

6. Unlike Quantities, are thofe which confift of different 
letters, or different powers. As a and b; or la and a* ; or 
Jab2 and 3abc. 
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7* Simple Quantities, are thofe which confift of one term 
only. A? 3a, or 5ab, or 6abc2. 

8. Compound Quantities, are thofe whic;h confift of two 
or more terms. As a -f- 3, or 2a — 3c, or c-J- 23 -^3^. 

9. And when the compound quantity confifts of two 
terms, it is called a Binomial, as a +3; when of three terms, 
it is a Trinomial, as a -f- 23— 'ic \ when of four terms, a 
Quadrinomial, as 2a —3b c — 4d\ and fo on. Alfo, a 
Multinomial or Polynomial, confifts of many terms. 

10; A Refidual Quantity, is a binomial having on? of the 
terms negative. As a — 2b. 

U. Pofitiveor Affirmative Quantities, are thofe which are 
to be added, or have the fign -J-. As a or 4- or ab: for 
when a quantity is found without a fign, it is underftood to 
be politive, or to have the fign ft- prefixed. 

12. Negative Quantities, are thofe which are to be fub- 
tradled. As — a, or — 2ab, or — 3ab2. 

13. Like Signs, are either all pafnive ( ft- ), or all nega¬ 
tive (—). 

14. Unlike Signs, are when fome are politive ( ft- ), and 
others negative ( —). 

15. The Co-efficient of any quantity, as ffiewm above, i$ 
the number prefixed to it. As 3, in the quantity 3ab. 

16. Idle Power of a quantity (a), is its fquare (a2), or 
cube (a3), or biquadrate (a4), &c ; called alfo, the 2d power, 
or 3d power, or 4th power, &c. 

ly. The Index or Exponent, is the number which denotes 
the powder or root of a quality. So 2 is the exponent of 
the fquare or fecond power a2 ; and 3 is the index of the 

cube or 3d power ; and \ is the index of the fquare root, a% 

or ^ a ; and 4 is the index of the cube root, aT or ya. 

18. A National Quantity, is that which has no radical 
fign (V) or index*annexed to it. As a, or 3ab, 

19. An Irrational Quantity, or Surd, is'that which has 
not an exa61 root, or is expfefied by means of the radical 

fign-y/- As T2» or^a, or3^2, or ab2. 

20. The Reciprocal of any quantity, is that quantity in¬ 
verted, or unity divided by it. So, the reciprocal of a, or 

is and the reciprocal of ^ is 
2 a 

N 2 
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21. The letters by which any fimple quantity is expreffed, 
may be ranged according to any order at pleafure. So the 
produft of a and b, may be either exprefled by aby or ba ; 
and the produ£i of a, b, and r, by either abcy or acby or bacy 
or bca, or cab, or eba; as it matters not which quantities are 
placed or multiplied firft. But it will be fometimes found 
convenient, in long operations, to place the feveral letters 
according to their order in the alphabet, as abcy which order 
alfo occurs moft eafily or naturally to the mind. 

22. Likewife, the feveral members, or terms, of which 
a compound quantity is compofed, may be difpofed in any 
order at pleafure, without altering the value of the fignifi- 
cation of the whole. Thus, 'la — 2^ + 4abc may alfo be 
written 3a + 4abc— 2aby or 4abc 2a — or— 2a£ + 3a 
4- 4abc, &c ; for all thefe reprefent the fame thing, namely, 
the quantity which remains, w+en the quantity or term 2ab 
is fubtra&ed from the fum of the terms or quantities yi and 
4abc. But it is molt ufual and natural, to begin with a po- 
fitive term, and with the firft letters of the alphabet. 

SOME EXAMPLES FOR PRACTICE. 

In finding the numeral values of various expreffions, or 
combinations, of quantities. 

Suppofing a — 6, and b = 5, and c = 4, and d=. I, and 
* = o. Then 

1. Will a2 -f* 3ab-c* = 36 4“ 90 — 16= no. 

2. And 2a3 — 2a7b 4-c3 =432 — 540 + 64= — 44. 

3. And a2 X a + b — 2abc =36 X II — 240 = 156. 

4. And -f- c* = ^^- + 16=12 + 16= 28. 
a + 3^ io 

5. And ^ 2ac + c2 or 2ac + c2 \ * = yj 64 = 8. 

6. And \f c 4-~5r- ~ = 2 + ~ = 7. 
\/2 ac-\-c2 " 

~a<:—3^ 1—35 

2tf — v/^2 + ^ 12 — 7 5 

8. And sj b2 — ac + V 2ac + r2 = I + 8 = 9. 

9. And \/ ^ + Vr~2^7"+T* = V 25 — 24 + 8 = 3. 

to. And a*b + c—dz=z 

Hr And $ab — lob2 + c = , 
12. And 
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a j d*b t 
12. And'— X d — 

c 

• » j & 4~ b b 
13. And-X-j- 

c a 

14. And 
a. *4~ b cl —— b 

a j a*b , 
15. And — 4- e = 

c 

16. And-^ x e = 
c 

17. And b — c X d — 

18. And a -{- b — c — d —— 

IQ. And cl 4~ b — c — d —• 

20. And a2c x d3 = 

21. And ^ — 

22. And «2* 4- 4- */=: 

• , b —e a 4- b 
23. And-r— x = 

a — e c — a 

24. And <J cl2 4- b2 — V"2 —b2 = 

25. And 3<7£2 4- Vfl3 —bz z=z 

26. And 4a2 — 2aV a* — ab\ = 

V 181 

ADDITION. 
- • " ’ > ' V N 

Addition, in Algebra, is the conne&ing the quantities 
together by their proper figns, and incorporating or uniting 
into one term or fum, fuch as are fimilar, and can be united. 
As 2a 4" lb — 2a = a 4- 2b> the fum. 

T he rule of addition in algebra, may be divided into three 
cafes ; one, when the quantities are like, and their figns like 
alfo; a fecond, when the quantities are like, but their figns 
unlike; and the third, when the quantities are unlike. 
Which are performed as follows*. 

CASE 

* The reafons on which thefe operations are founded, will readily 
appear, by a little reflexion on the nature of the quantities to he 

added* 
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C A S E I. 

WKen the Quantities are Lihey and have Like Signs : 

First fet down the common fign ; after which fet the fum 
of the co-efficients, found by adding them together ; to which 
annex the common letter or letters of the like quantities. 

added, or colle&ed together. For, with regard to the firfi: exam¬ 
ple, where the quantities are 3a and 5/?, whatever a reprefents in 
theone term, it will reprefent the fame thing in the other ; fo that 
3 times any thing and 5 times the fame thing, collected together, 
mull needs make 8 times that thing. As if a denote a frilling; 
then 3^7 is 3 (hillings, and 5* is 5 (hillings, and their fom 8 (hil¬ 
lings. In like manner, —2 ab arid —*jab, or —-2 times anything, 
an(l —1 times the fame thing, make —9 times that thing. 

As to the fecond cafe, in which the quantities are like: but the 
figns unlike; the reafon of its operation will eafily appear, by re¬ 
flecting, that addition means only the uniting of'quantities toge- ' 
ther by means of the arithmetical operations denoted by their figns 

and —, or of addition and fubtraCtion; which being of con¬ 
trary or oppofite natures, the one co-efficient mull be lubtra&ed 
from the other, to obtain the incorporated or united mafs. 

As to the third cafe, where the quantities are unlike, it is plain 
that fuch quantities cannot be united into one, or otherwife added, 
than by means of their figns: thus, for example, if a be fuppofed 
to reprefent a crown, and b a frilling; then the fum of a and b 
can be neither 2a nor 2by that is. neither 2 crowns nor 2 (hillings, 
but only 1 crown plus 1 frilling, that is a -{- b. 

In this rule, the word addition is not very properly ufed ; being 
much too icanty to exprefs the operation here performed. The 
bufinefs of this operation is to incorporate into one mafs, or alge¬ 
braic expreffion, different algebraic quantities; as far as an a&ual 
incorporation or union is poffible ; and to retain the algebraic 
mark s for doing it, in cafes where the former is not poffible. When 
we have feveral quantities, fome affirmative and fome negative; 
and the relation of thefe quantities can in the whole or in part be 
difeovered ; fuch incorporation of two or more quantities into one, 
is plainly effected by the foregoing rules. 

It may feem a paradox, that what is called addition in algebfa, 
fhould fometimes mean addition, and fometimes fubtraCtion. Biit 
the paradox wholly arifes from the fcantinefs of the name given to 
the algebraic .procefs; from employing an old term in a new and 
more enlaiged fenfe. Inliead of addition, call it incorporation, or 
union, or finking a balance, or any name to which a more exten- 
five idea may be annexed, than that which is nfually implied by 
the word addition; and the paradox vanifres. 

Thus, 
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Thus, 3*z added to 5<z, makes 8<z. 
And — 2ab added to — yab, makes — 9 ab. • 
And $a -f- yb ^dded to 7a 4- 3^, makes I2a 4- io£„ 

OTH^R EXAMPLES FOR PRACTICE. 

5 « — 6 bx 8 i#7 

7 a — 2 bx 7 ^*7 
8 k — 2 bx 3 % 

lo <z — 7 4 bxy 
2 — Av 5 bxy 

■r- 5 bxy 
’ ' •* ' 

33 * — 24 28 bxy 
. 1 

2 7 5 *2 4- 5 *7 y ax — 4y 

5 7 2 xz 2 xy 8 ax — 3'y 

7 y x2 4* 3 *y 6 ax — 2y 

4 y 7 xz 4" 8 *7 4 ax— 27 
3 7 *2 4- **7 2 ax — 27 

217 17 *2 4“ *9*7 2 yax—147 
'***' • ■!*•* >» 

.6 *y * 2 72 5 <?—4 ^ 
15 ^ — 87* y a — 6 b 
2 ATJ — 7/2 4“ — 3b 
7 *7 - /* 2 a —Si 

It xy — 6 y2 6 a — b 

■1 *r — 2 a — 2 b 

1 
20 — 15 x\ — 2 xy 

35 — 13 *1 ~ 4 xy 
l8 — 12 — 3 *7 
12 — 14 *2 — 8 #7 
lo — 2 8 x1 — 2 xy 

y xy — 5 x-\- 3 
3 ,*7 — x-\- 2 ^ 
2 *7 — 3 *4" 2 
2 xy — 4 #4“ 8 ab 

5*y — 3*+ «b 

r 

CASE 
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CASE II. 

When the Quantities are Like, but have TJnlike Signs: 

Add all the affirmative co-efficients into one fum, and all 
jhe negative ones into another, when there are feveral of a 
kind. V 

Subtraft the lefs of thefe fums from the greater, and to 
the difference prefix the fign of the greater, and fubjoin the 
common quantity. 

i 

So -f- 5a and — yi, united, make 4* 'la. 
And — 5a and + 30, united, make — 2a. 

OTHER EXAMPLES FOR PRACTICE.' 

— 2 as 

+ 7 a 
4- 8 a 
— a 
— 'la 

-f- 8 axz 
-j- 7 ax2 
— 3 ax2 
— 4 ax2 
4- 4 ax2 

4- 6 x3 -f- 8y 

— 3 *3 4- 7y 

— 13 *3 4- 8y 

4- 2X3 —2y 

4- x3 —■ y 

4- 9 a -f* 12 ax2 — 7 *3 +197 

— 2 a* 
-0 
— Ha2 

4* lo a2 

4-13 a<i 

+ 8 'b2y3 

e -j" ^ b2y3 
— io b2y 3 
*— 20 b2y3 

« — b2y3 

— 2 ab 4- 7 
4 3 ab — io 

4" 3 ab . 6 
ab 4" 2 

— 2 ab 4* II 

X 
— t.laxz 

x 
4* axx 

— 6^/ax 

4- 2 \/ ax 

x 
— 2y 4“ 2axz 

4- jf 4 

— 3 ax1 
x 

— t>\J ax — 7/ — 

4- jaxx 4” 10 ij ax 4- 5J 4- 3**1 

CASE 

t 
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CASE III. 

When the Quantities are Unlike. 

Having colle&ed together all the like quantities, as in 
the two foregoing cafes, fet down thofe that are unlike, one 
after another, with their proper figns. 

EXAMPLES. 

x 

5 *y 
4ax 

2 xy — ic*2 

— 3x2 4m xy 
2ax — 150 4“ 2*z 

3x2 4* 2ax 4“ 

— xy 
—4^x. . 

•— 8#? — xy 
— xy 4* 9x2 

Cry — lx2 4- 50 
V*4- 100— 5*2 

Axy xy — I2#2 4ax 4- 4.x2 4- 5xfy 

6x2y1 
— 4x2y 
— 2 axy 

— 2*2y 

12 ax — x2 

4ax 4- xy 
3y2 — ax 
lx2 — 24 

6 4- lo^/ax — 3y 
x 4- A \l xy 4- 3y 
y — 2 V ax — 3y 

204- 3 V ax— 2y 

>'U ;' ‘ ’ . . . r, 

i 

3x2y . I4J x — 87 a2 — 8 4“ x2 — 2 
— 2#)>2 3 \/ xy 4-10# a — io-j-a2—x 
— 37 2 # 2* 4- V*4“7 a*2 — a2 4-8 —4 
— OAT2^ — 8 -j- lo — a —x2—y 

Add a 4- h and 3a — 5b together. 
Add 5a — 8* and 3a — 4* together. 
Add 6x — $b a 4* 8 to — Sa — Ax + 4^ — 3. 
Add a + 2b — 3c — 10 to 3^ — 4# 4* Sc 4" 10 and 5^ — c. 
Add a -j- b and a — b together. 
Add 3a b — 10 to c — d— a and — \c + 2a — 3^“^ 7- 
Add 3a2 b2 — c to 'lab — 3a2 be — b. 
Add az *4* b2c — b2 to abz — abc 4- b2. 
Add 9a — 8b 4* 1 ox — 6d — 7^+5° to 2x — 3a —■ $e 

4" 4^ 4” ~~~ to* 

SUB- 
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SUBTRACTION. 

RUL E*. 
< * i t t f * f r ■ • ► 

Set’,down in one line the firft quantities from which the 
fubtra&ion is to be made; and underneath them place all 
the other quantities compofmg the fubtrahend; ranging the 
like quantities under each other, as in Addition. 

Then change all the figns ( -}- and —) of the lower line, 
or conceive them to be changed ; after which, colletfl all the 
terms together as in the cafes of Addition. 

EXAMPLES. 

$a2 — 2h 
.2 a2 — 

6x7 — 8y + 3 
2.x2 + 9y — 2 

$xy — 2 4-8x — y 
ycy — 8 — &*• — 3^ 

+ 3 b 4*’ — 177 + 5 2xy 4-64-16*4- 2y 

1 
w

 

+
 

1 
| 

00
 0

0 2y2 — y — 1 

y2 4- y 4- 1 
— 10 — 8* — 3jyy 

xy— Jx 4- 3 —4ay 

4 xy — 16 * y2 — 2y — 2 — 13 — a* — 4*y4- 

5x2y v— 8 \\J xy — xy/.xy $x2 4- V x — 8 — 4b 

—3 x2y + 1 2\J' xy 4- 24*7 
A 

6#2 — io*4- 4& — xr 

* This rule is founded on the confideration, that addition and 
fubtraftion are oppofite to each other in their nature and operation, 
as are the figns -f- and , by which they are e^preffed and repre- 
fented. So that, iince to unite a negative quantity with a pofitive 
one of the fame kind, has the effect of diminilhing it, of fubduft- 
ing an equal pofitive one from it, therefore to fpbtraft a pofitive 
(which is the oppofite of uniting er adding) is to add the equal 
negative quantity. In like manner, to fubtratt a negative quan¬ 
tify, is the fame ineffeft as to add or unite an equal pofitive one. 
So'that, by changing the ,fign of a quantity from 4* to—, or 
from — to changes its nature from a fubdudtive quantity to an 
additive one; and any quantity is in effeft fubtra&ed, by barely 
changing its fign. 

3 *y 



MULTIPLICATION. 

3xy— 20 4*3 — 3. (a-\-b) xy3 -f- lon<J ^4.10] 

3xy—30 3.V2 — 8. (a b) x2y2 4“ 2a^(xy-\-to) 

From a 4- b, take a — b. 
From 40 4~ 4b, take J> 4- m. 
From 4a — 46, take -f 3*7. ^ _ 
From 80 — 12*, take — 4x 4* 30- 
From 2x — 40 — j6-f- 5, take 8— $b -f- 0 -f- 6#. 
From 3# 4- £ -}- c — d-io, take c -4- a — d. 
From 30 4- b 4- c — d — 10, take b — 104- 3a. 
From 2ab 4--h2 —c 4- be— b, take 3a2 —c 4- b2, 
From az 4- b2c 4- ab2— abc, take b2 4- ab2 —abc. 
From I2* 4- 6a—4b40, take 4b—3a 4- 2x 4- 6d—10. 
From 2x—304-4^ 4- 6c— 50, take904-x4~8^—6c—40. 
From 6a — 4b— I2r 4- I2x, take 2x — 30 4- 4b —$c. 

„ ' 0 

• " '■'■HI I l'rH58H^^S3Shfaa»iig3gwi»i«L.i - 

MULTIPLICATION. 

CASE I. 

When both the Factors are Simple Quantities, 

RULE. 

Multiply the co-efficients of the two terms together, 
then to the produdt affix all the letters in thofe terms, and 
the refult will be the whole produdl required. 

■Note*. Like figns produce 4", and unlike fignS —. 

EXAM- 

* That like figns make and unlike figns—, in the pro- 
dudl, may be (hewn thus . 

1. When 4- a is to be multiplied by 4“ b; this implies that 
+ a is to be taken as many times as there are units in b; and fines 
the film of any number of affirmative terms is affirmative, it fol¬ 
lows that 4* a X 4* b makes 4" 

2. When 
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E X A MPLES. 

12 a — 2 a Sa — 9* 

: 3 b 4r 4^ — 6x -sb 

3 Cab — Sab — 3oax 4*45^ 

70b 6a2x — x2y — 7*y 
— 5 ac Sx r xyz ' — *y 

—35a2he 30a2 xz — x*y3 + jx'y* 

— Sax — ax + Sxy — yxyx 

3* — 7^ — 3 -r- 6ax 

CASE II. 

When one of the Factors is a Compound Quantity. 

RULE. 

Multiply every term of the multiplicand, feparately, by* 
the multiplier, as in the former cafe; placing the produffs, 
one after another,' with the proper ligns; and the refult will 
be the whole produft required. 

2. When two quantities are to be multiplied together, the re¬ 
fultwill be exa&ly tfie fame, in whatever order they are placed ; 
for a times h is the fame as b times a ; and therefore, when — a is 
to be multiplied by 4r b, or -f* b by — a: this is the fame thing 
as taking — a as many times as there are units in q- b ; and fince 
the fum of any number of negative terms is negative, it follows 
that — ^ X Hr or -f- X —5make or produce — ab7 

3. When—a is to be multiplied by—b: here —<2 is to be 
fubtratled as often as there are units Tn ^ : djurfubtrafting-nega- 
tives is the fame thing as adding affirmatives, by the demonftration 
of the rule for fubtra&ion ; confequently the produft is b times a, 
or _ _. _ 

Otherwife. Since a— a — o, therefore (a — a) x is alfo 
==. o, becaufe o multiplied by any quantity, is fill but o ; and fince 
theJirft term of the produft, or^ a x — b is =2 — abby the fe- 
cond cafe ; therefore the laft term of the p7odufl7“dr ~ a q- — b, 
muftjbe -f- ab, to make the fum = 0, or — ab 4- ab = o j that 
is, — a X — b = + 

EXAM- 
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4 a — 2b 

3a • 

12 a2 — 6ab 

EXAMPLES* 

6xy — 8 
2x 

a2 — 2* + 6 
xy 

I2x2y— 16x a2xy—2x2y-\-6xy 

I3 x — ab 
12 a 

35* — 7a 
— x 

y — 8 4- 2xy 
xy 

2.x* 4* x 
2xy 

I2xz — 4y' 
— 2x2 

2y2 

3 xf 
8;r 7X 

CASE III. 

When loth the Factors are Compound Quantities. 

RULE. 

Multiply every term of the multiplier into every term 
of the multiplicand, refpeCtively; fetting down the pro¬ 
ducts one after another, with their proper figns; and add 
the feveral lines of produdls all together for the whole pro¬ 
duct required. 

x y 
x 4* y 

5* 4- 4y 
3X — 2y 

X2 4- xy 15*2 4~ t2xy 
4“ xy 4-y2 — 1 oxy — 8y' 

x2 *4- xy —y2 
x — y 

x3 4- x2y —xy2 

— x2y — xy2 4*>’3 

x2 4*2xy4*^2 xSx2 4* 2xy — 8y2 x2 * — 2*y2 -f* ) 

* + y 
*—y 

x2 4- y 
x2 4- y 

x2 4“ xy x4 4* yx* 
. — xy-~y* 4* yx2 4-J* 

x* 4* xy 4“ y1 
x —y , 

x3 4* x<2y 4" xy* 

— x2y — icy2 —y* 

x* * — y% x4 4“ tyx* 4-y* y* 

Note. 
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Note* In the multiplication of compound quantities, it is 
the bell way ro let them down in order, according to the 
powers and the letters of the alphabet. And in multiplying 
them, begin at the left hand fide, and multiply from the leu 
hand towards the right, in the manner that we write, which 
is contrary to the way of multiplying numbers. But in 
fetting down the feveral produ&s, as they arife, in the fecond 
and following lines, range them under the like terms in the 
lines above, when there are fuch like quantities ; which is 
the eafieft way for adding them up together. 

In many cafes, the muUiplication of compound quan¬ 
tities is only to be performed by fetting them down one after 
another, each within or under a vinculum, with a fign of 
multiplication between them. As (a -f- b) X (a -f- h) x 3tf/>, 

or a -j- b . a — b . 3ab, 

EXAMPLES FOR PRACTICE. 

r. Multiply i2tfy.by 3a. Anf. yfi^x. 
2. Multiply 4.x2 — 2y by 2y. Anf. 8x2y—4y2. 
3. Multiply 2x -h 4y by 2x — 4y. Anf. 4x2 — i6y2. 
4. Multiply x2 — xy y2 by x -f■ y. Anf. x3 -f- y3. 
5. Multiply x3 ~\-x2y~\~ x)>2 ~h y3 by x—y. Anf. at4—y4. 
6. Multiply x2 -\-xy y2 by x2—xy-\~y2. . 
7. Multiply 3*2 — 2xy 5 by x2 -j- 2xy — 3. 
8. Multiply 2a2 — 3ax -f 4X2 by <ya2 — 6ax — 2x2. 
9. Multiply 3A*3 + 2x2yz + 3/3 by 2x3 — 3^2J2 -Jr $y3* 

10. Multiply a2 -j- ab-\~ b2 by a —b. 

DIVISION. . . — 

Division in algebra, like that in numbers, is the con- 
verfe of multiplication ; and it is performed like* that of 
numbers alfo, by beginning at the left hand fide, and divid¬ 
ing all the parts of the dividend by the divifor, when they 
can be fo divided; -or elfe by fetting them down like a 
fra&ion, the dividend over the divifor, and then abbreviat¬ 
ing the tra&ion as much as can be done. This will natu¬ 
rally divide into-the following particular cafes. ' 

CASS 
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CASE I, 

•When the Divifor and Dividend are both Simple Quantities. 
■’ 'v K » *-•>*** « ■ k \ . - . » • * v . % \ \ . v . r> w » • * • v* v - . st\ r i 

.RULE. 

Set the terms both down as in divifion of numbers, either 
the divifor before the dividend, or below it, like the deno¬ 
minator of a fraction. Then abbreviate thefe terms ds 
much as can be done, by cancelling or Unking out all the 
letters that are common to both of them, and alfo dividing 
the one co-efficient by the other, or abbreviating them alter 
the manner of a fraction, by dividing them by their common 
meafure.- . 

Note. Like figns in the two fatlors make *-f- in the quo¬ 
tient ; and unlike figns make —; the fame as in multipli¬ 
cation *. 

i. 

EXAMPLE 

To divide 8ab by 2a. 

Here Sab 4- 2a, or 2a) Sab, or 

2. Alfo a a — — — i; and abc 4 
a 

3. Divide 16** by Sx. 

4. Divide 12a2x2 by — 3a2x. 

5. Divide— i^ay2 by 3ay. 

6. Divide — ISax2y by 8axz. 

Anf, 2x. 

A nf. — 4^ 

Anf. — 

Anf. Vl, 
4 2 

* Becdufe the divifor multiplied by the quotient, tnuft produce 
the dividend. Therefore, 

t. When both the terms are -j-, the quotient muft be *f- ; be- 
caufe 4- in the divifor x 4* in £ke quotient, produces 4- in the 
dividend. * 

2. When the terms are both —. the quotient is alfo -}- ; be- 
caufe — in the divifor X + in the quotient, produces —- in the 
dividend. 

3. When one term is 4“ and the other —, the quotient muft be 
— ; becaufe 4* in the divifor X — in the quotient produces — in 
the dividend, or — in the divifor X + in the quotient gives — 
in the dividend. 

So that the rule is general, like figns give 4*> and unlike lighs 
give —, in the quotient. 

CASE 
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CASE II* 

When the Dividend is a Compound Quantity, and the Divifor a 
Simple one. 

RULE. 

Divide every term of the dividend by the divifor, as in 
the former cafe. 

EXAMPLES. 

I. (ab^b*) 4- 2^, or 
ab-\- b2 a -J- h 

. ' ~ ■ U ' \a -f* \b. 2 b 4 2 

2. (roab + \$ax) -r-.Sa> or 2b + 3*. 

3. (30^2; — 482s) -f- Z, or 3°aZ ^ = 30# 48. 

4. Divide \ab—Sax *-j- a by 2a. 
5. Divide 3V2 —~ 15 -4* 6* 3^ by 3^. 
6. Divide ^abc I2abx — 90^ by 30^. 
7. Divide io«2^—I5*2 — $x by 5*. 
8. Divide 15a1 be— 12acx2 5ad2 by — $ac. 
9. Divide 120 4“ 3ay— l8y2 by 210. 

io. Divide — 40a^b2 -{- 6oab3 by — 6ab. 

CASE III. 

When the Divifor and Dividend are both Compound 
Quantities. 

RULE. 
., * 1 r.i~Z.. . ' * ^ . 

1. Set them down as in common divilion of numbers, 
the divifor before the dividend, with a fmall crooked line 
between them, and ranging the terms according to the 
powers of fomeone of the letters in both, the higher powers 
of it before the lower. 

2. Divide the firft term of the dividend by the firfl term 
of the divifor, as in the firft cafe, and place the refult in 
the quotient. 

3. Multiply the whole divifor by the term thus found, 
and fubtradf the refult from* the dividend. 

4. To this remainder bring down as many terms of the 
dividend as are requifite for the next operation, dividing as 
before ; and fo on to the end, as in common arithmetic. 

' * 1 

- Note 



DIVISION. 
m 

'Note. If the divifor be not exaflly contained in the divi¬ 
dend, the quantity which remains'after the operation is 
finifhed. may be placed over the divifor, like a vulgar frac¬ 
tion, and let down at the end of the quotient, as in common 
arithmetic. 

\ / ^ ' / 
% 

EXAMPLES. 

x -{- y ) x2 -{- 2xy + y2 ( x 4- y 
x2 4- xy 
■ r - - - -- . . A 

xy + y2 
xy 4- y2 

a 4- x ) a3 4- Sa2x 4* 5ax2 + *3 ( «2 + Aax + 
a3 4* a2 x 

4a2x 4* Sax2 
4a2x 4* 4ax2 

ax2 4- * 3 
ax2 4- x * 

3 ) x3 — gx2 4- Zyx r-• 27 (*2 — 6x 4- 9 
•y3 — 3*2 
9 — - 

— 6*2 4- 27* 
— 6x2 4~ 1^x 

gx — 27 

9X— V 

<7 — x j a3 —- ji:3 ( «2 4 4 
a3 — a2x 

a2 x — x3 
a2x — ax2 

ax1 
ax5 

*3 

VOL. I. o i — y) 
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b — y) b* — 2y* { b3 -f b2y + by* + / ~Y—y 

bA — /£3y 

b3y — 3y4 

b3y — b2yz 

b2y2 — 3 y* 
b2y2 — by3 

bf — 3 yx 
by3 — y4 

— 2)/4 

EXAMPLES FOR PRACTICE. 

1. Divide a2 + 2ax x2 by a x. Anf. a 4* x. 
2. Divide a3 — 3a2y 4- 3ay2 —y3 by a —y. 

Anf. a2 — 207 4* y2* 
3. Divide 1 by 1 — at. Anf. 1 4- x 4- x2 -j- x3 4* 
4. Divide — 96 by 3* — 6. 

Anf. 2X3 4" 4*2 4" 4~ *6. 
5. Divide a5 — 5«4a 4* io«3a'2 — io«2a3 4* 5ax4 — x* 

by <22 — 2ax 4" x2 - Anf. a3 — ^a2x 3«a2 — A'3. 
6. Divide 48A3 — y6ax2 — b\a2x 4- 105a3 by 2x — 3#. 
7. Divide y6 — 3)’4*v2 + 3y2A-4 — a16 by y3 — 3y2,v Hh 

- yyX*   A" 3 . 

8. Divide aTj — x5 by a — x. 

9. Divide a3 4* 5a2 x 4" 5ax2 + x3 by a 4- x, 
10. Divide a4 4* 4<»2^2 4* 3^4 by a 4* 2A 

ALGEBRAIC FRACTIONS. 
* ' I 

Algebraic Fractions have the fame names and rules 
of operation, as numeral fra&ions irj common arithmetic; 
<is appears in the following Problems; 

PRO- 
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PROBLEM I. 

To Reduce a Mixed Quantity to an Improper Fraction. 

RULE. 

Multiply the integer by the denominator ©f the fraflion, 
and to the produdf add the numerator; then the denomi¬ 
nator being placed under this fum, will give the improper 
fradlion required. 

EXAMPLES. 

i. Reduce 3A, and a-to improper fraflions. 

Firft, £= 

And, a — - 

3X7“^5-==2i+5 

, 7 7 
7 a X c —~ b ac — 

- — the Anf. 
7 

the Anf. 

DC ^ C ^ , 
2. Reduces -and x---- 

a x 

x ;2 
- to improper fra&ions, 

Firft, * + — = -><a + xl — °X +•- the Anf. 
an a 

x2 — a2 x2 2a?2 • 

And, 
a x2 

A? 
<2- 

Anf. 
* X ^ X 

3. Reduce 8y to an improper fraffion. 
. . a_Qx 

4. Reduce 1 — r— to an improper fra&ion. Anf. 

Anf. y2. 

u a 
Cl AT | x 2 

5. Reduce ,v-—— to an improper fra&ion, 

w_^ ^ ^ 

6. Reduce 10 4* 7- t0 an improper fraction. 
3* , - 

7. Reduce a -{- -^- to an improper fraction. 

X - - o 
8. Reduce 1 -f- 2,v-— to an improper fra&ion. 

5* 

PROBLEM II. 

To reduce an Improper Fraction to a Whole or Mixed 
Quantity. 

R U L E, 

Divide the numerator by the denominator, for the in¬ 
tegral part ; and place the remainder, if any, over the de¬ 
nominator, for the fradiional part; the two joined together 
will be the mixed quantity required. 

O 2 EXAM- 
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EXAMPLES. 

♦ , 2 

I. To reduce 'T7 > and -* ' to mixed quantities. 

Firft, y == 17 r 5=; 3f» the Anfwer required. 

And 
tfx -f a' 

x 
ax ^ a1 JrX~aJr~~ Anf. 

2. To reduce 
ab — and ^ 2 — to mixed quantities. 

« -f J 

Firft, - = ai a3 ~ b z=z a — Anf. 

Andi = «y + ^2^° + r = ^ + j+7 

. Let V, and 3*^..-7z4t be reduced to whole or mixed 3. J-rt.1. -g- 

quantities Anf. 44» and 3^ — 

4. Let and be reduced to whole or mixed 
2x a — x 

quantities. 
3 51 /i 3 3 

rt Let * and '■ SZ.L. be reduced to whole or 
ac 4-y # — y 

mixed quantities. 

6. Reduce IC*.* —— to a mixed quantity. 

7. Reduce 

5* 
i2ac3 4- 3*2 

4AC3 4- AC3 - 4AC - I 
- to a mixed quantity. 

PROBLEM III. 

To Reduce Fractions to a (Common Denominator. 

RULE. 

Multiply every numerator, feparately, into all the de¬ 
nominators except its own, for the new numerators; and all 
the denominators together, for the common denominator*. 

* When the denominators have a common divifor, it will be 
better, inftead of multiplying by the whole denominators, to mul¬ 
tiply only by thofe parts which arife from dividing by the com¬ 
mon diyifor. 

EXAM- 

4 
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EXAMPLES. 

I. Reduce ~ and ~ to a common denominator. 
b c 

ac a X c : 
b X b — b 

2 j> the new numerators. 

b X c = be the common denominator. 

therefore and— = 7— and ~ the fractions required. 
b c be be 

2. Reduce , and to a common denominator. 
be a 

a X c X d — acd 
b X b X d— b2dy the numerators. 
c X b x c — cub 

b x c X d=z bed the com. denom. 
r a b . e acd b2d .c2b . r ♦ . . , 

therefore T, - , and - = —, . and 7-7, the frac. required, > 
be a bed bed bed 

2X D • 
3. Reduce -- and — to equivalent fra&ions, having a 

common denominator. 
A r 2ex , ab 
Anl. — and —. 

ac \ ac 

4. Reduce ~ and to fra&ions having a common 

denominator. a __r ™ at> 4* b* Anl. ~r and- 
be be 

2x 2b 
c. Reduce — ,—•, and d, to fra&ions having a common 
J 2a 3c 

. r oex 4ab 6acd 
^nominator. Am.-7- , 7— , and -r— 

vac vac vac 

*2 2\! 2x 
6. Reduce —, -1- and a -, to fra&ions having 

4 3 ~ a b 
a com¬ 

mon denominator. 
. r qa 8ax . 12a2 -4- 2Ax 

Ani. — , —, and — 
12a 12a 12 a 

1 a2 a2 —I— x2 
7. Reduce —, — and--—- to a common denominator. 
' 23 a-fx 

be d 
8. Reduce •——. and — to a common denominator. 

2a2 2a a 

p Ri>- 
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PROBLEM IV. 

To find the Great eft Common Meafure of the Terms of a 
Fraction. 

RULE*. 

I. Range the quantities according to the dimenfions of 
fome letters, as is fhown in divilion. 

2 Divide the greater term by the lefs, and the laft divifor 
by the laft remainder, and fo on till nothing remains ; then 
the divifor laft ufed will be the common meafure required. 

Note. All the letters or figures which are common to 
each term of the divifors, muft be thrown out of them, be¬ 
fore they are ufed in the operation. 

EXAMPLES. 

1. To find the greateft common meafure of 

cx x2 ) ca2 -j- a2x 
or c “f~ x ) ca2 -j- a2 x ( a2 

ca2 + a*x 

cx -f- x7 

ca2 -f- a2x' 

Therefore the greateft common meafure is r 4~ 

2. To find the greateft common meafure of 

x2 4“ ^bx 4- b2 ) x3 — h7x ( x 
x3 4- zhx2 4" h2x 

X' ■ X 

x2 4- ~bx 4- b2' 

— 2bx2 — 2b2x [ x2 4“ 'Zbx 4- b2 
or x 4" b ( x2 4- 0.kx 4~ b2 ( x -j- b 

x2 4~ bx 

bx 4* b2 
bx 4~ b2 

Therefore x 4~ b is the greateft common divifor. 

x2 
3 To find the greateft common divifor of — 

xy y 
Anf. x -j~ 1. 

* The fimple divifors; in this rule* 
fpe&ion. 

may be eafily found, by in- 

4, T© 
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4. To find the greateft common divifor of 

5. To find the greateft common meafure of 
+ 10a4b rj- 5a3 b2 

x‘ b4 

•*° -j- b.2x* * 
Anf. a:2 4- b'\ 

a 3 b -J- 2«2b2 4“ 2ab3 4" b4 

PROBLEM V. 

To Reduce a Fraction to its Loweft Terms. 

RULE. 

1. Find the greateft common meafure, as in the laft 
problem. 

2. Divide both the terms of the fradfion by the common 
meafure thus found, and it will reduce it to its loweft terms* 
as was required. 

3. Or divide the terms by any quantity which it may 
appear will divide them both. 

EXAMPLES. 

f cx —j— X2 * 
1. Reduce —-— -- to its loweft terms. 

ca2 -j- a x 
a ft- x2 j ca2 -\- a2x 

or c x ) ca2 a2x [ a2 

ca2 a<?'X 

' 1 

.OiJ 

Here cx + x2 is divided by x which is common to both 
terms. 

Therefore c-\- x ,s t^ie greateft common meafure, 

and c 4- x ) ■ CX ~t~ X — == , is the fraff ion required, 
* ‘ ca2 4~a v’ " ' ■ x Cl‘ 

X' b2 x 
3. Having | "TbF~\ b2 11 1S reftuirec^ to reduce 

it to its leaft terms. 
x2 + Tbx 4-Z»2 ) x3 — b2x { x 

x3 4" 2bx2 4™ b2x 

~ 2bx2 — 2b2x ) x2 4- 2bx-^-b2 
or x 4~ b ) x2 4~ 2bx 4- b2 (x Jfb 

x2 4- bx 

bx 4- b2 
bx 4- b 2 

Thererore 
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Therefore x -J- b is the greateft common meafure. 

and x + b) 
X' b\ X‘ bx. 

x2 + 2bx + b2 x 4“ b 

b4 

is the fra&ion required. 

3.. Reduce —-,2—- to its loweft terms. Anf. 
X r~ D X 

x2 4- b2 

x- 

4. Reduce 

5. Reduce 

6. Reduce 

x2 — y2 
-— to its loweft terms. 

y X4 — v* 
Anf. 

a‘ x 

a a2x — ax2 -f- 

x2 4~ y2 

to its loweft terms. 

5a5 + ioa*x 4- $a3 x- 
to its loweft terms. 

a3x 4“ 2a.2x2 4- 2ax3 4~ x4 
> . 

PROBLEM VI. 

To Add Fractional Quantities together. 

RULE. 

1. If the fractions have a common denominator, add all 
the numerators together, then under their fum write the 
common denominator, and it will give the fum of the frac¬ 
tions required. 

2. If they have not a common denominator, reduce them 
to a common denominator, and then add them as before. 

^ * 

EXAMPLES. 

. X X 
l. Having —and — given, to find their fum, 

2 3 

Here *v * 5 r the numerators. 
X X 2 = 2X J 

and 2X3 — 6 the com. denom. 

- is the fum required. theref. ^ 4 ^ 
6 o 

1 fi £ e 

2- Having -j, -j, and j. given, to find their fum. 

Here a X d X /= ad/' 
c X b X /= ry > the numerators. 
^ X b X d — ebd 

and b X d x /'= 3^the com. denom. 
adf cbf ebd adf 4~ cbf 4- ebd . r theref.„ + _..+ _ = ^_(4^- the fum 

required. 
bdf 

3. Let 
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*3. Let a — 3* and b 4* ~- be added together. 

3* X c 3cx? \jjjg numerators. 
2ax x 0 — 2#tfA: J 

and i x c — be the common denominator. 
rni r 3>2 , , , 2a# 3fAT2 ; 2<S&y 

1 herctore # ——\- b A-= a — — 4- b 4- —= 
£ 1 ck be 1 ' be 

a+b + 
Itbx — 3c*2 

be 
the fum required. 

*ZX X 
4. Add — and — together. Anf. 

1 5a: 2bx 

' 

5. Add ^ and — together. Anf. i3 a: or x 4* 
. 3 

6. Add X—— and ~ together. 

x — 2 
7. Add at 4- *--to 3* 

Anf. 
19A:—14. 

21 " 

8. It is required to add 4a:, and 
n 2a 2x 

2X — 'l . r . ioa:— 17 
--Anf.4*-|“- 

4 ^ 1 12 

together.. 5A'2 _j * 4- « 

2a: nx . 2a? 4 1 , 
7 and-5— together. 

• • Xvi/C 

9. It is required toadd —, 
3 4 ^ 

7X x 
10. It is required to add4x, ~ and 2 -|— together. 

. 2x 8* 
11. It is required toadd3* 4- y and x-together. 

PROBLEM VII. 

To S ultra Cl o?ie Fractional Quantity from another. 

R u l e t. 

1. Reduce the fractions to a common denominator, as in 
addition, if they hive not a common denominator. 

2. Subtract the numerator? from each other, and under 
their difference write the common denominator, and it will 
give the difference of the fraflions required. 

* In the addition of mixed quantities, it is beft to bring the 
fra&ional parts only to a common denominator, and to affix their 
fum to the fum of the integers, interpofing the proper fign. 

+ The fame rule may be obierved for mixed quantities, in fub- 
tiadion, as in addition. 

EXAM- 
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EXAMPLE S. 
i., ' • . . ... -■ 

^ 2x 
l. To find the difference of— and —. 

3 H 

tdere x X H — II* "Uhe numerators. 
2x X 3 — Ox J 

T I Y 
theref.- 

33 

and 3. X IT = 33 the common denominator. 
fix z'x . * ■ 

—- — “—is the difference required. 
33; , 33 . 

2. To find the difference of ——~ and —- 
• : 33 1 ' 5f 

a X Sc — 5CX — Sac c 7 the nu- t 
: 6ah - 

Here x 

2 a — 4.x X 3^ 12 bx I. 
merators. 

Then 

and . j 3/1 X 5c = 1 ybc the com. denom. 
$cx— $ac Sab— 12bx $c~x —• ^ac — Sab -j- 12bx 

~ 15^ - 15^ 15^ « - 

is the difference required. 
j2y 2 pfi 

3. Required the difference of and c—. 

8 
2„V 

4. Required the difference of 5^and 

5. Required the difference of — and 

6. Subtraft — from — 
d b 

. 2x 4- 7 r w 4-a 
7. Take-73—~ from ———. 
' 8 5^ 

8. Take * — 
x — a r x 
-* from 2x -4- —, 
c t? 

PROBLEM VIII. 

To Multiply Fractional Quantities together. 

RULE*. 

Multiply the numerators together, for a new nume¬ 
rator, and the denominators for a new denominator; and it 
will give the produfl required. 

EXAM* 

* t. When the numerator of one fraftion, and the denominator 
of the other, can be divided by fome quantity, which is common 
to both, the quotients may be ufed inPead of them. 

2. hen a fraction is to be multiplied by an integer, the produft 
is found by multiplying the numerator by it; and if the integer be 

the 



FRACTIONS. TO$ 

EXAMPLES. 

X 
I. Required to find the produft oi and 

* X 2* 

lx 
1 • 

9 

Here 
2x2 A'2 

— — —- = — the produdl required, 
0x9 54 27 

lox X AX 
2. Required the produdl of — , —, and -—: 

2* C 21 

x y \x X i o;r_ 4°-r 3 

2x5x21 2lo 

A Y ^ , 
the produff required. 

X X 4“ CL 
2. Required the produft of - and —-—. 
0 2 1 a a -f- c 

u * X (x + a) x2 -f- &-X . 
Here -7—-—(- = ---the product required, 

a X (« -T r) //2 4- ^ 
o v* ^ f2 

4. Required thq produdl of hi and —. 

2at 2#2 
5. Required the produdl. of — and 

2 a 
, rr, . . . 2x , 2ab , 2ac . 
6. I o multiply — , and ——•, and ~r together. 

/; y* n 

7. Required the produdl of b -|-and —. 
Cl X 

8. Required the produdl of 
x b' 

be 
and 

4- F 

X _L j 
9. Required the product of and ———, and 

b + c 
x — I 

10. Multiply// -f~ ~~ —— by-x 
1 7 2a 4a2 J 

a 
a 

a -f- b 
a 

—t -f-—o* 
2 k 4X2 

PROBLEM IX. ' ' 
To Divide one Fractional Quantity by another. 

RULE*. 

Multiply the denominator of the divifor by the nume¬ 
rator of the dividend, for a new numerator, and the nume¬ 
rator of the divifor by the denominator of the dividend, for 
a new denominator. 

_ Or, 

the fame with the denominator, the numerator may be taken for the 
product. , 

3. When a fraction is to be multiplied by any quantity, it is the 
fame thing whether the numerator be multiplied by it, or the deno¬ 
minator divided by it. 

* r. If the fradions to be divided have a common denominator, 
take the numerator of the dividend fora new numerator, and the 
numerator of the divifor for the denominator? 

2. When 
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Or, invert the terms of the divifor, and then multiply by 
it exactly as in multiplication. 

EXAMPLES. 

• oc Oljc 
1. Required the quotient of — divided by —. 

3' 

Here - X ~ = 1 = il is the quot. required. 
3 2x ox 2 

2. Required the quotient of ^ divided by i. 

2a d 'lad ad . , . . . * 
Here—r X — = —r-=*—r 1S the quotient required. 

b 4c 4 be ibc ^ 

3. Find the quotient of x^rU divided by-^ 
^ lx—2 b 5* + a 

x-4-a W2 + §ax + d2 . • . 
-——-—- x -—■—r=—---7-the quot. required. 
2* — 2b x+b 2x*—2 b* n ^ 

9«2 V 

4. Find the quotient of—- divided by 

2x 2 
<23 4* a: 

at 4“ ^ _2a:2 X (x 4- a) 

~~x (a3 4~ •V3} X x x2 — ax -\- a2 

x 4" & 
2X 

<23 + X2 
quotient required. 

5. Let ~ be divided by 4f. 

Let — be divided by 5#. 

x 4-1 

is the 

2x 

Y 
X 

7. Let —be divided by 

8. Let be divided by —. 

g. Let be divided by ^. 
* 3 Zb 

tt>. Let ~—t be divided by ~ . 
; Ad %cd 

II. Divide 
x‘ b4 

a:2 — 2&r 4“ 
by 

AT2 4- bx 

T=T' 

2. When a fraftion is to be divided by any quantity, it is the 
fame thing whether the numerator be divided by it, or the deno¬ 
minator multiplied by it. 

3. When the two numerators, or the two denominators, can be 
divided by fome common quantity, that quantity may be thrown 
out of each, and the quotients ufed inftead of the fra&ions firft 
propofed. 

INVO- 
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INVOLUTION. 
Involution is the raifing of powers from any propofed 

root; or the method of finding the fquare, cube, biquadrate, 
&c, of any given quantity. 

RULE*. 

Multiply the quantity into itfelf as many times as there 
are units in the index lefs one, and the laft produ& will be 
the power required. Or, 

Multiply the index of the quantity by the index of the 
power, and the refult will be the fame as before. 

Note. When the fign of the root is -f-, all the powers of 
it will be -J- ; and when the fign is—, all the even powers 
will be 4, and all the odd powers—, as is evident from 
mulplication. 

examples. 

a, root 
a1 = fquare 
a3 = cube 
aA = 4th power 
*z5 = 5th power 

&c. 

a2, root 
aA = fquare 
a6 cube 
a9 = 4th power 
a* 0 — 5th power 

& c. 

— 3a, root 
4- g a2 — fquare 
— 2 ja2 = cube 
4. 8 ia4 = 4th power 

— 243a5 = 5th power 

— 2ax*y root 
4- 4a1 xA — fquare 
— 8a3x6 =z cube 
4- 16a4*8 = 4th power 
— 32#5#4 0 = 5th power 

2 ax'1 
-r, root 

4a2xA r 
+ ~ 

—- cube 

—, root 
a 

-T- 5= fquare 
a* 
X ^ 
—— — cube 

2 7b> — 

16aAx* , 
+ -jgjr = 4* power 

ai 
xA 
— = biquadrate 

* 
* Any power of the produd of two or more quantities is equal 

to the fame power of each of thefa&ors, multiplied together. 
And any power of a fraction is equal to the fame power of the 

numerator, divided by the like power of the denominator. 
Alfo, powers or roots of the fame quantity, are multiplied by 

one another, by adding their exponents; or divided, by fubtraft-. 
ing their exponents. 
♦ a3 

Thus, x ** = And a3^az or -- 0}—1 ~a. 
or 

x — a. 
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x — a “ root 
x — a 

x1—ax 
— ax -{- a 2 

x2 — 'lax Jr a2 fquare 

x — & 

X3 * -— lax2 -J- a 2 x 
— ax2 -j- 2a2x — a3 

x3 —■ 2>ax2 -ff 

^ -f- a = root 
x + a 

X2 4“ 

4- ax 4- 02 

jf2 4^ lax 4-a2 

x 4~ a 

x3 4* lax2 4“ a2* 
4~ ax2 4“ la2x 4- a3 

x3 4- 3ax2 4- 3<z2*4- a3 

the cubes, or third powers of x 4“ a and x — a 

EXAMPLES FOR PRACTICE, 

r. Required the cube or 3d power of la2, 

l. Required the 4th power of 2a2x. 

3. Required the 3d power of — 8x2y3. 

I a2 x 

-3>‘ - ' • 

X 
5. To find the 6th power of a2, 

6. Required the 5th power of a — r. 

Sir Isaac Newton’s Rule for raijinga Binomial or Rejidual 
Quantity to any Power whatever*. 

1. To find the Terms without the Co-efficients. The index 
of the firli, or leading quantity, begins with that of the 
given power, and decreases continually by 1, in every term 
to the iaft; and in the following quantity, the indices of the 
terms are c, 1, 2, 3, 4, See. 

4. To find the biquadrate 

* This rule, expreffed in general terms, is as follows : 

— -: , #—T . v—I n—2 „ „ 
a 4- 0n z=. an 4“ n.an'xb 4* »•-zb~ 4' »•--•- 3 bl &C.' 

2 23 

— , »-1 , H-1 #-2 • , :, „ 
a — l/n — an —- v.an~xh 4“ n.- a*~2bz—#•- . - an J L3 8cC. 

2 " “ 

' Note. Thefum of the co-efficients, in every power, is equal to 
the number 2, raifed to that power. Thus 1 4- 1 = 2 for the 

tirft power; 1 4“ 2 4~ 1 == 4 — 2Z for the fquare; 1 4* 3 + 3 4* 
1 == 8 = 25 for the cube, or third power; and fo on 

2. n 
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2. To find the Uncice, or Co-efficients. The firfl is always I, 
and the fecond is the index ot the power; and in general, 
it' the co-efficient of any term be multiplied by the index of 
the leading quantity, and the produ£l be divided by the 
number of terms to that place, it will give the co-efficient 
of the term next following. 

Note. The whole number of terms will be one more than 
the index of the given power ; ^and when both terms of the 
root are -j-> all the terms of the power will be 4- ■ but if 
the fecond term be—, all the old terms will be and all 
the even terms —, which caufes the terms to be -f* and —- 
alternately., , 

EXAMPLES. 

1. Let a 4- x be involved to the 5th power. 

The terms without the co-efficients will be 
ab y a4x, a3x2, a2x3, ax4, xs, 

and the co-efficients will be 
5x4 10X3 10x2 5 X r 

r,5> 2 ’ 3 ’ 4 ’ 5 ’ 
or 1, 5, 10, 10, 5, 1 ; 

And therefore the 5th power altogether is 

ab -f- 5a4x 4* loa3x2 -f- iotf2*3 -f- Sax4 T x* • 

2. Let x — a be involved to the 6th power. 
The terms without the co-efficients will be 

x6, xb a, x4a2y x3a3, x2a4, xab, a6. 
and the co-efficients will be 

, 6x5 15x4 20 x 3 15x2 6xr 

’ V ' 3 ’ 4 5 \ 6 * 
or 1, 6, 15, 20, . 15, 6, 1. 

And therefore the 6th power of at — a is 
x6 — 6xba -|- i^x4a2 — 20x3a3 4* l$x2u4-—6xa* -{- 

3. Required the 4th power x— a. 
Anf. x4 — 4x3a -f- 6x2a2 — 4xa3 4* a4. 

4. Required the yth power of x -j- a. 

Anf. x7 4- 7x*a 4* 2ix5a2 4- 35*4a3 + 3$x3a4 4" 21 x2a* 
4- jxa* 4" a? - 

EVO- 
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EVOLUTION. 
’ V 

Evolution is the reverfe of Involution, being the me¬ 
thod of finding the fquare root, cube root, &c, of any given 
quantity, whether fimpl6 or compound. 

i 
. t i ,s , 

CASE 1. 
X * “ ’ * - 

51? find the Root. of Simple Quantities, 

RULE*. 

Extract the root of the co-efficient, for the numeral 
part; and divide the index of the letter, or letters, by the 
index of the power, and it will give the root of the literal 
part; then annex this to the former, for the whole root 
fought. 

EXAMPLES. 

1. Required the fquare root of gx2; and the cube root 
of 8a:3. 

/ _2 v -3 

Anf. \/gx2 = 3A:2 — 3*. And \/Sx3 = 2xT = 2x. 
2x2 y2 

2, To find the fq. root of-—~, and cube root of- 
", .v 1 4az 27a3 

Anf. And V^=-V*. 
A n 2d OH ft H ft 4a 27 a- 3“ 

\ 
— 

* Any even root of an affirmative quantity, may be either -{- 
or — : thus the fquare root of 4- a2 is either 4- a, or — a ; for 
4- « X 4* a — 4" and —' ^ X — a — a2 alfo. 

And an odd root of any quantity will have the fame lign as the 
quantity itfelf: thus the cube root of X « 3 is -f* a, and the cube 
root of — a3 is— a; for + a X + «X + a =z'4“ a3, and— a 
X —a X —- « = —a3. 

Any even root of a negative quantity is impoffible; for neither 
+ a, nor — a x — « can produce — a2. 

Any root of a product, is equal to the like root of each of the 
fa&ors multiplied together. 

And any root of a fradlion, is equal to the like root of the 
aumerator, divided by the fame root of the denominator. 

\ ' 3* 
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3* 
4- 

7- 

Required the fquare root of 3a2x6» 
Required the cube root of — 125a3x6. 

1 o ® y * 
Required the fquare root of 

Required the 4th root of 256u*x8. 
To find the 5th root of — 32x^y1 *. 

Anf. ax3 \/ 3. 
Anf. — 5 aX*, 

Anf. -22L.' 
2a yja 

Anf. 4a#** 
Anf. —- 2xy2* 

CASE IT. 

71? find the Square Root of a Compound Quantity* 

RULE. 

This is performed like as in numbers, ttius : 
1. Range the quantities according to the dimenfions of 

fome letter, and let the root of the firft term in the quotient; 
2. Subtraft the fquare ot the root thus found, from the 

firft term, and bring down the two next terms to the re¬ 
mainder for a dividend. 

3. Divide the dividend by double the root, and fet the 
refult both in the quotient and divifor. 

4. Multiply the-divifor, thus increafed, by the term laft 
put in the quotient, and fubtratb the produ6l from the di¬ 
vidend. 

And Jfo on, as in common arithmetic. 

EXAMPLES. 

1. Extraft the fquare root of x* — 4*3 4- 6x2 — 4* -{- 1. 
x* — 4*3 4- 6*2 — 4* + 1 (x2 — 2x -f i = root 
X4 

2x2—2*) — 4x3 4- 6x2 
— 4at3 + 4x2 

2x2 — 4.x 4- 1 J 2*2 — 4x -{- 1 
2*2 — 4X -f- I 

2. Find the root of 4a4 -j- 12a3* -f 13a2x% -f- 6ax3 -f x4. 
4^4 -f I2«3* 4- l^x2 4- 6tf*3 4- xA ( 2a* 4- 3^4- x2 
4a4 

4a2 4~ ) i2a3x 4- i3«3-v2 
12a3x 4~ ga2x2 

- 4a2 + 6ax 4- *2 ) 4a2x2 4" 6ax3 4~ 
4a2x2 -j- -j- x* 

Vol, I, P 3. Re- 

1 
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3. Required the fquareroot oftf4 + \a3x 4- §a2x'1 + 4axs 
4- x4 . Anf. a2 -f* 2ax 4* *2» 

4. Required the fquare root of tf4 — 2x3 4- -J*2 —* 

4- r~. Anf. #2 — x 4- j. 
16 1 4 

5. It is required to find the fquare root of a2 — b2x*. 
. r b2x2 b4x4 b6x6 0 

Anf. a-- --tt—:-— &c„ 
2 a 8 a 16a* 

CASE III. 

'To find the Roots of Poivers in General. 

RULE # 

1. Find the root of the firll term, and place it in the quo¬ 
tient. 

2. Subtraft its power from that term, and bringdown the 
feeond term for a dividend. 

3. Involve the root, laft found, to the next lower power, 
and multiply it by the index of the given power, for a divifor. 

4. Divide the dividend by the divifor, and the quotient 
will be the lqext term of the root. 

5. Involve the whole root to the power to be extra&ed,. 
then fubtraft the power thus arifing from the given power, 
‘and always divide the firft term of the remainder by the di¬ 
vifor firft found ; and fo on till the whole is finifhed. 

* EXAMPLES. 

1. To find the fq. root of a4 — 2a3x + 3tf2#2 — 2ax3 4’ 
a4 — 2a3x 4* 3a2*2 — 2ax3 x4 ( a2 ax 4~ 

2a2 ) — 2a3x 

a‘ 2a3x 4- adx2 — (a2 —ax)2 

2a2 ) 2u2 x2 

a4 — 2a3x 4* 3a2x2 —2ax3 4" x4 — (a2 — ax 4* x2)2- 

2. Find 

* As this method, in high powers, is generally thought too la¬ 
borious. it may nor be improper to obierve, that the roots of com- 
pound.qyantities may fometimes be eafily difcovered, thus; 

1. Ex, 
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- 2. Find the cube root of x6 + 6*5 — 40*1 2 3 4- 96x 64, 
x6 + 6*5 — 4o*3 -}- 96# —* 64 ( x2 4- 2x — 4 

3#4 ) 6#5 

at* 4- 6#5 4-12#4 + 8*3 = (jr* 4~ 2# )3 

3^4 j   I 2A’4 

^r6 4- 6x5 — 40*3 4- 96x — 64 = (x7 4- lx — 4 )3 

3. Required the fquare root of a2 4* 2tf£ 4- ^ac + i* + 
ibc 4* r2. Anf. a b c* 

4. Required the cube root of x6— 6x5 4- 15*4— 20#3 
4- 15#2 6x 4- i. ' Anf. .y2 — 2# 4- i- 

5. Required the biquadrate root of 16a4 — g6a3x 4- 
216alx'1 — 2l6tf#3 4~ 81#4. Anf. 2a — 3#. 

6. Required the 5th root of 32#* —* 80#4 4- 80*3 — 40*2 
4- 1 oat — 1. Anf. 2x — 1. 

7. Required the cube root of I — x3. 

1. Extract the roots of feme of the moll fimple terms, and con¬ 
nect them together by the fign 4* or—> as may be judged molt 
fuitable for the purpofe. 

2. Involve the compound root, thus found, to the proper power ; 
then, if it be the fame with the given quantity, it is the root re¬ 
quired. 

3. But if it be found to differ only in fome of the figns, change 
them from 4“ to —, or from — to , till its power agrees with 
the given one throughout. 

rl bus, in the 5th example, the root 2a— jx, is the difference of 
the roots of the firfl and laft terms; and in the 3d example, the 
root a 4- b 4- c is the fum of the roots of the ill, 4th, and 6th 
terms. The fame may alfo be obferved of the 6th example, where 
the root is found from the firfl and lad terms. 

P 3 SURDS. 
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SURDS. 

Surds are fuch quantities as have no exafl root, being 
ufually expreffed by fradlional indices, or by means of the 
radical (ign f. 

i 

Thus, 2Z, or \f 2, denotes the fquare root of 2 ; and 33 or 
y32, the cube root of the fquare of 3 ; where the numera¬ 
tor (hews the power to which the quantity is to be raifed, 
and the denominator its root. 

PROBLEM I. 

To Reduce a Rational Quantity to the Form of a Surd. 

RULE. 

Raise the quantity to a power equivalent to that denoted 
by the index of the furd ; then over this new quantity place 
the radical fign, and it will be of the form required. 

EXAMPLES. 

r. To reduce 3 to the form of the fquare root. 
Firft, 3 X 3— 32 — 9; then 4/ 9 is the anfwer. 

2. To reduce 2x2 to the form of the cube root. 
Firil, lx2 X 2x2 X 2x2 — (2x2)3 ~ 8v° ; 

then ySx6 or(8.v6)3 is the anfwer. 

3. Reduce 5 to the form of the cube root. 

Anf. (125) Tor VI25» 
4. Reduce \xy to the form of the fquare root. 

Anf. VI x2y2. 
I 

5. Reduce 2 to the form of the 5th root. Anf. (32) T 

6. Let a2 be reduced to the form of the 6th root. 
7. Reduce a -f- h to the form of the fquare root, 

and a — h to the form of the cube root. 

PROBLEM IT. 

‘To Reduce Quantities of Different Indices, to other equivalent 
ones, that jhall have a Common Index, 

RULE. 

I. DlV ide the indices of the quantities by the given 
index, and the quotients will be the new indices for thofe 
quantities. 

2. Over 
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2. Over the faid quantities, with their new indices, place 
the given index, and^hey will make the equivalent quanti¬ 
ties required. 

3. A common index may alfo be found by reducing the 
indices of the quantities to a common denominator, and in- 
volvingeach of them to the power denoted by its nume¬ 
rator. 

EXAMPLES. 

11 
1. Reduce I5+ and g6 to equivalent quantities having 

the common index 4. 

i -f* \ = \ X f = -f = \ the Ift index, 
irf=iX| =-f = i the 2d index. 

1 1 « 1 

Therefore (15z) 2 and (9T) 1 are the quantities required. 
1 y 

2. Reduce a2 and *4 to the fame common index -J. 

-f- -T* y — f X t — t the ift index, j 
4 -r* 7 = | X 4 — 4 the 2d index. 

I 3_ 1 

Therefore(rz6)7 and (a:4)7 are the quantities required. 
!_ 1 

3. Reduce 32 and 27 to the common index 4-. 

Anf. 27 7 and 4*. 
r 1 

4. Reduce and to the common index -L. 

Anf. (#4)Tand (b2YB, 
A A 

5. Reduce an and ^al to the fame radical fign. 
Anf. mr\/am and , 

* r , t 
6. Reduce (a -f- b)z and(tf —■-b)T to a common index. 

1 1 

7. Reduce [a b)z and (a — by to a common index. 

PROBLEM III* 

To Reduce Surds to their moft Simple Terms, 

RULE*. 

Find the greateft power contained in the given furd, and 
fet its root before the remaining quantities, with the proper 
radical fign between them. 

* When the given furd contains no exatt power, it is already in 
its moil fimple terms. 

EXAM- 
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EXAMPLES. 

1. To reduce^B to its moft fimple terms? 

V48 = /16 x 3 = v»6 X V3 = 4 x Vs = 4V3‘. 
the anfwer. 

2. Required to reduce yio8 to its moft fimple terms. 

y 108 — V27 x 4 = V27 x V4 = 3 x V4 = 3V4. 
the anfwer. 

3. Reduce yi25 to lts fimpleft terms. Anf. 5^/5. 

4. Reduce t0 *ts ftmpleft terms. Anf. T5TV/6. 

5. Reduce V243 t0 its fimpleft terms. Anf. 3 V9» 

6. Reduce to its fimpleftterms. Anf.fyi8. 

7. Reduce to its fimpleft terms. Anf. 70\/ 2x, 

8. Reduce V*3 — a'*xz to its moft fimple terms. 
1 

9. Reduce (a3* -{- 3a3 x2)3 to its moft fimple terms. 
1 

io. Reduce (32<26 — g6a5x)T to its moft fimple terms, 

PROBLEM IV. 

To Add Surd Quantities together. 

RULE. 

1. Reduce fuch quantities as have unlike indices to othey 
equivalent ones, having a common index. 

2. Brmg ail fradfions to a common denominator, and 
reduce the quantities to their fimpieft terms, as in the laft 
problem. 

3. Then, if the furd part be the fame in them all, annex 
it to the fum of the rational parts, with the fign of multipli¬ 
cation, and it will give the total fum required. 

Bur if the furd part be not the fame in all the quantities, 
they can only be added by the figns -f and —. 

EXAMPLES. 

1. It is required to add ^27 and ^48 together. 

Firft, /27 = V9X3 = 3^3; antV48 — v'i6X3 = 4^/3; 
then, 3^/3 + 4^3 = (3 + 4)^3 = 7^/3 = fum required. 

2. It is required to add ,5/500, and yio8 together. 

Firft, y500 = V125><4 = 5 V4; and yio8= V27X4 
f=?V4; 

then, 53V4 + 3 V4= (5 + 3) V4== 8 V4 = fum required. 

3. Re« 



3. Required 

4. Required 

5. Required 

6. Required 

7. Required 

8. Required 

9. Required 

10. Required 

11. Required 

SURDS. 

the fum of ^72 and yi28. 

the fum of -^27 and ^147. 

the fum of v §• and yf-J. 

the fum of ^40 and Vr35* 

the fum of \/| and 

the fum of 2<Ja'1b and 3v/?4^4* 

the fum of 9^/243 and 10^363. 
j_ _C; 

to find the ium of an and am. 

the fum of ^27a*x and ^J^x, 

21 3 

Anf. 14 y 2. 

Anf. 10^/3. 

Anf. y6. 

Anf. 5V5. 

Anf. | 3y 2. 

PROBLEM V. 

7# Subtract^ or find the Difference ofi Surd Quantities, 

RULE, 

Prepare the quantities as in the laft rule ; then the differ¬ 
ence of the rational parts annexed to the common furd, will 
give the difference of the furds required. 

But if the quantities have no common furd, they can 
only be fubtracfed by means of the fign —. 

, ’ - it 

EXAMPLES. 
* ■» J 

1. Required to find the difference of ^448 andy112. 

Firlf, ^448 X 7 - 8^7 ; andyi 12=1/ 16x7 =W7> 
Then 8^7 — 4v/7 = 4\/7 the difference required. 

2. Required to find the difference of 192*3 and 24?. 

Firft, I927=:(64 X 3)T =s=4.37;and24T= (8x3)7=2-37. 
1 1 1 

Then 4-37 — 2.37 =. 2*37 the difference required. 

3. Required the diff. of 2^50 andy 18. Anf. J \t 2. 

4. Required the diff. of 32oT and 403. Anf. 2.57. 

5. Required the diff. of y| andv4V Anf. yTyi5, 

6. Required the diff. of yj and 3yy?. Anf. .jyyiS. 

7. Find the difference ofy8otf4# and y2oa2x3. 
Anf. (4a2 — 2a x) y/$x, 

8. Required the difference of 8\a3b and ya6b. 
JL JL 

Required the difference of xn and*'7'. 

P R 0» 



2iS ALGEBRA. 

PROBLEM VI. 

To Multiply Surd Quantities together. 

RULE. 

Reduce the furds to the fame index; next multiply the 
rational quantifies together, and the furds together ; then 
the one produ£f annexed to the other will give the whole 
produdl required ; which may be reduced to its moil fimple 
terms by Problem 3. 

examples. 

x. Required to find the produdl of 3^8 and 2y/6. 

Here, 3 X 2 X X\/6 = 6\/8 x 6 == 6^/48 == 6VHTx~3 
= 6 X 4 X V3 =24V3’ product required. 

2. Required to find the producl of \3y| and IVf. 

Here \ X i VI X VI = t X Vtt =|x Vif = I x 
V 15 = T3^y 15 — -§y 15 the produdf required. 

3. Required the produft of 5^8 and 3^5. Anf. 30-/10, 

4. Required the product of §y6 and fViB. Anf. \/4. 

5. To find the produdf of and f yTy. Anf. VW35* 

Required the prodiidf of yi8 and SV4- Anf. 10\/g. 

7. Required the produfl of a? and a?. Anf. (a3)^ or a. 
I t 

8. Required the produdf of (x -f- y)z and (x +yJT. 

9. Required the produdf of x \/y and x —yjy. 

10. Required the produft of [a -f ^/£)T, and (a — 
_L j. 

XI. Required the product of xn and 
JL 2. 

12. Required the produdf of xm and y*. 

PROBLEM VII. 

To Divide one Surd Quantity by another. 

RULE. 

Reduce the furds to the fame index ; then take the quo¬ 
tient of the rational quantities, and annex it to the quotient 
of the furds, and it will give the whole quotient required ; 
w hich may be reduced to its moft fimple terms as before in 
multiplication. 

. ’■ ' ' S X A Mt 
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EXAMPLES.' • 

X. It is required to divide 8 ^/icS by 2 \/ 6. 

8 4- 2.V(IoS -r 6) = 4y/?8 =4V(9 X 2) = 4 X 3 
ij'l — 12 \/ 2, the quotient required. ' 

2. It is required to divide 8 V512 by 4V 2* • ■ * 
_i 1 j_ 1 

8 4-4=2, and 5123 4- 23 = 2562 — 4.4.^; 
ll ' ■ * 

therefore 2 X 4 X 4T = 8.43 — 8\/4, is thequot. required. 

Anf. 10 \/2* 

Anf. io3y2. 

Anf. |V 3- 

Anf. V3» 

Anf. 

3. Let 64 1 op be divided by 3 4 2. 

4. Let 4V1000 be divided by 2^/4. 

■ 5. Let | Vtt■& be divided by f 4i* 

6. Let fVT be divided by f Vi* 
i . . i 

7. Let |V^> or be divided by 3• 
s 4 -l 

8. Divide 0? by a3 ’ 
£ ... 2. " 

9. Let the quantity at" be divided by the quantity 

jo. Let x2 -— xd — b d\J b be “divided by x — Vb. 

PROBLEM VIII. 

To Involve or Raife Surd Quantities to cftiy Power. 

RULE. 

Multiply the index of the quantity by the index of the 
power to which it is to be raifed, and to the refult annex 
the power of the rational parts, qnd it will give the power 
required. 

examples. 
y _L 

1. It is required to find the fquare of f«3* 
4X2 

— a\ 
v * tT- („<1 \?. firft, (f)2 =f Xf = 4, and (a*)2 = («*) 

jheref. (\cP)2 = 4 (a2)T = 4 tbe fquare required. 

2. It is required to find the cube of 7V 7* 

Firft. u)3 = y X 4-X f = (7p3 —7*={73j*5 

jheref. V7)3 = t|t(73)t = flf(343)2> the cube required. 

3. Required the fquare of 3 V3* Anf. 9 V9. 

4. Required the cube of 2y, or 1/2. Anf. 2^2. 

5. Required the 4th power of v/ 6. Anf. Tu., 
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6. It is required to find the »tn power of am. 

7. It is required to find the fquare of 3 4- V 5» 

8. It is required to find the cube of 2x — 3 y/ 7. 

PROBLEM IX. 

Ta Extract the Roots of Surd antities. 

RULE*. 

Divide the index of the given quantity by the index of 
the root to be extrafted ; then to the refult annex the root 
of the rational part, and it will give the root required. 

EXAMPLES. 

1. It is required to find the fquare root of 9^/3. 

Firft, V9 == 3- anc! (3P = 3t ~ 2 = 3*5 
I. JL 

therefore (9V3)2 — 3.3s, is the fquare root required. 

2. It is required to find the cube root of 4V 2. 

Firft, VI- == b an<^ (V 2)T = 2J 3 25 ; 
i_ t 

therefore (|V 2-)3 = is the cube root required. 

3. Required the fquare root of io3. Anf. lof 10, 

4. Required the cube root of fTa3. Anf. f a. 
- 1 r 

5. Required the 4th root of 3#2. Anf. 34.*2. 
i 

6. It is required to find the »th root of xm. 

7. Required the fquare root of xz — 4xf a 4a. 

ri",l‘iri ‘ 1 “".."""" 11 ~ 1 'a. hi 'yj-uiai"1 ■ 1 1 

* The fquare root of a binomial or refidual furd, a -J- b3 or 

A — b, may be found thus: Take y/ a* — bz = d $ 

, , ——> - , a 4* d a — d 
then V A -p b = y/ —-p y/ —-, 

2 2 

and V a — b = y/ 
A -p D 

2 

Thus, the fquare root of8-p 21/ 7 1 + t/ 7 * 
and the fquare root of 3 — y/ 8 == y/ 2 — j: 

but for the cube,’or any higher root, no general rule is given. 

1NFI- 
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INFINITE SERIES. 

An Infinite Series is formed from a vulgar fra&ion, hav¬ 
ing a compound denominator, or by extracting the root of a 
furd quantity ; and is fuch as, being continued, would run 
on infinitely, in the manner of a decimal fraCtion. 

But, by obtaining a few of the firft terms, the law of the 
progrefllon will be manifefi, fo that the feries may be con¬ 
tinued, without adually performing the whole operation. 

PROBLEM I. 

*Tq Reduce Fractional Quantities into Infinite Series. 

RULE. 

Divide the numerator by the denominator, as in common 
divifion ; and the operation continued, as far as may be 
thought necelfary, will give the feries required. 

i. To change 
ax 

ir* ■ 

re — -] 
a — x 
* 

ax . • ( 

ax - — x~ 

EXAMPLES. 

into an infinite feries. 

X' 

a 

x 

a‘ 

xl 
Sec. 

X‘ 

a 

x- 

a 

a a2 

x* 

X4 
If a 

X' 
, &c; 

2* Let 



220 ALGEBRA. 

2. Let-be converted into an infinite feries. 
i -f- x 
i 4- x ) i ..... ( i — * 4- *2 *3 4- *4 — &c. 

I 4-X 

X2 
X2 -4- X* 

X* 

3- Let 
b 

a x 
be converted into an infinite feries. 

. - b , x x 
Anf. - X (i-4* " 

a a a a 
4“ &c. 

4. Let 
a x 

be converted into an infinite feries. 

x X4 X' 
Anf. - X (1 4* - 4- “t 4* -3 &c.) 

a a a2 uz 

5. Let i-i-5 be converted into an infinite feries. 

6. Let 

x 

a2 

[a + x) 

Anf. 1 4- 2at -f 2x2 2a;3 4* 2x4 &c* 

be converted into an infinite feries. 

a r 2X , 3X* 4x3 « Anf. 1 — —4- -— See. 
a a2 <23 

7.- Let f, or its equal ——-, be converted into an infi- 
I 4- 1 

nite feries. _ 

PROBLEM 11. 

To Reduce a Compound Surd into an Infinite Series. 

RULE*. \ 

Extract the root as in common arithmetic, and the 
operation, continued as far as may be thought neceffary, 
will give the feries required. 

* This rule is chiefly of ufe in extrafling the fquare root, the 
operation being too tedious f«r the higher powers. 

EX A M- 

! 
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EXAMPLES. 

I. Extraft the root of a1 x2 in an infinite feries. 
i4 v ^ y* *• y *♦ V v 

+ *‘(. + 5;-6y + ;5r-1- 28a7 
&e 

A' 

at- 
2a 4-) 

2a 

+ 

2a -f* 
at85 

a 8a3 

2 a 4” 
a 4 a! 

AT 

4^ 
AT 

4a' 
AT4 
4^! 

_*• , 
8^ + 64a* 

&c.) 
AT AT 

8a4 64a * 

AT6 AT8 

8^ + 76^’ &c- 

5*'8 o 
‘ / T 2 

64 a* 

2. Let y' 1 4- 1 be converted into an infinite feries. 

Anf. 1 4 1 t 4- iV — xj &ca 

3. Let y/ a2 — x2 be converted into an infinite feries. 

Anf. a 
X‘ X‘ 

2 a 8 a: 16 a5 
Sec. 

4, Let \/ 1 — x3 be converted into an infinite feries. 

5X9 X3 x^ 
- Anf. 1 — *-— 

3 9 81 
&ci 

5. Let a2 4- b be converted into an infinite feries. 

6. Expand yj a1 — 2bx — x2 to an infinite feries. 

\ 

PRO- 
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PROBLEM lit. 

To Reduce a Binomial Surd info an Infinite Series; or to Ext raft 
any Root of a Binomial. 

RULE*. 

Substitute the particular letters of the binomial, with 
their proper figns, in the following general form, and it 
will give the root required ; observing that p is the firlt 

m 
term, C^the fecond term divided by the firft, —the index 

n 
of the power or root; and A, b, c, d, &c, the foregoing 
terms with their proper figns : x 

m m . m . m — 
Pn‘ -4- AQ —J- 

n 1 n 2n 

n , m 
-BO.+ - 

2 n 
CQ^-b &c. 

p + Q£n n ' ‘ 2 n ~~' 3 n 

EXAMPLES. 

I. To extra&the fq. root of r2 —x2, in an infinite feries. 

Here p == r2, Q_- 
x* t m 
—, and - 

n 
m m 

J>n = 

r“ 

r 

1 

2 
—: therefore 

a, 

X‘ m _ x2 
- aql== iXrX— — = •— — = b, 
n L r22r 
m n 

. ^ 2 n 
m— 2 n 

BQj= 

CQj= 

I — 2 

4 
1 — 4 

X ‘ X 2 

X — r- x — ~ 
X 

3n 

Hence r — — 
2 r 

x2 x4 

2 r br3 

X — 

2 r 
xl 

C, 

2.4r- 

AT2 _ 3#6 

r2 
AT' 3* 

,6 

2.4r3 

2.4.67-* D, 

2.4/-' 
6 

2.4-6r5 
— See. or 

_ -1__-^7—-&c, js tke required. 
i6r5 128r7 ^ 

2. To find the value of 7—-1-,—or its equal (a 4- b)-2, 
[a -J- b) 

in an infinite feries. 

* Any furd may be taken from the denominator of a fraftion 
and placed in the numerator, and vice verfa, by only changing 
thefign of its,index. Thus, 
i i 
- i X v-2; and —-- 
X* (a -p b) 

: l X (« + £)-2 or (a 4- b)~2 ; and 

a ‘ _ 1 

(a + x): 

„ . , , X~ ~r -4 , - ^ a1 4" A2 ) 2 
— a2 [a 4- a-)-2; and — “ = x~ X a3 ; alfo -rri 

_ 1 

(tt2 -AT2) 2 

= («2,4-AT2)2 X — A2) 2. 

Here 
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Here p = a, Qj= — — a~*b, and ~ — — 2 : therefore 
a n 1 5 

m 

P” 

m I 
- AQ—- 2 X 
n 

a-* — — a, 
a2 

X i — — 
2^ 

771-72 

2« 
771 

3n 

bq = — 4 X - 

CO =— 4 X 

~ — 2tf-3^ 

2b b 3 b2 

a2 a a3 Bi 

« 3«-'4^2 = c, 
2” 4 v Ml y ^ — 4^ 3 ... 

«' 
4^-533 = d, 

Hence a-2 — 2ei-3^ -|- 30-4^2 — \a-$bz 4 &c, or 
1 2b , 3^2 4^3 , 5^ 

i — rr + a~ 
4* &c. is the feries required. 

A 
3. To find the value of -—-«—, in an infinite feries. 

r + * 

* 4. To find the value of 

Anf. r — x 4 

r 

X‘ X X 

4—r> &c* r r* r; 

in an infinite feries. 

6 
(tf2 —■ X2)z 

*“.L+ £ + £+;£'*'■ 
* 

c. To find the value of 7—■——- in an infinite feries. 
v (a 4x) 

* r 2X . TV2 4J 
Anf. i-h *~r — - si yj + S£, &c. 

0. To find the value of (a2 4 in an infinite feries. 
at , b b2 . b3 zb* 4 0 
Anf. a -f”-4—r-!1— —r;—&c, 

2(3 8a3 16a5 I28a: 

7. Find the value of (a2 —at2)6 in an infinite feries. 

Anf. ab X (l 
5"5 

2* 4 
,4 

6* 6 

250 4 \ 125c 
&C.) 

8. To find the value of (a3 — by in an infinite feries. 

Anf. a 
5# 3 lo£4 

3"‘ 

9. To find the fquare root of 

9ab 81a* 

a2 4 ** • 

t,» 
243" 

in an infinite feries. 
a- 

Anf. 1 4 4 ~7 4* &c* v‘ <ja 1 2a4 2«6 

10. Find 
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lo. Find the cube root of 
a 

(a2 4- x2) 
in an infinite feries. 

AC ^ . . f 2X2 Anf. x ( i — —i 4 
af 3a' 9a 

...4 
40*( 

8i«' 
, &c.) 

"Ti. Find the value of 
nx 

a‘ ax -j- x‘ 
in an infinite feries. 

> r x . xz x* x 
Ani.-F —- 

a or a1* a~ 

ARITHMETICAL PROPORTION. 

\ 

Arithmetical Proportion is the relation which two 
quantities, of the fame kind, bear to each other, in refpe6f 
to their difference. 

Four quantities are faid to be in Arithmetical Proportion, 
when the difference between the firlt and fecond is equal to 
the difference between the third and fourth. 

Thus, 3, 7, 12, 16, and a, a b, c, c b, are arith¬ 
metically proportional. 

Arithmetical Progreffion is when a feries of quantities 
either increafe or decreafe by the fame common difference. 

Thus, I, 3, 5, 7, 9, 11, &c, and a, a b, a 2b, a 4- 3b, 
a. 4- 4^, a 4- Sec, are feries in arithmetical progreffion, 
whofe common differences are 2 and b. 

The mold ufeful part of arithmetical proportion is con* 
tained in the following theorems : 

1. When four quantities are in Arithmetical Proportion, 
the fum of the two extremes is equal to the fum of the two 
means. 

Thus, if 2, 5, 7, 10, and ay h, cy d, be in arithmetical 
proportion \ then is2 4-10 — 5*i"7* a 4- d — b -f- c. 

2. In any continued arithmetical progreffion, the fum of 
the two extremes is equal to the fum of any two terms which 
are equally difiant from them. 

Thus, 
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Thus, in the feries 2, 4, 6, 8, 10, 12, &c. 
Here 2 4~ 12 4 4~ to ■— 6 "4* S —; 14. 

3. The laft term of any arithmetical feries, is equal to 
the fum, or difference, of the firft term, and the produdl of 
the common difference multiplied by the number of terms 
lefs one y according as the feries is increafing or decreafing. 

Thus, the 2oth term of 2, 4, 6, 8, 10, 12, &c, is — 
2 4- 2 (20 — l) = 2 -|- 2 X 19 = 2 38 = 40. 

And the wth term of a, a — xy a — 2x, a — 3;;, a —• 4>v, 
Scc, is — a — (« — 1) X x — a (n — l) x. 

4 The fum of any feries of quantities in arithmetical 
progreflion, is equal to the fum of the two extremes mul¬ 
tiplied by half the number of terms. 

Thus, the fum of 1, 2, 3, 4, 5, 6, Scc, continued to the 
, . (I -f-20) X 2o 21 X 20 

20th term, is = ----- =-= 21x10= 2io» 

And the fum of n terms of a, a-\-xy a-\-2a*, tf4~3*> to a-\~mxy 

is = [a -f- a 4- t?ix). " [a 4* \mx).n = (^4* ^—- *) w. 
2 2 

EXAMPLES. 

1. The firft term of an increafing arithmetical feries is 3, 
the common difference 2, and the number of terms 20 ; 
required the fum of the feries ? 

Firft, 3 + 2 X (20 — i) = 3 + 2 x 19 = 3 + 38 = 41, 

the lait term. 
^ 20 
Then (3 4- 41) X ~=44X 10 = 440, the fum required* 

2. The fir ft term of a decreafing arithmetical fenes is too, 
the common difference 3, and the number of terms 34; 
required the fum of the feries ? 

Firft, 100 — 3 . (34—1) = 100 — 3 . (33) = 100 — 99 

= I, the laft term. 

And (too 4-i) X = 101 X 17 = 1717, the fum 

required. 

3. Required the fum of the neutral numbers 1, 2, 3, 4, 5, 
6, See, continued to loco terms ? Anf, 500500. 

Vol. I. Q. 4. Re* 
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4. #Required the fum of the odd numbers I, 3, 5, 7, 9, 
&c, continued to 101 terms ? Anf. 10201. 

5. How many ftrokes do the clocks of Venice, which go 
on to 24 o’clock, flrike in the compafs of a day ? Anf. 300. 

6. The firft term of a decreafing arithmetical feries is 10, 
the common difference 4, and the number of terms 21 ; re¬ 
quired the fum of the feries ? Anf. 140. 

7. One hundred ftoncs being placed on the ground, in a 
flraight line, at the diftance of 2 yards from each other ; 
how far will a perfon travel, who lhall bring them one by 
one to a balket, which is placed 2 yards from the firft done ? 

Anf. 11 miles and 840 yards. 

APPLICATION of ARITHMETICAL PROGRESSION 

to MILITARY AFFAIRS. 

QUESTION I. 

A 1 riangular t Battalion, confiding of thirty ranks, 
in which the HrlL rank is formed of one man only, the 

fecond 

* The fum of any number of terms (») of the arithmetical 
feries of odd numbers 1, 3, 5, 7, 9, &c, is equal to the fquare (a* 1 2 * 4) 
of that number. 

That is, if 1, 3, 5, 7, 9, &c, be the numbers, then will 
1, s2, 3L 42, 52, &c, be the fums of 1,2, 3, &c, terms. 

For o + 1, or the fum of 1 term = 12, or 1 
1 + 3> or the fum of 2 terms = 22, or 4 
4 -f- 5, or the fum of 3 terms = 3s, or 9 
9 -f- 7, or the fum of 4 terms = 4% or 16, &c. 

Whence it is plain, that, let n be any number whatever, the fum 
of n terms will be nz. 

See more on Arithmetical Proportion in the Arithmetic, p. 113. 

4 Ey triangular battalion, is to be underftood,' a body of troops 
ranged in the form of a triangle, in which the ranks exceed each 
other by an equal number of men : if the firft rank confift of one 
man only, and the difference between the ranks be alfo one, then 

its 
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fecond of 3, the third of 5, and fo on: What is the ftrength 
of luch a triangular battalion ? 

Anfwer, 900 men. 

question 11. 

A detachment having 12 fucceftive days to march, -with 
orders to advance the firft day only 2 leagues, the fecond 31, 
and fo on, increafing i \ league each day’s march : What is 
the length of the whole march, and what is the laft day’s 
march ? 

Anfwer, the laft day’s march is i8| leagues, and 123 
leagues is the length of the whole march. 

QUESTION III. 

A brigade * * of Tappers, having carried on 15 yards of fap 
the fird night, the fecond only 13 yards, and fo on, de- 
creafing 2 yards every night till at laft they carried on in 
one night only 3 yards : What is the number of nights they 
were employed; and what is the whole length of thdfap ? 

Anfwer, they were employed 7 nights, and the length of 
the whole fap was 63 yards. 

its form is that of an equilateral triangle; and when the difference 
between the ranks is more than one, its form may then be an ifof- 
celes or fcalene triangle. The pradice of forming troops in this 
order, which is now laid afide, was formerly held in greater efteem 
than forming them in a 'olid fquare. as admitting of a greater front, 
efpeciady when the troops were to make fimply a (land on all fides. 

* A brigade of fappers, confifts generally of 8 men, divided 
equally into two parties; and whilft one of thefe parties is ad¬ 
vancing the fap, the other is furnifhing the gabions, fafcines, and 
ether neceffary implements: and when the firft party is tired, the 
fecond takes its place, and fo on, till each man in turn has been at 
the head of the fap. A fap is a fmall ditch, between 3 and 4 feet 
in breadth and depth ; and is di inguifhed from the trench by its 
breadth only the trench having between o and : 5 feet breadth. 
As an eneonragenv nt to fappers, the pay for all the work carried 
on by the whole brigade, is given to the furvivors. 

Q_2 CLT E s* 
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QUESTION I V. 

A number oF gabions # being given to be placed in fix 
ranks, one above the other, in fuch a manner as that each 
rank exceeding one another equally, the firft may confift of 
4 gabions, and the laft of g : What is the number of ga¬ 
bions in the fix ranks ? and what is the difference between 
each rank ? 

Anfwer, the difference between the ranks will be one, 
and the number of gabions in the fix ranks will be 39. 

QUESTION V. 

Two detachments, diflant from each other 37 leagues, 
and both deligning to occupy an advantageous poff equi- 
diflant from each others camp, let out at different times ; 
the firft detachment increafing every day’s march one league 
and a half, and the fecond detachment increafing each day’s 
march 2 leagues: both the detachments arrive at the fame 
time ; the firft after five days march, and the fecond after 
four days march : What is the number of leagues marched 
by each detachment each day ? 

The progreflion TV, 2TV, 3-/^, 5TV» 6T7o> anfwers the con¬ 
ditions of the firft detachment : and the progreflion 
5~, y£f anfwers the conditions of tne fecond detachment. 

QJJ E S T I O N VI. 

A deferter, in his flight, travelling at the rate of 8 leagues 
a day ; and a detachment of dragoons being fent after him, 
with orders to march the firft day only 2 leagues, the fecond 
5 leagues, the third 8 leagues, and fo on : What is the 
number of days neceflary for the detachment to overtake 
the deferter, and what will be the number of leagues marched 
before he is overtaken ? 

Anfwer, 5 days are neceflary to overtake him ; and, con- 
fequently, 40 leagues will be the extent of the march. 

* Gabions are bafkets open at both ends, made of ozier twigs, 
and of a cylindrical form : thofe made ufe.of at the trenches are 
2 feet wide, and about three feet high ; which being filled with 
earth, ferve as a fhelter from the enemy’s fire : and thofe made ufe 
of to conftrutt batteries, are generally higher and broader. HI here 
is another fort of gabion, made ufe of to raife a low parapet: its 
height is from 1 to 2 feet, and 1 foot wide at top, but fomewhat 
le's at bottom, to give room for placing the muzzle of a firelock 
between them : thefe gabions ferve inftead of fand bags. A land 
bag is generally made to contain about a cubical foot-of earth. 

QJJ E S- 
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QJJ E S T I O N VII. 

A eonvoy* diftant 35 leagues, having orders to join its 
camp, and to march at the rate of 5 leagues per day ; its 
efcori departing at the fame time, with orders to march the 
firft day only half a league, and the laid day 9} leagues ; 
and both the efcort and convoy arriving at the fame time : 
At what didance is the efcort from the convoy at the end of 
each march ? 

OF COMPUTING SHOT OR SHELLS IN A FINISHED PILE. 

Shot and Shells are generally piled in three different 
forms, called triangular, fquare, or oblong piles, according 
as their bale is either a triangle, a fquare, or a redlangle. 

G Fig. 2. 

A BCD, fig. 1, is a triangular pile, 
EFGH, fig. 2, is a fquare pile. 

FJg- 3- 

abcdef, fig. 3, is an oblong pile. 

* By convoy is generally meant a fupply of ammunition, or 
provifions, conveyed to a town or army. The body of men that 
guard this fupply, is called efcort. 

K tri- 
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A Triangular pile is formed by the continual laying of 
triangular horizontal courfes of Ihot one above anoT her, in 
fuch a manner, as that the fides of thefe courfes, called 
rows, decreafe bv unity Irom the bottom row to the top 
row, which ends always in i fhot. 

A fquare pile is formed by the continual laying of fquare 
horizontal courfes of fhot one above another, in fuch a 
manner, as that the fides of thefe courfes decreafe by unity 
from the bottom to the top row, which ends alfo in i fhot. 

In the triangular and the fquare piles, the fides or faces 
being equilateral triangles, the fhot contained in thofe faces 
form an arithmetical progression, having for firff term 
unity, and for laft term and number, of terms, the (hot 
contained in the bottom row • for the number of horizontal 
rows, or the number counted on one ol the angles from the 
bottom to the top, is always equal to thofe counted on one 
lide in the bottom : the fides or faces in either the triangular 
or fquare piles, are called arithmetical triangles; and the 
numbers contained in thefe, are called triangular numbers ; 
ABC fig. i, efg fig. 2, are arithmetical triangles. 

The oblone nile may be conceived as formed from the 
f" • • O l J _ .. .s 1*1 

fquare pile arcd ; to one fide or face of which, as ad, a 

number of arithmetical triangles equal to the face have been 
added : and the number of arithmetical triangles anded to 
the fquare pile, by means of which the oblong pi|e is 
formed, is always equal to the (hot in the top row lefs one; 
or, which is the fame, the difference between the bottom 
row of the greater fide and that of the lefler. 

/ 

QJJ E S T I O N VIII. 

To find the fhot in the triangular pile abcd, fig, i, the 
bottom row ab confiding of 8 (hot. 

SO L U T I P N, 

The propofed pile confiding.of 8 horizontal courfes, each 
of which forms an equilateral triangle; that is, the (hot 
contained in thefe being in an arithmetical progreflion, of 
which the firfl and lad term, as alfo the number of terms, 
are known; it follows, that the film of thefe particular 
courfes, or of the 8 progreflions, will be the -(hot contained 
in the propofed pile ; then 

The 
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8 + 1x4 =36 

7 4- 1 X 3i = 28 

6 + 1 X 3 —21 

5 4- 1 x 2i = 15 
4 + r X 2 =10 
3 4- t y tI — 6 

2 4- 1 X 1 — 3 

1 + 1 X | = I 

Total - 120 fhot in 
the pile propofed. 

QJJESTION IX. 

To find the (hot of the fquare pile efgh, Eg. 2, the bot¬ 
tom row ef confuting of 8 ihot. 

SOLUTION. 

The bottom row containing 8 {hot, and the fecond only 7 ; 
that is, the rows forming the progrefTion 8, 7, 6, 5, 4, 3, 2, 1, 
in which each ot the terms being the fquare root of the fhot 
contained in each feparate fquare courfe employed in forming 
the fquare pile; it follows, that the fum of the fquares of 
thefe roots will be the fhot required: and the fum of the 
fquares 4-8. 7.6. 5 4, 3, 2.1, being 204, expreffes the 
(hot in the propofed pile* 

QJJ E S T I O N X. 

To find the fhot of the oblong pile abcdef, fig. 3 ; in 
which bf ;= 16, and bc — 7. 

V \, •* ' \ 

SOLUTION. 

The oblong pile propofed, confiding of the fquare pile 
ABCD, whole bottom row is 7 fhot; befides 9 arithmetical 
triangles or progreflions, in which the firft and laft term, as 
alfo the number ol terms, are known ; it follows, that 

if to the contents of the fquare pile - 140 
we add the fum of the 9th progreffion' - 252 

their total gives the contents required - 392 fhot. 

REMARK I. 
1 

The fhot in the triangular and the fquare piles, as alfo 
the fliot in each horizontal courfe, may at once be afcer- 

tained 

The fliot of the firft or lower 7 
triangular courfe will be j 

the fecond - 

the third - - 

the fourth - 

the fifth - 

the fixth 

the feventh •- 

the eighth •- 
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tained by the following table: the vertical column A, con? 
tains the Ihof in the bottom row, from 1 to 20 inclufive ; 
the column B contains the triangular numbers, or number 
of each courfe; the column c contains the fum. of the 
triangular numbers, that is, the fhot contained in a trian¬ 
gular pile, commonly called pyramidal numbers; the column 
D contains the fquare of the numbers of the column a, 

that is, the (hot contained in each fquare horizontal courfe ; 
and the column f contains the lum of thefe fquares or Ihot 
in a fquare pile. 

C B A D F 

Pyramidal 

numbers. 

Triangular 

numbers. 

Natural 

numbers. 

Square or 

the natural 
numbers. 

Sum of thefe 

fquare 

numbers. 

I 1 T I I 

4 3 
O 4 5 

10 6 J 9 14 
20 10 4 16 3° 

35 15 5 25 55 
56 O f L 6 36 91 
84 28 n / 49 140 

120 36 8 64 204 
165 45 9 8l 285 
220 55 10 ICO 385 
286 6 b n 121 506 

364 78 12 144 650 

4S5 91 . n 169 819 
560 i°s 1 14. 19 6 I015 
680 120 15 225 1240 

816 136 16 256 1496 
969 153 17 289 1785 

1140 171 18 324 2109 

1330 190 19 361 2470 

154° 210 20 400 2870 

Thus, the bottom row in the triangular pile, confiding of 
9 fhot, the contents will be 165 ; and when of 9 in the fquare 
pile, 285.—In the fame manner, the contents either of a 
fquare or triangular pile being giyen, the (hot in the bottori} 
row may be ealily afcertained. 

The contents of any oblong pile by the preceding table 
may be alio with little trouble afcertained, the lelfer fide not 
exceeding 20 fhot, nor the difference between the leffer and 
the greater fide 20: thus, to find the fhot da an oblong pile, 

the 
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the lefler fide being 15, and the greater 35, we are flrft to 
find the contents of the fquare pile, by means of which the 
oblong pile may be conceived to be formed ; that is, we are 
to find the contents of a fquare pile, whofe bottom row is 
15 (hot ; which being 1240, we are, fecondly, to add thefe 
1240 to the product 2400 of the triangular number 120, 
anfwering to 15, the number expreffing the bottom row of 
the arithmetical triangle, multiplied by 20, the number of 
thofe triangles; and their fum, being 3640, exprefles the 
number of ihot in the propofed oblong pile. 

REMARK II. 

The following algebraical expreflions, deduced from the 
inveiligations ol the funis of the powers of numbers in 
arithmetical progrefTioii, which are feen upon many gunners 
callipers*, ferve to compute with eafe and expedition the 
fhot or (bells in any pile. 

That ferving to compute any triangular + 2 X » + 1 X n 
pile is represented by J 5 “* 

That ferving to compute any fquare \n 4- 1 X in + IX# 
pile, is reprefented by J 6 * 
In each of thefe, the letter n reprefents the number ih the 

bottom row : hence, in a triangular pile, the number in the 

bottom row being 30; then this pile wall be 30 -j- 2 X 3o-|-i 
X \° =4960 (hot or (bells. In a fquare pile, the number 
in the bottom row being alfo 30 ; then this pile will be 

30 4- 1 X 60 4" 1 X V° = 9455 Ihot or fhells. 
That ferving to compute any oblong pile, is reprefented by 

m 4- 1 4- Vn X’» 4" 1 X n 
- ■ in which the letter n denotes 

* Callipers are large compares, with bowed (hanks, fervingto 
take the diameters of convex and concave bodies. The gunners 
callipers confift of two thin rules or plates, which are moveable quite 
round a joint, by the plates folding one over the other: the length 
of each rule or plate is fix inches* the breadth auout one inch, it 
is ufual to reprefent, on the plates, a variety of feales, tables, pro¬ 
portions, 8cc, fuch as are elteemed ufeful to be known by perfons 
employed about artillery ; but, except the meafuring o» the caliber 
of (hot and cannon, and the meafuring of faliant and re-entering 
angles, none of the articles, with which the callipers are ufually 
£lled, are eflentfol-40 that inftrument. 

the 
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the number of courfes, and the letter m the number of fhot, 
lefs one, in the top row : hence, in an oblong pile the num¬ 
ber of courfes being go, and the top row 31 ; this pile will 

be 60 1 + 9° X 30 -j- 1 X V — 23405 fhot or fhells.. 

GEOMETRICAL PROPORTION. 

Geometrical Proportion is that relation of two 
quantities of the fame kind, -which arifes from confidering 
what part the one is of the other, or how often it is con¬ 
tained in it. 

When two quantities are compared together, the firft is 
called the Antecedent, and the fecond the Confequent. 

Patio is the quotient which arifes from dividing the an¬ 
tecedent by the confequent, or the confequent by the ante¬ 
cedent. 

Four Quantities are faid to be proportional, when the 
firft is the fame part or multiple of the fecond, as the third 
is of the fourth. 

Th us, 2, 8, 3, 12, and a, ar, b, hr, are geometrical pro* 
portionals. 

Direel Proportion is when the fame relation fubfiffs be¬ 
tween the fir Id term and the fecond, as between the third 
and the fourth. 

Thus, 3, 6, 5, 10, and ax, y, ay, are in direft pro¬ 
portion. 

Reciprocal, or Inverfe Proportion, is when one quantity 
increafes in the fame proportion as another diminifhes. 

Thus, 2, 6, 9, 3, and a, ar, hr, b, are in inverfe pro¬ 
portion. 

A Series of Quantities are faid to be in geometrical pro¬ 
gression, when the firft has the fame ratio to the fecond as 
the fecond to the third, and the third to the fourth, &c. 

Thus, 2, 4, 8, 16, 32, 64, &c, and a, ar, ar2, ar3, ar*, 
arb, &c, are feries in geometrical progreflion. 

The 
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The moll ufeful part of geometrical proportion, is con¬ 
tained in the following theorems : , 

1. If four quantities be in geometrical proportion, the 
product of the two means will be equal to the product of the 
two extremes, 

T hus, if 2, 4, 6, 12, and a ar, b, br, be geometrically 
proportional, then wall 2 X 12 — 4x6, and a X br—b x ar. 

2. If four quantities be in geometrical proportion, the 
re&angle or produff of the means divided by either of the 
extremes, will give the other extreme. 

Thus, if 3, 9,5, 15, and x, ax,y, ay, are geometrically 
q X c ax X y 

proportional, then will - = 15, and-- = x* 
3 # 

And this is the foundation of the Rule-of-Three. 

3. In any continued geometrical progreflion, the product 
of the two extremes, and that of any other two terms, 
equally dafant from them, will be equal to each other. 

Thus, in the feries 1, 3, 9, 27, 81, 243, Sec, 
it is 1 x 243 = 3 x 81 - 9 X 27 = 243. 

4. In any continued geometrical feries, the laft term, is 
equal to the fir ft multiplied by fuch a power of the ratio, as 
is denoted by the number of terms lefs one. 

Thus, in the feries 2, 6, 18, 54, 162, See; 2X34 = 162. 

5. The fum of any feries in geometrical progreflion, is 
found bv multiplying the laft term by the ratio, and dividing 
the difference of this product and the firft term by the ratio 
lefs one. 

Thus, the fum of 2, 4, 8, 16, 32, 64, 128, 256, 512, i# 
512 x 2 — 2 
- — 1024— 2 — 1022. 

2 — I 

And the fum of n terms of a, ar, ar* I. 2, ar3 4, ar4, Sec, to 
. arn~‘1 X r — a arn — a rn — I 

arn is - — -- — -a. 
r — I r — 1 r — I 

6. If four quantities, a, b, c, d, or 2, 6, 5, 15, be pro¬ 
portional ; then will any of the 'following forms of thofe 
quantities be alfo proportional, viz. 

I. Direcfly, a : b :: c : d or 2 : 6 ;: 5 : 15. 

<2. Inverfely, b \ a :: d : c or 6 : 2 :: 15 : 5. 

3. Alternately, a : c :: b : d or 2 : 6 :: 5:15. 

4. Com- 
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4. Compoundedly, a \ a b \ \ c c d or 2 \ 8 !: 5 : 20, 

5. JDividedly, a : 3 — a :: c : d — ror 2 : 4 :: 5 : 10. 

6. Mixed, b 4 a\b— a::d c : d—- c or 8:4:: 20 : 10. 

7. Multiplication, ra\ rb :: c \ d or 2.3 : 6.3 1:5: 15. 

8. Divifion, a ~ r \ b r \ \ c \ d or 1:3:: 5 : 15. 

9. The numbers <7, <r, are in harmonical proportion, 
when a \ d:: a co b : c m d; or when their reciprocals 

Till • • 1 . , 
are m arithmetical proportion. 

examples. 

1. The firft term of a geometrical feries is 1, the ratio 2, 
and the number of terms 10 ; what is the fum of the feries ? 

Firft, 1 x 2* =; 1 X 512— laft term, 
. 512x2 — 
And, - 

1024. 
^ — = 1023,the fum required., 

2. The firft term of a geometric feries is £, the ratio 2., 
and the number of terms 5 ; required the fum of the feries ? 

Firft, i X = l X ttt — the laft term. 

And, (f — X -j) -T (1 — i) ~ (2 — ttt) ~ X 
■§= w x i — l^e fum required. 

3. Required the fum of 1, 3, 9, 27, 81, Sec. continued 
to 12 terms ? Anf. 265720. 

4. Required the fum of 1, -J, -J, it* tt> &c. continued 
to 12 terms ? _ • Anf. -j-fyfjy. 

5. Required the fum of 1, 2, 4, 8, 16, 32, &c. conti¬ 
nued to 100 terms ? 

Anf. 1267650600228229401496703205375. 

See more of Geometrical Proportion in the Arithmetic, 

SIMPLE EQUATIONS. 

An Equation, is when two equal quantities, differently 
expreffed, are compared together by means ol the fign = 
placed between them. 

Thus, 12— 5 ~ 7 is an equation, expreflmg the equality 
of the quantities 12—5 and 7. , 

A Simple 
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A Simple Equation, is that which contains only one 
power of the unknown quantity, without including different 
powers. 

Thus, x—£7 ^ r is a fimplc equation, containing 
only one power of the unknown quantity x. 

Reduction of Equations, is the method of finding the 
value of the unknown quantity. 

It confifts in ordering the equation fo, that the unknown 
letter or quantity may hand alone on one fide of the equa¬ 
tion, or of the mark of equality, without a co-efficient, and 
all the relf, or the known quantities, on the other fide.-— 
In general, the unknown quantity is difengaged from the 
known ones, by performing the reverie operations. So, if 
they are connected with it by -{- or addition, they mull be 
fubtrahted ; if by minus (—), or fubiraction, they muft be 
added ; it by multiplication, we muft divide by them ; if 
bydivifion, we muft multiply; alfo, any power of the un¬ 
known quantity is taken away, by extrading the root ; and 
any root is removed, by railing it to the powTer. As in the 
following rules #. 

RULE t. 

, Any quantity may be tranfpofed from one fide of the 
equation to the other by changing its fign. And this rule 
is ufed to remove, or take away quantities, from the fide of 
the unknown one, when they are conne£Ied with it, by the 
fign -f- or —, or to remove the unknown quantity from 
them. 

Thus, if x 4- 3 zz: 7 ; then will x = 7 — 3 = 4. 
And, if* — 4 -ft 6=8; then will x—S -}- 4— 6 = 6. 
Alfo, it x — a Ar b — c — d; then will x — a — b -ft r — d. 

And, in like manner, if \x — 8 = 3* 4* 2°, then will 
4x — 2X — 20 -ft 8, or * = 28. 

RULE II. 

When the unknown term is multiplied by any quantity; 
it is to be taken away by dividing all the terms of the equa¬ 
tion by it. * r 

* Thefe are founded on the general principle of performing 
equal operations on equal quantities, when it is evident that the 
refults muft ftill be equal; whether by equal additions, or Attrac¬ 
tions, or multiplications, or divifions, or roots, or powers. 

Thus, 
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T. has, if ax — ah — a ; then will x — b — t. 
And, if 2x-{-4.~i6 ; then will x 4-8, and 8—2—6* 
In like manner, if ax + 2&z — 3c2 ; 

7c2 2C2 
then will x 4~ 2b — — , and * -± -— — 2b* 

RULE III. 

When the unknown term is divided by any quantity ; it 
may he taken away, by multiplying all the terms of the 
equation by it. 

x 
Thus, if — = 5 4- 3 > then will x zzz 10 4* 6 z=z 16. 

X 
And, if — zzz b 4- c — d; then will x z= ab -f* ac — a(?* 

a 

2X 
In like manner, if — — 2 = 6 + 4; then will 2x — 6 = 

3 

18 12, and 2x=. 18 + 12 4“ 6 = 36, or* 16_ 18. 

RULE IV. 

The unknown quantity in any equation may be made 
free from furds, by tranfpofing the reft of -the terms by 
Rule I, and then involving each lide to fuch a power as is 
denoted by the index of the furd. 

Thus, if^/x — 2 = 6 ; then will^# = 64-2 — 8, and 
x = 82 — 64. * • 

And, if \J\x 4- 16 = 12, then will 4x 4- 16= 144, or 
4x — 144 — 16 = 128 ; and if both lides of the equation 
be divided by 4, x will be zzz 32. 

In like manner, if y 2x 4“ 3 + 4 = 8 ; then will 

y 2x 4-3=8 — 4 = 4> and 2v 4- 3 = 43 = 64, and 2x =2 

64— 3 = 61, or ^ = ~ = 30I. 

RULE V. 

If that fide of the equation which contains the unknown 
quantity be a complete power ; it may be reduced, b> ex- 
trad! ing the root of the faid power on both fides of the 
equation. 

Thus, if xz 4- 6.v 4~ 9 = 25 j then will .v 4- 3 =* V 2S 
= 5, or x =z 5 — 3 = 2. 

And, 
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And, if 3.Y2 — 9 = 21 + 3 > then will 3*2 = 21 -J- 3 -f- 9 

33, and x' 33 _ 11, or x = 11. 

2x ,2 
In like manner, if— -j- 10 = 20 ; then will 2x2 -J- 30 

3 
= 60, and x2 4* r5 = Z°> or x* == 3° — x5 = 15, or 
x — Vi 5. 

RULE VI. 

Any analogy or proportion may be converted into an 
equation, by making the produft of the two mean terms 
equal to that of the two extremes. 

Thus, if 3* : 16 :: 5 : 10 ; then will 3* X 10 = 16 x 5, 
o 80 8 

or 30* = 80, or x =-— — — 2% 
- 3° 3 

And, if •— \ a:\b\ci then will — : 

3 / 3 
3abt or ^ = —. 
J 2C 

ab, and 2cx 

x 
In like manner, if 12 — x : — ::4 : 1 

4* 

la 
2,r, and 2* + x = 12, or 3* = 12, and v = 

then will 12— x=z 

12 
4. 

RULE VII. 

If the fame quantity be found on both tides of an equa- 
tion,. with the fame fign ; it maybe taken away from each5 
and if every term in an equation be multiplied or divided by 
the fame quantity, it may be ftruck out of them all. 

Thus, if 4x + a = b -f- « ; then will 4.x — b, and at=—. 
4 

And, if 3ax -f- §ab z=z 8ac; then will 3V -j- 5^ = 8c, and 
8c — 5 b 

x 

r 1*1 % /. 2.X 8 
In like manner, it-- 

o 3 3 
and x — 8. 

16 8 , ... c 
-; then will 2,r = io, 
3 3 

MISCELLANEOUS EXAMPLES. 

i. Given 5* — 15 = -|- 6; to find the value of x. 

Firft, 5* — 2x — 6 -f- 15 
Or, 3x =. 6 + 15 = 21 

21 
Therefore x = —=7 

Of 

2 Given 

I 
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2. Given 40 — 6x — 16 = 120 — 14* ; to find 

Firft, 14.x — 6x — 120 — 40 -{- 16. 
Or 8* = 136 — 40 — 96. 

And therefore * = _ 96 
8 

12 

3. Let $ax — 3b — 2dx -f- r be given ; to find a*. 

Firft, %ax— 2dx — c -{- 3<5 
Or (5# — 2^} X # — c + 3^ 

* + 3^ And therefore x 
$a — 2d 

4. Let 3*2 — iov = 8a: 4* given ; to find x, 

Firft, 2.x— 10 = 8 + x, by dividing by x 
Or yc — x = 8 + 10 = 18 

18 
And therefore 2* = 18, or a: = — =9 

5. Given 6tfAr3 — 12abx2 — 3^.v3 4“ ? to find 

Firft, dividing the whole by ^ax* 
We fliall have 2x — 4^ 2= x 4~ 2 
Or 2a; — x = 2 4~ 4^ 
That is, a; = 2 -j- 4^ 

% 

x x x 
6. Let — — — 4- — = 10 be given, to find x. 

Firft, a; — — 4~ =20 

3 1 
Alfo, 3A; — 2x 4“ — 60 

And 12x — 8a; 4" 6* = 240 
Therefore ioa; = 240 

And * = = 24 
IO 

—3 , X ‘ X-jrl() r J 
7. Given-- 4- — 20 — —i—- ; to find a*. 
7 2 3 J 2 

2 V 
Firft, a; — 3 4—- =40 — #4- 19 

3 
Alfo, 3a: — 9 4- 2# = 120 — 3v 4- 57 
Therefore, 3^ 4- 2x 4~ 2X ^ 120 + 57 4" 9 

That is, 8v = 186, or x = — = 23 J 

8. Let 

• N 
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8. Let yj-1-5 = 7, be given ; to find 
3 

Firft, v'y =7 — 5 = 2 

Whence — = 22 = 4 
3 

And 2* = 12, or x = — = 6* 
2 

2a2 
9. Let x 4* V""2 4- *2 ^ •, be given; to find x. 

Firft, x^a2 A- x2 -f- a2 -f- x2 — 2a 

Whence x^u'1 4- x2 — a 

And x2 X a2 4" x2 = a‘ 
Or a2x2 -f- x4 — a1 

x‘ 
~^22 — a4 — 2a2 x2 + x4 

- 2a2x2 4* x4 

Or a3x2 4- 2a2x2 — a4, or 3a2x2 = a 
a4 a2 , a2 

Confeq. x2 = —- — — and x 
3^ 3 3 

Examples for practice. 

1. Given 37 — 2 + 24 = 31 ; t0 find 7. Anf. 7 = 3. 

2. Given x 4~ = 3X — 5; to find x. Anf. x.= Ilf, 

3. Given 6—2x4* 10=20—3X—2 ; to find x. Anf.x=:2. 

4. Given x 4- \x 4~ 4* = 115 to find Anf. x ~ 6* 

5. Given 2x — |x 4~ 1 = Sx — 2 ; to find x. Anf. x «= y. 

6. Given 3«x 4" ~ 
<4 

3 — 3x —- ^ ; to find x. 

Anf. x 3* 
6^ — 20 

7. Given |x 4* 4* — |x — \ ; to find x. Anf. x = y. 

8. Given yi2 4- •** — 2 4~ yJx ; to find x. Anf. x sr 4. 

9. Given x 4- « = —-—to determine x. Anf. x = — 
« -f- x 2 

10. Given y'a2 4~ x2 — 4~ : to find x. 
» / 

Anf. x =y/ 
b4 a4 

2 a2 

11. Given v/x 4~ \/« 4- * 

VOL. I. 

2 a 

\!a 4' -v 

=; to find x. 

R 

Anf. x — —. 

• 12. Given 
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12. Given —:-|~ ——- -=b; to find x» 
I +x 1 x 

a c ,b —la 
Ani. x—\—^—■. 

13. Given a x =y/ + XV ^ 4* *2 ; to find *. 

at ^ An I. x =-«. 
4* 

OF REDUCING DOUBLE, TRIPLE, &c, EQUATIONS, 

CONTAINING TWO, THREE, OR MORE UNKNOWN 
QUANTITIES. 

PROBLEM I. 

To Exterminate Two Unknown Quantities; Or, to Reduce the 
Two Simple Equations containing them, to a Single one, 

RULE I. 

1. Observe which of the unknown quantities is the lead 
involved, and find its value in each of the equations, by the 
methods already explained. 

2. Let the two values, thus found, be made equal to each 
other, and there will arife a new equation with only one un¬ 
known quantity in it, whole value may be found as before. 

1 EXAMPLES. 

I. Given { ^ it ly ~ io } ; t0 * and > 

From the firft equation a1 = — —— 

And from the fecond * = — 
5 

Confequently = 

Or 115 — 15y = 2o + 4V 

Or 1 gy= 115 — 20 = 95 

That is y — — 
J9 

= 5 

And * = 21^ = 4 
. • 2 

2. Given 

♦ 
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2. Given | ^ ~ ^ } > t0 find x and y* 

From the fir(l equation x — a —y 

And from the fecond x ~ b y 

*1 herefore a — y = b -f- y, or 2y =z a — b 

Confeq. y — ——, and x — a — y 

Or x — a — 

2 

a — b a -f- b 

3. Given { j* + ly _ g } i to find j; and 

From the fir ft equation x — 14 — 
3 

And from the fecond x = 24 — 3Z 
2 

Therefore 14 — 2 = 24-^ 
3 2 

9^ 
~ 72—^- And 42- 

Or 84 — qy = 144 — qy 

Whence $y = 144 — 84 = 60 
60 

And x = 14. 6. 

245 

Therefore y = — =12 
' 5 

2y^_ 24 

3 —14 3 
4. Given \x y— 34, and \y -f- x— 16 ; to find #andy. 

Anf. — 8, and j/ — 2. 

5. Given ~ and — — = — ; to find x 

and y. Anf. #=£=-§, andy — 4-. 
6. Given .v -f* y = and x2 — y~ — d\ to find * andy. 

Anf. x -f ^ , and y = 
— *T 

2r ' y 2r 

7. Given # — y~d, and x ly ll n l m ; to find at andy. 

• RULE II. 

1. Consider which of the unknown quantities you would 
firft exterminate, and let its value be found in that equation 
where it is leafl involved. 

2. Subftitute the value, thus found, for its equal in the 
other equation, and there will arife a new equation, with 

R 2 only 

✓ . 
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only one unknown quantity, whofe value may be found as 
before. 

examples. 

I. Given ( x 2y *7 \ ; to find * and y. 
I 3 x— y— 2 J 

From the firft equation x = 17 — 2y. 
This value fubfiituted for v in the fecond. 
Gives (17 — 2y) X 3 — y = 2 
Or 51 — 6y —iy —2, or 51 — 77 = 2 
That is 77 = 51 — 2 = 49 

Hence y ~ ~ — y, and x = 17 — 2y == 17 

2. Gi iven (* + y— 13 
y = 3 

1 ; to find x and y. 

From the firft equation x — 13 — y 
This value being fubfiituted for x in the 2d, 
Gives 13 — 7 — 7=3, or 13 — 27 =3 
That is 27 — 13 — 3 == 10 

Hence y = -—* = 5, and * = 13 —7 =13 — 5 = 8. 

3. Given | ^2’ ^y2X_lyc j* i to find x and 7. 

The firft analogy turned into an equation, 

oy 
gives bx — ay, or x = — 

And this value of x being fubfiituted in the 2d, gives 
ay 

b (7)2 + y2 = <•> or ~Ti + y2 = c 

Theref. a2y2 -f- 3Jy2 = or v1 = -7- 
2 + 

«2r 
Hence y and * = VjT+J 

4. Given 2x -ft 37 = 16, and 3* — 2y =. II ; to find * 
and 7. Anf. #=.5, and 7 = 2. 

x v • 
5. Given - -f- 77 = 99, and - -f- 7* = 51; to find*andy. 

Anf. *=7, and 7 = 14. 

6. Given-— 12 = 2-4-8, and + = 
2 4 5 *3 '4 

'4- 27 ; to find *'and 7. Ani. * — 60, and 7 = 40. 

7. Given 
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7. Given a : b :: x : 7, arid x3 —y3 — d; to find vand y. 

at , , Az3 i . , , 
Anf. v = y~—b^ and y = V 

a3 

RULE III. 

1. Let the given equations be multiplied, or divided, by 
fuch numbers or quantities as wiil make the term which 
contains one of the unknown quantities the fame in both 
equations. 

2. Then, by adding or fubtra&ing the equations, accord¬ 
ing as the cafe may require, there will arife a new equation, 
with only one unknown quantity, as before. 

EXAMPLES. 

I. Given / 3* ”j” 5y 4° 1 . t0 ^n(j x anq „ 
I x — 14 J 

Firft, multiply the 2d equation by 3, 
and it will give 3* -|- 6y — 42. 
Then fubtraft the firft from the laft equation, 
and it will give 67 — 5y — 42 — 4°» ory — 2, 
and therefore x = 14 — 2y — 14 — 4 = 10. 

2. Given 
{ 

t^ j> ; to find x andy. 5* — 3y : 
2x 4- 5y : 

Let the firft equation be multiplied by 2, and the 2d by 5, 
and we fhall have 1 ox— 6y = 18 N # 

and iov ft- 25y = 80 

Then if the former of thefe be fubtraUed from the latter 
62 

it will give 31/ =q 62, or y = — — 2 
3 

Confeq. x = ———by the firft equation 

Or v = 
9 4- 6 15 

= 3' 

Another Method. 

Multiply the firft equation by 5, and the fecond by 3, 

and we (hall have { Yx + 
/ y 

Now, let thefe two equations be added together. 

and the fum will be 31* = 93, or x = 93 
3i 

Confeq. 
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Confeq. y = by the fecond equation, 

Or y ~ 
16 

=-6J^=2> as before. 
5 5 

MISCELLANEOUS EXAMPLES. 

. r| ^ 
I. Given-- 4. 8y == 31, and ----- 10* = 192 ; 

to find # and y. 

2. Given 2—^ 
2 

to find x and y. 

Anf. x = 19, and y = 3. 

4- 14 = 18, and + 16 = 19"; 

Anf x — 5, andy = 2. 

77 — 3* 
— y — 11; 

r. 2* 4- 3y , x 0 
3. Given-— d-=8, and 

03 2 
to find x and y. Anf./* = 6, and y = 8. 

4. Given ax 4- by = r, and r/v 4" O' ==/'; to find x andy. 
a r ce — bf , af — dc 

Anl. x = -4„ and y = --— 
ae — bd ae — bd 

PROBLEM II. 

To Exterminate Three Unknown Quantities ; Or, to Reduce the 
Three Simple Equations, containing them, to a Single one. 

RULE. 

1. Let y, and z, be the three unknown quantities/to 
be exterminated. 

2. Find the value of x from each of the three given 
equations. 

3. Compare the firft value of x with the fecond, and an 
equation wijl arife involving only y and z. 

4. In like manner, compare the fir ft value of x with the 
third, and another equation will arife involving onlyy and z. 

5. Find the values of y and z from thefe two equations, 
according to the former rules ; and x, y, and z, will be ex¬ 
terminated as required. 

Note. Much in the fame manner may any number of 
unknown quantities be exterminated. But there are often 
fhorter methods for performing the operation, which will be 
beft learnt from pratlice. 

EXAM 
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I. Given 

EXAMPLES. \ 
x 4* y 4- 2 — 29) 
x 4- zy + 3Z = 62> ; to find Ar, y> and z. 

\\* + t7 + \z = IO) 
From the firft, # — 29— jy— z 
From the feeond, *• =62 — 2)> — 32 
From the third, x =20 — fy — \z 
Whence 29 —y — z = 62 — 2/ — 32 
And 29 —y — z = 2o — -§4— £z 

Alfo from the firft of thefe, y = 33 — 22 
And from the feeond, y = 27 — -fz 

Theref. 33 — 2z = 27 — -§2> or 2 = *2 
Whence alfo y = 33 — 2z = 9 
And x =z 2g — j — z — 8. 

* * (4* + iy + I2 == 
2. Given <4** 4* iy + i2 = 47> ; to find xry, and z. 

c?* 4- 4- i2 = 38 j 
Firft, the given equations, cleared of fra&ions, become 

12* 4- Sy 4- 6z = 1488 
2oa* 4- l5y 4- i2z = 2820 
30^ 4- 24/ 4- 2oz = 4560 

Then, if the feeond of thefe equations be fubtra&ed from 
double the firft, and 3 times the third from 5 times the fe~ 
cond, we (hall have 

4* + y = 
lox 4-3y — 420 

And again, if the feeond of thefe be fubtrafled from 
3 times the firft, it will give 

468 — 420, or a* = — = 24, 12# I OAT 

Theref.y— 156—4#=60, andz= — -5^? = 120, 

3. Given x 4- y + 2 = 53» and a* 4* zy -|- 3% = 105, 
and x 4" 2>y H” 42 •— 134; to find x, y, and z. 

Anf. x = 24,4 = 6, and z = 23. 

4. Given #4• y =z a, x z = b, and y 4- 2 = r; 
to find xf y> and z. 

(ax 4* by cz — m 
5. Given <dx 4- ey 4-/2 = n ^ ; to find x} y, and z. 

(gx + by 4- /fz = /> 

A COL* 
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A COLLECTION OF OUESTIONS PRODUCING SIMPLE 
*w 

EQUATIONS. 

1. To find two numbers, fuch, that their fum fhall be 
40, and their difference 16. 

Let x denote the leaft of the two numbers required, 
Then will x -J- 16 = to the greater, 
And at -j- x -J- 16 = 40 by the queflion, 
That is, 2x z=z 40 — 16 = 24 

Or x = — == 12, the leall number, 
2 

And x 16= 12 + 16 = 28, the greater number required. 

2. What number is that, whofe ~ part exceeds its | part 
by x6 ? 

Let Af = number required. 
Then will its j part be and its | part \x; 
Therefore — \x— 16 by the quellion. 
That is, x — \x = 48„or \x — Zx — I92 > 
Hence x = 192, the number required. 

3. Divide ioool. among a, b, and c, fo that a (hall have 
72I. more than b, and c iool. more than a. 

Let x = b’s fhare of the given fum, 

Then will x -+ 72 =s= a’s fhare, 

And x +- 172 c’s fhare, 
The fum of all their fhares is at + at + 72 + x + I72, 
Or 3# + 244 = 1000 by the queflion, 
That is, 3# '==■ 1000 — 244 + 756, 

Or x = 
756 

Hence x + 72 
And x + 172^ 

b’s fhare, 

a’s fhare, 

c’s fhare, 

Sum of all, 

252I. = b’s fhare ; 

= 252 + 72 = 324I. — a’s fhare, 
= 252-j- 172 == 424I. = c’s fhare, 

252I. 
3241. 

424I. 
ioool. the proof. 

4. A prize of ioool. is to be divided between two perfons, 
whofe fhares of it are in the proportion of 7 to 9 ; required 
the fhare of each ? 

Let x — firfl perfon’s fhare, 
Then will 1000 — x ~ fecond perfon’s fhare, 
Arid * : 1000 — x :: 7 : 9, by the queflion, 

That 
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That is, 9* = ( 1000 — x) X 7 — 7000 — 7*, 
Or 9* 4- jx— i6v =1 7000, 

Hence x = -°°° — 437I. 10s. = ill (hare, 
lb 

And 1000 — x= 1000 — 437I. 10s. =15621. 10s. 2d (hare. 

5. The paving of a fquare at 2s. a yard, coll as much as 
the inclofing it at 5s. a yard : required the fide of the fquare ? 

Let x = fide of the fquare fought, 
Then \x = yards of inclofure, 
And x2 = yards of pavement ; 
Hence \x X 5 — 2ov = price of inclofing, 
And x2 X 2 = 2x2 = price of paving. 
But 2at2 = 2ox by the queftion, 

Theref. 2x — 20, and # — 10 = length of the fide required. 

6. A labourer engaged to ferve for 40 days, on thefe 
conditions; that for every day he worked, he was to receive 
2od. but for every day he played, or was abfent, he was to 
forfeit 8d. Now at the end of the time he had to receive 
il. ns. 8d. It is required to find how many days he worked, 
and how many he was idle ? 

Let .v be the number of davs he worked, 
Then will 40 — x be the number of days he was idle, 
Alfo x X 20 — 2ox — the fum earned, 
And (40 — x) X 8 = 320 — 8v ~ fum forfeited, 
Hence20x — (320 — 8*) — 3808. — (il. i is. 8<1.) by 

the quefiion ; that is, 20X — 320 -f- 8.v = 380, 
Or 28* — 380 -f- 320 = 700, 

Hence x = 122 — 2C = number of davs he worked, 
28 0 

And 40— x = 40 — 25 = 15 = number of days he 
was idle. 

7. Out of a cafk of wine, which had leaked away -§> 21 
gallons were drawn ; and then, being gauged, it appeared 
to be half full ; how much did it hold ? 

Let it be fuppofed to have held x gallons, 
Then it would have leaked gallons, 
Confcq. there had been taken away 21 -f- gallons. 
But 21 + 2.* — ix by the queftion. 
That is, 63 -f- x — \x 
Or 126 -f- 2x = 3* 
Hence 3* — 2x = 126 
Or x = 126 = number of gallons required. 

8. What 
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8. What fraftion is that, to the numerator of which, if 
1 be added, the value will be ; but if 1 be added to the 
denominator, its- value will be | ? 

Let the fra£lion be reprefented by 

Then will 

And 

x —{■■ 1 

y 
X 

X 

y 

3 
1 

y + 1 4 
Hence 3* 4 3 = y, 
And AfX — y -j- 1, 
Theref. 4x — 3* — 3 = y 4 * — y, 
That is x — 3 = 1, 
Or x 4 ; and hence y — 3* 4 3 = 12 + 3 
So that t4t is the frablion required. 

= 1 

9. A market woman bought in a certain number of eggs 
at 2 a penny, and as many more at 3 a penny, and fold them 
all out again at the rate of 5 for two-pence, and by fo doing 
loft 4d. what number of eggs had fhe ? 

Let* = number of eggs of each fort, 
Then will \x — price of the firft fort, 
And \x = price of the fecond fort; 
But 5:2:12*’ (the whole number of eggs) : 4*’; 
Whence \x— price of both forts, at 5 for 2 pence, 
And \x 4 t* — = 4 by the queftion; 
That is x + fv— %x — 8. 

Or 3* 4* 2* — *tx = 24 ^ 
Or 15* -(- 10* — 24* = 120, 
Or*’ = 120 = number of eggs of each fort. 

10. If A can do a piece of work alone in 10 days, and b 
in 13 ; fet them both about it together, in what time will it 
be finifhed ? 

Let the time fought be denoted by x. 
Then 10 days : I work :: * days : r^x. 
And 13 days : 1 work :: at days : : 
Hence -~x = part done by a in x days, 
And -fax =. part done by b in x days ; 
Confequently T^.v 4 — 1 ; 
That is 4|* 4 *~ 13, or 13* -f- 10* — r 30 ; 
Or 23* = 130, and * = \3j = 54I days, the time 

required. 

11. If 

/ 
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11. If one agent a, alone, can produce an effeft e, in the 
time a ; and another agent b, alone, in the time b ; in what 
time will they both together produce the fame efteff ? 

Let the time fought be denoted by x. 

Then a : e :: x : — = part of the effeft produced by a, 

6X 
And b : e \ \ x \ = part of the effedt produced by b, 

fX t'X 
Hence -- — = e by the queftion ; 

x x 
Or - 4- 1 ; 

a b 

Theref. x + = a\ 
b 

And bx -J- ax — ab ; 
ab 

Confeq. x = -y — time required. 

QUESTIONS FOR PRACTICE. 

1. What two numbers are thofe whofe difference is 7, 
and fum 33 ? Anf. 13 and 20. 

2. To divide the number 75 into two fuch parts, that 3 
times the greater may exceed 7 times the lefs by 15. 

Anf. 54 and 21. 

3. In a mixture of wine and cyder, \ of the whole plus 
25 gallons was wine, and •§• part minus 5 gallons was cyder: 
how many gallons were there of each ? 

Anf. 8^ of wine, and 35 of cyder. 

4. A bill of 12ol. was paid in guineas and moidores, and 
the number of pieces of both forts that were ufed was juft 
loo; how many were there ot each ? Anf. 50 ol each. 

5. Two travellers fet out at the fame time from London 
and York, whofe diffance is 150 miles ; one of them goes 
8 miles a day, and the other 7 ; in what time will they meet ? 

Anf. in 10 days. 

6. At a certain eledlion 375 perfons voted for two candi¬ 
dates, and the candidate cholen had a majority of 91 ; how 
many voted for each ? 

Anf: 233 for one, and 142 for the other. 

7. What number is that from which, if 5 be fubtradfed, 
•| of the remainder will be 40 ? Anf. 65. 

8. A 
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8. A pod is in the mud, in the water, and io feet > 
above the water ; what is the whole length ? Anf. 24 feet. 

9. There is a filh whofe tail weighs 91b. his head weighs 
as much as his tail and half his body, and his body weighs 
as much as his head and tail ; what is the whole weight of 
the fifh ? Anf. 721b. 

10. After paying away-i-and \ of my money, I had 66 
guineas left in my purfe ; what was in it at firft? 

Anf. 1 20 guineas. 

11. a’s age is double of b’s, and b’s is triple of c’s, and 
the fum of all their ages is 140; what is the age of each ? 

Anf. a’s — 84, b’s = 42, and c’s = 14. 

12. Twoperfons, A and b, lay out equal furns of money 
in trade ; a gains 126I. and b lofes 87I. and a’s money is 
now double of b’s ; what did each lay out ? Anf. 300I. 

13. A perfon bought a chaife, horfe, and harnefs, for 60I. 
the horfe came to twice the price of the harnefs, and the 
chaife to twice the price of the horfe and harnefs : what did 
he give for each ? ' 

Anf. 13]. 6s. 8d. for the liorfe, 61. 13s. 4d. for the 
harnefs, and 40I. for the chaife. 

14. Two perfons, a and b, have both the fame income ; 
A faves ~ of his yearly, but b, by fpending 50I. per annum 
more than a, at the end of 4 years finds himfelf iool. in 
debt; what is their income ? Anf. 125I. 

15. A perfon has two horfes, and a faddle w7orth 50I. 
now7 if the faddle be put on the back of the firft horfe, it 
will make his value double that of the fecond ; but if it be 
put on the back ol the fecond, it will make his value triple 
that of the firft ; what is the value of each horfe ? 

Ani. One 30I. and the other 40I. 

16. To divide the number 36 into three fuch parts, that 
\ of the firft, \ of the fecond, and \ of the third may be 
all equal to each other ? Anf. The parts are 8, 12, and 16. 

17. A footman agreed to ferve his mafter for 81. a year 
and a livery ; but was turned aw7ay at the end of 7 months, 
and received only 2I. 13s. 4d. and his livery; what was its 

*value ? Anf. 4^ 16s. 

18. A perfon was defirous of giving 3d. a-piece to fome 
beggars; but found that he had not money enough in his 
pocket by 8d. ; he therefore gave them each 2d, and had 
then 3d. remaining ; required the number of beggars ? 

Anf. u. 

. . 19. A 
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19. A hare is 50 leaps before a greyhound, and takes 4 
leaps to the greyhound's 3 ; but two ot the greyhound’s leaps 
are as much as three ot the hare’s : how many leaps mud 
the greyhound take to catch the hare ? Anf. 300. 

20. A perfon in play loll £ of his money, and then won 
3 {hillings ; after which he loft \ of what he then had, and 
then won 2 (hillings ; laftly he loft j- of what he then had ; 
and, this done, found he had but 12s. remaining ; what had 
he at fu ll ? Anh 2os. 

21. To divide the number 90 into 4 fuch parts, that if 
the firft be increafed by 2, the fecond diminifhed by 2, the 
third multiplied by 2, and the fourth divided by 2 ; the lum, 
difference, produtf, .and quotient (hall be all equal to each 
other. Anf. The parts are 18, 22, 10, and 40, refpeftiyely. 

22. The hour and minute hand of a clock are exadlly 
together at 12 o’clock : when are they next together ? 

Anf. 1 hour, 5^ minutes. 

23. There is an ifland 73 miles in circumference, and 
three footmen all dart together to travel the fame way about 
it: a goes 5 miles a day, b 8, and c 10 : when will they all 
come together again ? Anf. 73 days. 

24. How much foreign brandy at 8s. per gallon, and Bri- 
tifh fpirits at 3s. per gallon, muff be mixed together, fo that 
in felling the compound at 9s. per gallon, the diftiller may 
clear 30 per cent. ? 1 

Anf. 51 gallons of brandy, and 14 of fpirits. 

25. A man and his wife ufually drank out a cafk of beer 
in 12 days; but when the man was from home, it faded 
the woman 30 days; how many days would the man alone 
be in drinking it ? Anf. 20 days. 

26. If a‘and b together can perform a piece of work in 
8 days; A and c together in 0 days; and b and c in 10 
days ; how many days will it take each perfon to perform 
the fame work alone ? 

Anf. a 14I-A days, B iyff, and c 23-/T. 

27. If three agents, a, b, and c, can produce the efle£Is 
a, by' c, in the times e, f, g, refpedliveiy ; in what time 
would they jointly produce the eftedl d? 

Anf. d ~ (— -j- “ + time. 
6 f g' ' 

QUA- 
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QUADRATIC EQUATIONS. 

A Simple Quadratic Equation, is that which involves 
the fquare of the unknown quantity only. 

An Affe&ed Quadratic Equation, is that which involves 
the fquare of the unknown quantity in one term, and the 
firft power in another term. 

Thus, ax2 — by is a fimple quadratic equation ; 
And ax2 4* bx — c, is an affected quadratic equation. 

The rule for a fimple quadratic equation has been given 
already. 

All affedled quadratic equations fall under the three fol¬ 
lowing forms: 

1. x2 + ax — b 
2. x2 — ax — b 
3. x2 — ax — — b. 

The rule for finding the value of **, in each of thefe 
equations, is as follows : 

RULE*. 

1. Transpose all the terms which involve the unknown 
quantity to one fide of the equation, and the known terms 
to the other, and let them be ranged according to their di- 
menfions, as in the forms above. 

2. When 

* The fquare root of any quantity may be either 4- or —5 and 
therefore all quadratic equations admit of two folutions. Thus 
the fquare root of 4* »2 Is either 4 n or — n ; for 4* X 4 * 
and — » X — » are each equal to 4»J* But the fquare root of 
— n2y or V—n2, is imaginary or impoflible, as neither 4# nor 
—-w, when fquared, give —«2. 

So, in the firfl form, x2 4- ax — by where x 4 •§■* is found = 

y b 4 42» r00t m2LJ either 4 V b 4 4z2*or—V ^ 4i*2> 
Since either of them being multiplied by itfelf will produce b^^a2, 

v ' And 
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2. When the fquare of the unknown quantity has any 
co-efficient prefixed to it, let all the reft of the terms be - 
divided by that co-efficient; which brings the equation to 
one of the three forms above. 

3. Then complete the unknown fide to a fquare in this 
manner, viz. Take half the co-efficient of the fecond term 
and fquare it, which fquare add to both fides of the equa¬ 
tion, then that fide which involves the unknown quantity 
will be a complete fquare. 

4. Extra# the fquare root of both fides of the equation, 
and the value of the unknown quantity will be determined, 
as was required, making the root of the known fide either 
+ or —, which will give two roots of the equation, or two 
values of the unknown quantity. 

Note, 

And this ambiguity is exprefted by writing the uncertain fign Hb 

before V b + i 5 thus * — b + ^ 

In this form, where x = + \/b ft- ft«2 — the firft value 

of xy viz. a: = ft- Vb T i«2 —is always affirmative; for 
fince fta2 ft- b is greater than \a2, the greateft fquare muft necef- 

farily have the greateft fquare root; therefore \/ b ft- fta2 will 
always be greater than */ft*2, or its equal\a ; and confequently 

b + ft*2 — Ya will always be affirmative. 

The fecond value, viz. at = — V b ft- \a2 — ±a will always be 
negative, becaufe it is compofed of two negative terms. There¬ 

fore when x2 ft- ax •=. b, we fhall have x = + Vb +$a* — ft* 

for the affirmative value of at, and at = —- y b ft- ft«2 — ft* for 
the negative value of at. 

In the fecond form, where x — Vb ft- ft?2 ft- the firft 

value, viz. at = ft- y/ b ft- \a2 ft- ft* is always affirmative, fince it 
is compofed of two affirmative terms. The fecond value, viz,. 

at = — Vb ftfl2 + will always be negative; for fince 
b ft- ft«2 is greater than ft?2, y/b ft- ft*2 will be greater than -/ft?2, 

or its equal ft* ; and confequently — y/ 0 ft- ft?2 ft- ft* is always a 
negative quantity. 

Therefore, when x2 — ax r=z bt we fhall have x — y /.ft-fta2 

for the affirmative value of x, and x z=. — V b ft- ft*2 ft- \a 
for the negative value of at; fo that in both the firft and fecond 

forms, 
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Note, 1. The fquare root of the firft fide of the equation 
js always equal to the unknown quantity, with half the co¬ 
efficient ol the fecond term fubjoined to it. 

2. All equations, in which there are two terms involving 
the unknown quantity, and which have the index of the one 
juft double that of the other, are refolved like quadratics, 
by completing the fquare, as above. 

Thus, x4 -f- ax2 — b, or x2n -f* oxn — b, or x ax1 = bf 
are the fame,as quadratics, and the value of the unknown 
quantity may be determined accordingly. 

EXAMPLES. 
% 

I. Given x2 + \x — 140 ; to find x. 

Firft, x2 -f- \x 4- 4 = 140 -f- 4 =£= 144, by completing 
the fquare. • 

Then \/x2 -f- 4-x T 4^=1^144, by extrafting the roots ; 
Or, which is the fame thing, x -f- 2 T 12. 
1 heret. x = Hb 12— 2 = 10 or— 14, the two roots. 

forms, the unknown quantity has always two values, one of which 
is pofitire, and the other negative. 

In the third form, where ^ — b -+* both the 
values of x will be pofitive, fuppofing \a2 is greater than b. For 

the firff value, viz. x — — b will then be affirma- , 
tive, being compofed of two affirmative terms. 

The fecond value, viz. x = — V \a<2 — ~b T \a is affirmative 
alfo ; for fmee La2'is greater than ±a2 — b, V \u2 or \a is greater 

than V\a2 — b ; and confequently — V\u2 — b + \a will always 
be an affirmative quantity. Therefore, when x2 — ax = —• £, we 

fliall have ft-vA'"2—Hb) and alfo wrr—V\^2 — b 
-f ~a for 1 he values of x, both affirmative. 

But in this third form, if b be greater than the folution of 
the propofed queftion will be impoffible. Bor fince the fquare of 
any quantity (whether that quantity be affirmative or negative) is 
always affirmative, the fquare root of a negative quantity is im¬ 
poffible, and cannot be affigned. But if b be greater than ^-a2, 

then 2"2 — b is a negative quantity ; and therefore V\'i2 — b is 
impoffible. or imaginary; confequently, in that cafe, w — 4? ~f~ 

V \a2 —or the two roots or values of x, are both impoffible, 
or imaginary. 

2. Given 
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2. Given x2 — 6x -(- 8 — So; to find x. 

Firft, x2 — 6x = 80 — 8 = 72, by tranfpolition ; 
Then v2 — 6x + 9 == 72 + 9 = 81, by completing the fq. 

And x — 3 — y'Si = +9, by extrading the root; 

Thcref. x= T; 9> 4* 3 = 12 or — 6. 

3. Given 2*2 4- 8* — 20 = 70 ; to find x. 

Firft, 2x2 ft- 8* = 70 4- 20 = go by tranfpofition ; 
Then x2 4- 4* = 45 by dividing by 2 ; 
And x2 4- 4v 4- 4 49 by completing the Square; 
Hence '*■ 4- 2 —^49 = T 7 by extra£ting the root; 
Consequently at = 4b 7 — 2 = 5 or — 9. 

4. Given 3V2 —• 3# 4- 6 = 54; to find x. 

Here, AT 1 ,r A. 4- 2 “ i| by dividing by 3, 
And *2 — x = i\ — 2 by tranfpofition : 
Alfo x2 — ^ 4- i — 14 — 24-5 — tY by compl. the fq. 
Hence x — \ = + 4 by evolution ; 
Therefore x — + ± \ 4 or 4. 

5. Given \x2 — 4* 4~ 2o| = 424 ; to find x. 

Here, \x2 — ±x — 424 — 204 = 224 by tranfpofition; 
And x2 — 4* = 444 by multiplying by 2. / 
Then x2 — fx ft- 4 = 444 +4 = 444 by compl. fqu. 
Hence x — 4 =^444 = + 64 by evolution ; 
Therefore x = +6f 4~ 4 = 7 or — 64. 

6. Given ax2 4- bx = c ; to find x. 

Firft, x2 ~ x — —by divifion ; 
a a 

Then x2 4- — # 4- — — 4- —0 by compl. Square. 
« 4a2 « 4«- J r 

And a: 4- — — 4" 0 = 4-^^—-^5— by evoluu 
1 2a r 4a2' —-v 4a2 ; 

Therefore * = 4~^/(— “t: . 

7. Given a*2 —* bx 4- c = to find a?. 

Here, ax2 — bx — d —c by tranfpofition ; 

And a-2 — ^ *■ = ——- by divifion ; 
* « a , 

Alfa VOL. I. s 
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b b2d 
Alfo A."2-Jf'4 

a \a 

Hence x • 

> £ u - 
-1-by compl. the fq. 
a 4 a2 } v 

b2 

2a 
4-Vf-C H-o) by evolution ; 
-v v a 4a- 

b . A — c b2 . 
Therefore * = - ±\Z(~— + £i)- 

8. Given „v4 4 2rt*2 == b ; to find v. 
Here, 4 2d.v2 4- a2 — b -f- rtt2 by compl. the fq. 

And x2 <2 — + 4 by evolution ; 

Hence x2 = 4v^ 4“ —<2, by tranfpofition ; 

And confequently x= 4 v/ — a+\Jb 4- 
\ ■ — 

n 

9. Given — bx2 — £ ; to find at. 

rtf2. 

n 

Fir ft, axn— bx2 — c — d by tranfpofition ; 

- d b n_ c — 
And vn-at2 =- 

a a 

r b n h2 
Alfo at"-v2 4- —r — 

a. 4a2 

by divifion; 

--- 4- by compl. the fq. 
a 1 4a2 J r ^ 

Hence #2 —= 4 */(--— 4 —by evolution; 
— "* 4 a2 J 2a a 

n 
Therefore v2 = -^- 4^/(--- ”1-j) > 

2a — v a 4 a2J 

at r r h _i_ ,4^ —4 And conieq. *•=(—; -rJ-~-j11. 
1 2 a — 4a2 v 

^ EXAMPLES FOR PRACTICE, 

r. Given x2 — 8,v 4 10 = 19 ; to find x. 

2. Given x2 — * — 40 = 170; to find at. 

3. Given 3V2 2x — 9 — 76; to find x. 

4. Given \x2 -+ 4 7t = B ; to find at. 

5. Given 2at4 — x2 = 496; to find at. 

6. Given \x — ■§-yjx = 224; to find 

7. Given -§-,y2 4 +x= f; to find x. 

8. (Bven *6 4 6*3 — 2 ; to find a;. Anf. x = V — 3 441 

9. Given a-2 4 = «; to find x. Anf. at =zV a 4"l — 

10. Give 

Anf. x — 9 

Anf. x = 15 

Anf, a; = 5 

Anf. x = ij 

Anf. *= 4 

Anf. x = 4c. 

Anf. x = *668g 
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IO. Given*—y*= a; to find at. Anf. at = (f+Va -f- ^j2. 

n. Given 3 a’2" — 2xn~2$ \ to find at. 

_ Anf. *==MV76 + *)“. 

12. Given V i 4~ * — 2 Vi 4~ * = 4; to find at. 
Anf. AT err (I — I* 

• ' - ’f ^ 1 ij . • 5 I 

QUESTIONS PRODUCING QUADRATIC EQUATIONS. 

1. To find two numbers whofe difference is 8, and pro¬ 
duct 240. 

Let x to the leafi number. 
Then will at 4- 8 = to the greater, 
And x X (x + 8) == x2 + 8v = 240 by the quefiion ; 
Thence x2 -}- Sx + 16 = 240 + 16 = 256 by complet¬ 

ing the fquare ; 
And hence x +4 =^2^6 = 16 by evolution ; 
Theref. x = 16 —4=: 12 the lefs number, 
And 12 4* 8 — 20 the greater. 

l ' ' : ■ > ' f' ' • . * 

2. To divide the number 60 into two fuch parts, that 
their product may be 864. 

Let x = the greater part, 
Then will 60 —x = the lefs, 
And v X (60 — x) = 6ox —x2 =864 by the quefiion ; 
That is x2 — 60* = — 864 ; 
Then x2 —6ox + 900 = — 864 + 900 = 36 by com¬ 

pleting the fquare ; 
Hence x — 30 = 4- ^36 = -j- 6 by extracting the root; 
Theref. x = 30 + 6 = 36 or 24, the two parts. 

3. Given the fum of two numbers = 10 (a), and the fum 
of their fquares — 58 (b); to find thofe numbers. 

Let x — the greater of the two numbers, 
Then will a ■—x = the lefs ; 

And x2 4~ (a—-x)2 = 2v2 -j- a2 —- 2ax — b by the quefiion. 
Or x2 4" ia* — ax—\b by divifion, 

Or x2 — ax — \b — \a2 by tranfpofition ; 

Then a:2 —ax 4- |a* = \b — \a2 by compl. the fq. 

Hence x — \a = + -|V2b — a2 by extra£ling the root; 

Theref. * =: \a jh ^V2b — a2 the two numbers. 

S 2 That 
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That is, x = \n 4- jV 2^ 

And 

a the greater number. 

x = \<Jib —a2 the lefs number. 

Hence thefe two theorems, being put into numbers, give 
7 and 3, for the numbers required. 

. 1 " * • 

4. Sold a piece of cloth for 24I, and gained as much per 
cent, as the cloth coll me ; what was the price of the doth ? 

Let x = pounds the cloth coll, 
Then 24 — x= whole gain, 
But 100 : x :: X : 24 — X by the quellion, 

Or x2 = loo X 24— x — 2400 — loox. 
That is, x2 + loox = 2400 ; 
Then x2 -f- ioo* 4“ 2500 = 4900 by compL the fq. 
And x 4- 5° =v/49°° — 7° by extraction of roots, 
Conlequently x = 70 — 50 = 20I. = price of the cloth. 

1. 

5. A perfon bought a number of oxen for 80I. and il he 
had bought 4 more for the fame money, he would have paid 
il. lefs for each : how many did he buy ? 

Let the number of oxen be reprefented by a*, 
80 

Then will — be the price of each. 
.v 

And 
80 

But 

x t 4 
80 

price of each, if x 4- 4 bad coll 80L 

.v 

Or 80 

80 

x 4~ 4 
8ox 

4- 1 by the quellion, 

-f- xy by multiplication, 
x 4- 4 

Or 80* 4- 320 = Sox 4- x2 4- 4X, by the fame, 
4 bat is, x2 4~ 4-v= 320; 
Then x2 4~ 4X 4~ 4 ~ 324 by completing thefquare. 
And x 4- 2 = \/324 = 18 by evolution, 
Confeq. a = 18 — 2=16, the numb, of oxen required, 

6. What two numbers are thofe, wliofe fum, produfl, and 
difference of their fquares, are all equal to'each other ? 

Let x = the greater number. 
And y = the lets. 

Then I x + y ~ ** t 
l X 4- y 

Hence 1 
v ^ 

_J>by the quellion ; 

r 
X 4r y 

2d equation, 

x — y, or x = y 4- 1 from *hc 

Alfo 
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Alfo y -\- 1 -\- y — y 1 X y from the fir ft equation. 
Or 2y; + 1 = y2 + y. 
That is, y2 —y = 1 ; 
Then v2 —y 4- ? = if by completing the fquare, 
Alfo/— i — y/ii — — 1^5 by evolution, 
Confequently y — |^/5 -f- |, 
And v = y -j- r = i v/5 -f f. 

And if thefe expreffions be turned into numbers, we (hall 
have x — 2'6i8o 4* 
and y — 1 6180 4- 

7. There are four numbers in arithmetical progreflion, of 
which the produft of the two extremes is 45, and that of 
the means 77 ; what are the numbers ? 

Let x = the lefs extreme, 
andy = the common difference ; 

Then x, x -J- y* x 2y, x -f- 3y, will be the four numbers, 

Hence *■ x * + 3y = v2 -{- 3*7 = 45» 1 by the 

And at 4“ y x at -j- 2y = at2 + 3yy -f- 2y2 = 77 J queftion, 
Hence 2y2 “77 — 45 = 32/7 fubtra&ion, 
Andy2 — 3t2 — 16 by divifion. 
Or y — v/i6 = 4 by evolution; 
Therefore x2 + 3*y — x2 + t2v— 45 by the ift equation, 
And at2 -f* I2v + 36 — 45 -j- 36 = 81 by completing the fq. 
Alfo x 4- 6 5=5 = 9 by the extra£lion of roots; 
Confeq. x = 9 — 6 — 3, 
And the numbers are 3, 7, 11, and 15. 

And { 

8. To find 3 numbers in geometrical progreflion, whofe 
fum fhallbe 14, and the fum of their fquares 84. 

Let xyy, and z be the three numbers fought. 
Then xz — y2 by the nature of proportion, 

*» Xf + *• = 84} b>'the queftion» 
Hence x 4- z = .14 — y by the 2d equation, 

And x2 4~ 2xz 4- z2 196 — 28y 4~ by fquaring. 
Or x2 4- z2 T 2y2 = 196 — 28y -j- y2 by putting 2y* 

for its equal 2xz, 
That is, x2 z2 4- y2 — 196 — 28y by fubtradfion, 
Or 196 — 2By = 84 by equality, 

Hence y = = 4 by tranfpofition and divifion. 

* 
Again, 
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Again, xz j6, or x 

16 

16 

And * 4'y z —-b 4 + ~ 
z 

by the iff equation, 
> 

: 14 by the 2d equation. 

Or 16 4- 4Z + z2 = I4Z> or z2 — ioz = — 16 ; 
Thenz2 -— 102: 4- 25 = 25 — 16 — 9 by compl. fq. 
And z — 5 = i\/9 — T 3 by extra&ing the roots; 
Hence z=r 5 4 3 = 8 and 2, the two other numbers, 
That is, x = 2, and z = 8, 
And the three numbers are 2, 4, 8. 

QUESTIONS FOR PRACTICE. 

1. What two numbers are thofe, whofe fum is 20, and 
their produtf 36 ? Anf. 2 and 18. 

2. To divide the number 60 into two fuch parts, that 
their produdf may be to the fum of their fquares, in the 
ratio of 2 to 5. Anf. 20 and 40. 

3. The difference of two numbers is 3, and the difference 
of their cubes is 117 ; what are thofe numbers ? 

Anf. 2 and 5. 

4. A company at a tavern had 81. 15s. to pay for their 
reckoning ; but, before the bill was fettled, two of them 
left the room, and then thofe who remained had 10s. a-piece 
more to pay than before; how many were there in com¬ 
pany ? Anf. 7. 

5. A grazier bought as many fheep as coft him 60I. and, 
after referving 15 out of the number, he fold the remainder 
for 54b and gained 2s. a head by them3 how many fheep 
did he buy ? Anf, 75. 

6. 1 here are two numbers whofe difference is 15, and 
half their produdl is equal to the cube of the leffer number ; 
what are thofe numbers ? Anf. 3 and 18. 

7. A perfon bought cloth for 331. 15s. -which he fold 
again at 2l. 8s. per piece, and gained by the bargain as much 
as one piece coft him; required the number of pieces ? 

Anf. 15. 

8. What number is that, which, when divided by the 
produ£l of its two digirs, the quotient is 3 ; and if 18 be 
added to it, the digits will be inverted ? Anf. 24. 

9. What two numbers are thofe, whofe fum multiplied 
by the greater is equal to 77; and whofe difference multi¬ 
plied by the leffer is equal to 12 ? Anf. 4 and 7. 

10. To 
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10. To find a number fuch, that if you fubtraft it from 
10, and multiply the remainder by the number itfelf, the 
produdl (hall be 21. Anf. 7 or 3. 

11. To divide 100 into two fucli parts, that the fum of 
their fquare roots may be 14. Anh 64 and 36. 

12. It is required to divide the number 24 into two fuch 
parts, that their produet may be equal to 35 times their dif¬ 
ference. Anf. 10 and 14. 

13. The fum of two numbers is 8, and the fum of their 
cubes is 152 ; what are the numbers ? Anf. 3 and 5. 

14. The fum of two numbers is 7, and the fum of their 
4th powers is 641 ; what are the numbers ? Anf. 2 and 5. 

15. T he fum of two numbers is 6, and the fum of their 
5th powers is 1056 ; what are the numbers ? Anf. 2 and 4. 

16. The fum of four numbers in arithmetical progreffion 
is 56, and the fum of their fquares is 864; what are the 
numbers ? Anf. 8, 12, 16, and 20. 

17. To find four numbers in geometrical progreffion, 
whofe fum is 15, and the fum of their fquares 85 ? 

Anf. 1, 2, 4, and 8. 

18. It is required to find four numbers in arithmetical 
progreffion, fuch that their common difference may be 4, 
and their continued produdf 176985. 

Anf. 15, 19, 23, and 27. 

19. Two partners, a and b, gained 140I. by trade ; a’s 
money was 3 months in trade, and his gain was 60I. lefs 
than his flock ; and b’s money, which was 50I. more than 
a’s, was in trade 5 months; what was a’s flock? 

Anf. 100I. 

RESOLUTION OF CUBIC AND HIGHER 
EQUATIONS. 

A Cubic Equation, or Equation of the 3d degree or 
power, is one that contains the third power of the unknown 
quantity. As a3 — ax2 bx = c. 

A Biquadratic, or Double Quadratic, is an equation that 
contains the 4th power oi the unknown quantity. As 
x* — axz -F,bx2 — cx = d. 

An 
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An Equation of the 5th Power* or Degree, is one that 
contains the 5th power of the unknown quantity. As 
x5 — ax4 -f- bx3 — ov2 T dx — c. 

An Equation of the 6th Power or Degree, is one that 
contains the 6th power of the unknown quantity. As 
,v6 — ax5 -j- —cx3 -f- dx2 —ex =/'• 

And fo on, for all other higher powers. Where it is to 
be noted however, that all the powers or terms, in the 
equation, are fuppofed to be freed from furds or fra6fjonal 
exponents. 

There are many particular, and prolix rules, ufually given 
for the refolution of fome of the above-mentioned powers 
or equations. But they may be all eafily refolved by the 
following eafy rule of Double Pofition, Sometimes called 
Trial-and-Error. 

RULE. 

1. Find, by trial, two numbers, as near the true root as 
you can, and lubftitute them feparately in the given equation, 
inffead of the unknown quantity j marking the errors which 
anfe*fiom each of them. 

2. Multiply the difference of the two numbers, found or 
taken by trial, by the leal! error, and divide the produff by 
the difference of the errors, when they are alike, but by 
their fum when they are unlike. Or fay, As the difference 
or fum of the errors is to the difference of the two numbers, 
fo is the lealt error to the correffion oi its fuppofed number. 

3. Add the quotient, lad found, to the number belonging 
to the leaft error, when that number is too little, but fub- 
traffc it when too great, and the reluit will give the true 
loot nearly. 

4 Take this root and the neareft of the two former, or 
any other that may be found nearer ; and, by proceeding in 
like manner as above, a root will be had ltiU nearer thanbe- 
fore; and l'o on to any degree of exadinefs required. 

Note 1. It is belt to employ always two affumed numbers 
that fhall differ from each other only by unity in the laff fi¬ 
gure on the right hand ; bccaufe then the difference, or mul¬ 
tiplier, is only iff 

Note 2. The above rule is the 2d rule for Double Pofi¬ 
tion, given in the Arithmetic, pag. 140, (where it is demon- 
If rated). It is the eafielf to be iffed here, and each new 
operation commonly doubles the /lumber of true figures in 
the root. 

EXAM 
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EXAMPLES. 

Ex. I. To find the root of the cubic equation x3 + x7 + 
x = 100, or the value of # in it. 

Here it is foon found that 
x lies between 4 and 5. Af- 
fume therefore thefe two num¬ 
bers, and the operation will 
be as follows : 

the fum of which is 71. 
Then as 71 : 1 :: 16 : *225. 
Hence * =: 4*225 nearly. 

Again, fuppofe 4*2 and 4*3, 
and repeat the work as fol¬ 
lows : 

iff. Sup. 2d Sup. iff. Sup. 2d Sup. 

4 - - x 5 4'2 .V 4*3 
16 - - x2 - 25 17 64 - X2 ■8-49 
64 - X2 - 125 74*088 X* 79-507 

.84 - fums *55 95-928 ■ - fums - 102*297 

—16 - errors * +
 

Ln
 

—4.072. ■ errors - + 2*297 

the fum of which is 6*369. 
As 6-369 : i :: 2*297 • 0-036 

This taken from * 4*300 

leaves * nearly — 4*264 

Again, fuppofe 4*264, and 4*265, and work as follows : 
4*264 4-265 

l8‘l8l696 X2 18*190225 
77-526752 • X3 77-58131° 

99*972448 fums 
,* \ - 100-036535 

-0-027552 errors - + °‘°36535 
the fum of which is *064087. 

Then as *064087 : *oo1 :: 4*264 : 0*0004299 
To this adding 4*264 

/ 

gives x very nearly = 4*2644299 

The work of the example above might have been much 
fhortened, by the ufe of the table of powers at p. 90, &c, 
which would have given two or three figures by infpeeffion. 
But the example has been worked out fo particularly as it is, 
the better to fhew the method. 

Ex. 2. To find the root of the equation x3 — 15#2 + 
63* — 50, or the value of # in it. 

Here it foon appears that x is very little above 1. 
Sup- 

% 



266 ALGEBRA. 

Suppofe therefore ro and i*i, 

and work as follows : 
Again, fuppofe the two num¬ 

bers 1*03 and 1’02, &c, as 
follows : 

1*0 - x - IT 1 03 - x - 1 -o2 

63*0 - 63V 
—1 $ —15V2 - 

1 - V3 - 

69-3 
—18-15 

II 

64-89 - 63* 64*26 

—IS'913S—15**—:‘5'6o6° 
1-092727 x3 i* 061208 

49 - fums 52-25 50*069227 fums 49*715208 

—1 - errors - 4-2*25 
3*25 fum of the errors. 

As 3*25 : 1 :: 1: 03 correft. 
I'OO 

Hence #= 1*03 nearly. 

~\~mo6g22 7 errors—*284792 
•284792 

As *354019 : *oi :: *069227: 
•0019555 

This taken from 1*03 

leaves at nearly — 1*02804 

Note 3. Every equation has as many roots as it contains 
dimenfions, or as -there are units in the index of its higheft 
power. That is, a fimple equation has only one value of 
the root; but a quadratic equation has two values or roots, a 
cubic equation has three roots, a biquadratic equation has 
four roots, and fo on. 

And when one of the roots of an equation has been found 
by approximation, as above, the reft may be found as follows. 
—Take for a dividend, the given equation, with the known 
term tranfpofed, with its fign changed, to the unknown fide 
of the equation ; and for a divifor, take x minus the root 
juft found. Divide the laid dividend by the divifor, and the 
quotient will be the equation depreiTed a degree lower than 
the given one. 

Find a root of this new equation by approximation, as 
before, and it will be a fecond root of the original equation. 
Then, by means of this root, deprefs the fecond equation 
one degree lower, and from thence find a third root, and fo 
on, till the equation be reduced to a quadratic ; then the two 
roots of this being found, by the method of completing the 
fquare, they will make up the remainder of the roots. 
Thus, in the foregoing equation, having found one root to 
be 1'02804, conned it by minus with x for a divifor, and 
the equation for a dividend, &c, as follows : 
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.v— 1*02804) *3 — 15*2 63: 50 (*2 — 13*97196* 4. 
48*63627 : O. 

Then the two roots of this quadratic equation, or - - - 
x2 — 13*97196* = — 48*63627, by completing the fquare, 
are 6*57653 and 7*39543, which are alfo the other two 
roots of the given cubic equation. So that all the three 
roots of that equation, viz. *3 — 15*2 4- 63* = 50, 

are 1*02804,' 
and 6*57657, 

and 7-39543. 

fum 15*00000 

and the fum of all the roots is found to 
be 15, being equal to the co-efficient of 

> the 2d term of the equation, which the 
fum of the roots always ought to be, when 
they are right. 

Note 4- ^ *1S alfo a particular advantage of the foregoing 
rule, that it is not neceffary to prepare the equation, as for 
other rules, by reducing it to the ufual hnal form and date 
of equations. Becaufe the rule may be applied at once to an 
unreduced equation, though it be ever fo much embarraffed 
by furd and compound quantities. As in the following 
example : 

Ex. 3. Let it be required to find the root* of the equation 

V 144*2 — (*2 -{- 20)2 4~ V 196*2 — (*2 4- 24)2 = 114, 
or the value of * in it. 

By a few trials, it is foon found that the value of * is but 
little above 7. Suppofe, therefore, firft, that * is = 7, and 
then * — 8. 

Firft, when * = 7, Second, when * = 

47-906 y) I44*2 - (*a 4“ 2°)2 - 46*476 
65-384 yj I96*2 - (*2 4“ 24)2 - 69*283 

113*290 - the fums of thefe II5759 
114*000 - the true number 114*000 

•—0*710 - the two errors + 1-759 
+1759 - 1 ^ 

As 2*469 t 1 :: 0*710 \ o*2 nearly 
7*0 

* — 7*2 nearly 

Sup- 

\ 
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Suppofe again a* = 7*2, and then, becaufe it turns out to© 
great, fuppofe x alfo = 7-1, See, as follows: 

i , 

Supp. x = 7*2._Supp. x = 71 

47-990 - 144*2 — {x2 + 2o)2 - 47'973 
66*402 - \/ 196'v2 — (v2 -f- 20)2 - 65*904 

iH‘392 - the fums of thefe - - i>3'877 
114*000 - the true number - - 114*000 

+0*392 - the errors - —0-123 
0123 

*515 : *123 :: -I : *024 the corre&ion, 
7*100 

Therefore * = 7*124 nearly the root required. 

Note 5. The fame rule alfo, among other more difficult 
forms of equations, fucceeds very well in what are called 
exponential ones, or thofe which have an unknown quantity 
in the exponent of the power; as in the following example : 

Ex. 4. To find the value of x in the exponential equation 
*x = 100. 

For more eafily refolving fuch kind of equations, it is 
convenient to take the logarithms of them, and then com¬ 
pute the terms by means of a table of logarithms. Thus, 
the logarithms cl the two fides of the prefent equation are, 
x X log. of x = 2 the log. of 100. Then, by a few trials 
it is foon perceived that the value of vis fomewhere between 
the two numbers 3 and 4, and indeed nearly in the middle 
between them, but rather nearer the latter than the former. 
Taking therefore firfl x — 3*5, and then = 3*6, and working 
with the logarithms, the operation will be as follows: 

Firfl Supp. x — 3*5. 
of 3*5 = 0*5440680 

then 3-5X log. 3'5=i'9°4-238 
the true number 2*000000 

Log. 

error, too little, —*095762 
002689 

Second Supp. jr= 3*6. 
Log. of 3-6 = 0-5563025 

then 3*6 X log. 3*6—2*002689 
the true number 2*ooooco 

error, too great, -[-‘002689 

.098451 fum of the errors. Then, 
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As *098451 I *1 ll *002689 : 0*00273 the corre£lion 
taken from 3*60000 

leaves - 3*59727 = # nearly. 

On trial, this is found to be a very fmall matter too little. 
Take therefore again, x = 3*59727, and next = 3*59728, 
and repeat the operation as follows: 

Fiift, Supp. x — 3.59727. 
Log. of 3-59727 is 0.5559731 
3-59727 X log. 

°f 3’59727 = «'9999854 
the true number 2*0000000 

«rror, too little, —0*0000146 
—0*0000047 

Second, Supp. v = 3*59728. 
Log. of 3-59728 is 0-5559743 
3*59728 x log. 

of 3-59728= 1-9999953 
the true number 2*0000000 

error, too little, —0*0000047 

0*0000099 difF. of the errors. Then, 

As *0000099 • *00001 :: *0000047 : 0*00000474747 the cor. 
added to - 3*59728000000 

gives nearly the value of x — 3*59728474747 

Ex. 5. To find the value of x in the equation x3 4- io*2 
4- 5* = 2600. Anf. x = 11*00673. 

Ex. 6. To find the value of x in the equation x3 — lx — 5. 
* Anf. 2*004551. 

Ex. 7. To find the value of x in the equation v3 4- 2*2 
— 23*1=70. Anf. v = 5*1349. 

Ex. 8. To find the value of v in the equation x3 — 17#2 
4- 54* —a 350. . Anf. x = 14*95407. 

Ex. 9. To find the value of x in the equation x* — 3** 
— 75* = 10000. Anf. x = 10*2615, 

Ex. 10. To find the value of .v in the equation 2xA— i6x* 
4- 40*2 — 30V = — X. Anf. x =s 1*284724. 

Ex. 11. To find the value of x in the equation xb 4~ 2v* 
+ 3V3 4- 4.V2 4- 5* =54321. Anf. * = 8*414455. 

Ex. 12. To find the value of x in the equation *x = 
123456789, Anf. x = 8*6400268. 

OF 



*7 ° ALGEBRA. 

OF SIMPLE INTEREST. 

As the intereft of any fum, for any time, is dire&ly pro¬ 
portional to the principal fum, and to the time ; therefore 
the intereft of i pound, for i year, being multiplied by any 
given principal fum, and by the time of its forbearance, in 
years and parts, will give its intereft for that time. That is, 
if there be pftt 

r = the rate of intereft of i pound per annum, 
p — any principal fum lent, 
t — the time it is lent for, and 
a — the amount, or fum of principal and intereft; then 

is prt ~ the intereft of the fum p, for the time /, and con- 
feq. p 4- prt or p X (i *4- rt) — a* the amount for that time. 

From this expreftion, other theorems can eafily be de¬ 
duced, for finding any of the quantities above mentioned: 
which theoreais, collecled altogether, will be as below ; 

ift, a — p -f- prt, the amount, 

2d, p — —%—, the principal, 
1 i 4~ rt 

a — p 
r — —the rate, 

. pt 

4th, t = —-the time. 
pr 

For Example. Let it be required to find, in what time 
any principal fum will double itfelf, at any rate of fimple 
intereft. 

In this cafe, we muft ufe the firft theorem, a — p 4- prt> 
in which the amount a muft be made — 2/>, or double the 
principal, that is, p 4- prt — 2p, or prt —/>, or r/ = i ; 

and hence t — 
r 

Flere, r being the intereft of il. for i year, it follows, 
that the doubling at fimple intereft, is equal to the quotient 
of any fum divided by its intereft for i year. So, if the 
rate of intereft be 5 per cent, then 100 
time of doubling at that rate. 

Or, the 4th theorem gives at once 
a—p 2p — p 2— 1 1 

fr pr 
4 = 

5 = 20, is the 

-, the fame as before. 

COM- 
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. , > 

Beside the quantities concerned in Simple Intereft, 
namely, 

p = the principal fum, 
r — the rate, or intereft ol il. lor i year, 
a = the whole amount of the principal and intereft, 
/ — the time, 

there is another quantity employed in Compound Intereft, 
viz. the ratio of the rate of intereft, which is the amount of 
il. for i time of payment, and which here let be denoted 
by R, viz. 

R n i -f r, the amount of il. for I time. 

'Then, the particular amounts for the feveral times may 
be thus computed, viz. As il. is to its amount for any time, 
fo is any propofed principal fum, to its amount for the lame 
time; that is, as 

il : R :: p : />R, the ill; year’s amount, 
il : R :: y>R : }>R2, the 2d year’s amount, 
il : R :: />R2 : />R3, the 3d year's anjounf, 
and fo on. 

Therefore, in general, />Rl — a is the amount for the 
t year, or t time of payment. From whence the following 
general theorems are deduced : 

1 ft, a =z y>Rq the1 amount. 

ad, p = the principal. 

a 
3d, R~\/— , the ratio, 

, Iop. of a — log of p . 
4th, t z=: —2---tt—--the tunc. 

log ot R 

From which, any one of the quantities may be found, 
when the reft are given. 

As to the whole intereft, it is found by barely fubtracting 
the principal p from the amount a. 

Example. Suppofc it be required to find, in how many 
years any principal fum will double itfelf, at any propofei 
rate of compound intereft. 

V. 
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In this cafe the 4th theorem muft be employed, making 
« ~ 2p; and then it is 

_ h a — 1. p 1. 2p — 1. p•  log. 2 

t log. R. log. R log. R* " 

So, if the fate of intereft be 5 per cent, per annum ; then 
R = 1 -f- *05 — 1*05 ; and hence 

log. 2   *3010300 

log. 1-05 *0211893 ' 

that is, any fum doubles itfelf in 14-5- years nearly, at the 
rate of 5 per cent, per annum compound intereft. 

From hence, and from the like aueftion in Simple Intereft, 
above given, are deduced the timesun which any fum doubles 
itfelf, at feveral rates of intereft, both ftmple and com¬ 
pound ; viz. 

14*2067 nearly ; 

t—
 

4
J

 

<
 '"At Simp. Int. AtComp.Int. 

Years. Years. 

2 50 35.0028 

2| 40 28*0701 

3 per cent, per annum 33? 23-4498 

3! t intereft, il, or any , 
4 ( other fum, will 

a8f 

25 

20-1488 
17-6730 

1 4x double itfelf in the , 22f 157473 
1 5 following years. 20 14*2067 

6 i6f “■8957 
; 7 'I4y IO‘2448 

8 I2f 9*0065 

9 IH 8-0432 

ro L 10 7-2725 

The following Table will very much facilitate the calcu¬ 
lation of the compound intereft of any fum, for any number 
of years, at various rates of intereft. 

The 
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The Amounts of il. in any Number of Years. 

Y rs. 3 3z ‘ 4 Ak 4z 5 6 

1 1*0300 10350 1*0400 1*0450 1*0500 1*0600 
2 1 *0609 1*0712 1*0816 1*0920 i* 1025 1*1236 

3 1-0927 1*1087 1•1249 1*1412 I’I5/6 1*1910 

4 1*1255 1,1475 1-1699 i‘i925 1*2155 1*2625 

5 1 *1593 1-1877 12167 1*2462 1*2763 ••3382 
6 1*1941 1*2293 1-2653 1-3023 1*3401 1-4185 
r* / 1*2299 1*2723 1 *3159 1-3609 1*4071 1-5036 
8 1*2668 1*3168 1*3686 1*4221 1 *4775 1 ‘5939 
9 1-3048 1-3629 l*4233 1*4861 I-55‘3 i-b895 

10 r 34-39 1*4106 1*4802 1*5530 1*6289 I‘79°9 
11 [-3842 1*4600 1'5395 1*6229 i*7io3 1*8983 
12 I'4258 1*5111 i*6oio 1-6959 J‘7959 2*0122 

l3 1*4685 1*5640 1*6651 1 *7722 1*8856 2,1329 
H r*5I26 1*6187 1 ‘7317 1*8519 1-9799 2*2609 

15 1-5580 '■6753 1-8009 r9353 2*0789 2*3966 
16 I*6047 I'734° 1-8730 2.0224 2*1829 2-5404 

17 I'6528 1'794-7 1-9479 2*1134 2-2920 2*6928 
18 1*702^ 1-8575 2*0258 2*2085 J 2*4066 2.8543 

19 i'7535 1*9225 2-1068 2-3079 25270 3-0256 
20 I • 806I 1-9898 2*1911 2*4117 2-6533 3*2°7i 

The ufe of this Table, which contains all the powers r% 
to the 20th power, or the amounts of il, is chiefly to calcu¬ 
late the interefl:, or the amount of any principal fum, for 
any time, not more than 20 years. 

For example, let it be required to find, to how much 
523I. will amount in 15 years, at the rate of 5 per cent, per 
annum compound interefl. 

In the table, on the line 15, and in the column 5 per cent. 

is the amount of il, viz. - - 2*0789 
this multiplied by the principal 523 

gives the amount ~ 1087*2647 
or - 1087I. 5s. 3|d, 

and therefore the interefl is 564I. 5s. 3fd. 

Note 1. When the rate of interefl is to be determined to 
any other lime than a year ; as (uppofe to \ a year, or ^ a 
year, &c ; the rules are ftill the fame; but then t will exprefs 
that time, and r muff be taken the amount for that time. 

VoL. I. T Note 2. 
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Note 2. When the compound intereft, or amount, of any 
fum, is required for the parts of a year; it maybe deter¬ 
mined in the following manner : 

I/?, For any time which is fome aliquot part of a year:— 
Find the amount of il. for I year, as before; then that root 
of it which is denoted by the aliquot part, will be the 
amount of il. This amount being multiplied by the prin¬ 
cipal fum, will produce the amount of the given fum as re¬ 
quired. 

2d. When the time is not an aliquot part of a year:— 
Reduce the time into days, and take the 365th root of the 
amount of il. for 1 year, which will give the amount of the 

' fame for 1 day. T hen raife this amount to that power 
whofe index is equal to the number of days, and it will be 
the amount for that time. Which amount being multiplied 
by the principal fum, will produce the amount of that fum 
as before. 

And in thefe calculations, the operation by logarithms will 
be very ufeful. 

OF ANNUITIES. 

Annuity is a term ufed for any periodical income, arif- 
ing from money lent, or from houfes, lands, falaries, pen- 
lions, &c, payable from time to time, but moflly by annual 
payments. “ 

Annuities are divided into tliofe that are in PofTefiion, and 
thofe in Reverfion : the former meaning fuch as have com¬ 
menced ; and the latter fuch as will not begin till fome par¬ 
ticular event has happened, or till after lome certain time 
has elapfecl. 

When an annuity is forborn for fome years, or the pay¬ 
ments not made for that time, the annuity is laid to be in 
Arrears. 

An annuity may alfo be for a certain number of y’ears ; or 
it may be without any limit, and then it is called a Perpetuity. 

The Amount of an annuity, forborn for any number of 
years, is the fum arifing from the addition of all the annui¬ 
ties for that number of years, together with the intereff due 
upon each after it becomes due. 

The 
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The Prefent Wofth or Value of an annuity, is the price 
or fum which ought to be given for it, fuppofmg it to be 
bought off, or paid all at once. 

Let a = the annuity, penfion, or yearly rent. 
n = the number of years forborn, or lent for. 
r = the amount of il. for 1 year. 
in =. the amount of the annuity. 
v = its value, or its prefent worth. 

Now, 1 being the prefent value of the fum r, by propor¬ 
tion the prefent value of any other lum a, is thus found : 

as r : 1 :: a : ~ the prefent value of a due 1 year hence. 

In like manner — is the prefent value of a due 2 years 
K 

a a a a a 
hence; for r : I :: - : —. So alfo —, — —- &c, will 

R R R R R 

be the prefent values of ay due at the end of 3,4, 5, &c, 
years relpedfively. Confequently the fum of all thele, or 

1 4 4- + — 4- &c, continued to n terms, will be 

the prefent value of all the n years annuities. And the va¬ 
lue of the perpetuity, is the fuui of the feries to infinity. 

But this feries, it is evident, is a geometrical progreffion, 

having ~ both for its firft term and common ratio, and the 
R 

number of its terms n ; therefore the fum v of all the terms* 
or the prefent value of ail the annual payments, will be 

a a t Rn 
v : 

R R 

a t 
- X or 
— 1 Rn R 

I a 

Tx F 
When the annuity is a perpetuity, n being infinite ; Rn is 

alfo infinite, and therefore the laft quantity -i becomes = o. 

therefore 
a 

R 
X —7 alfo = o ; confequently the expref- 

R 

a 
fion becomes barely v = ---; that is, any annuity divided 

by the intereft of il. for 1 year, gives the value of the per¬ 
petuity. So, if the rate of intereft be 5 per cent, 

Then 1000 -f- 5 =± 2oa.is the value of the perpetuity at 
5 per cent; 
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Alfo 100a 4- 4 = 25a is the value of the perpetuity at 
4 per cent: 

And iootf -f- 3 = 23ia IS the value of the perpetuity at 
3 per cent: and fo on. 

Again, becaufe the amount of il. in n years, is Rn, its 
increafe in that time will be Rn — 1 ; but its intereft for one 
Angle year, or the annuity anfwering to that increafe, is 
r — 1 ; therefore as R — 1 is to Rn — 1, fo is a to m: that 

is m = 
R 

X a. 
R — 1 

Hence, the feveral cafes relating to Annuities in Arrear, 
W'ill be refolved by the following equations : 

Rn- I 
— X a m 

v 

a 

n 

R ■ 

Rn a 

VRn 

771 

R - - I Rn Rn 

R - - I R - I 

Rn - - I 
A — 

Rn- I 

 log- m - — log. V 

log. R 

II 7
Q •
 m - — log. V 

X VRU 

n 

r=(- ■) X 
a 

Rn .R* ' R - I 

In this lalt theorem, r denotes the prefent value of an 
annuity in reverfion, after p years, or not commencing till 
after the firli p years, being found by taking the difference 

gn  j ^ gp __ j g 
between the two values- x —* and -— X —. for 

r— 1 Rn r — 1 

n years and p years. 
R* 

END of ALGEBRA, 
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GEOMETRY. 

DEFINITIONS. 

. , A POINT is that which has pofition, 
but no magnitude, nor dimenfions ; neither 
length, breadth, nor thicknefs. 

2. A Line is length, without breadth or 
thicknefs. 

] • V 

3. A Surface or Superficies, is an exten- 
fion, or a figure, of two dimenfions, length 
and breadth ; but without thicknefs. 

4. A Body or Solid, is a figure of three 
dimenfions, namely, length, breadth, and 
thicknefs. 

5. Lines are either Right, or Curved, or 
Mixed of thefe two. 

6. A Right Line, or Straight Line, lies all 
in the fame diregion, between its extremities ; 
and is the Ifiorteft diilance between two points. 

When a Line is mentioned limply, itjneans 
a Right Line. 

7. A Curve continually changes its direc¬ 
tion between its extreme points. 

8. Lines are either Parallel, Oblique, Per¬ 
pendicular, or Tangential. 

9. Parallel Lines are always at the fame 
perpendicular diftance ; and they never meet, 
though ever fo far produced. 

10. Oblique right lines change their dif- 
tance, and would meet, if produced, 011 the 
fide of the lead diltance. 

11. One line is Perpendicular to another, 
when it inclines not more on the.one fide 

T 3 than 

l 
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than the other*; or when the angles on both 
fides of it are equal. 

12. A line or circle is Tangential, or a 
Tangent to a circle, or other curve, when it 
touches it, without cutting, when both are 
produced. 

13. An Angle is the inclination, or opening 
of two lines, having different diredfions, and 
meeting in a point. 

14. Angles are Right or Oblique, Acute or 
Obtufe. 

15. A Right Angle, is that wdiich is made 
by one line perpendicular to another. Or 
when the angles on each fide are equal to one 
another, they are ri£ht angles. 

1 16. An Oblique Angle, is that which is 
made by two oblique lines ; and is either lefs 
or greater than a right angle. 

17. An Acute Angle is lefs than a right 
angle. 

j8. An Obtufe Angle is greater than a 
right angle. 

19. Superficies are either Plane or Curved. 

20. A Plane Superficies, or a Plane, is that with which 
a right line may, every way, coincide. Or, if the line touch 
the plane in two points, it will touch it in every point. But 
if not, it is curved, 

21. Plane figures are bounded either by right lines or 
curves. 
* "x 

22. Plane Figures that are bounded by right lines, have 
names according to the number of their fides, or of their 
angles; for they have as many fides as angles ; the leaft 
number being three. 

23. A figure of Three fides and angles, is called a Tri¬ 
angle. And it receives particular denominations from the 
relations of its fides and angles. 

24. An Equilateral Triangle, is that whofe 
three fides are all equal. 

25. An IfofcelesTriangle, is that which has 
two fides equal. 

26. A 
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26. A Scalene Triangle, is that .whole three 
fides are all unequal. 

27. A Right -anglecl Triangle, is that which 
has one right angle. 

28. Other triangles areOblique-angled, and 
are either Obtufe or Acute. 

29. An Obtule-angledTriangle, has one ob¬ 
tufe angle. 

go. An Acute-angled Triangle, has all its 
three angles acute. 

31. A figure of Four fides and angles, is 
called a Quadrangle, or a Quadrilateral. 

32. A Parallelogram, is a quadrilateral which 
has both its pairs of oppolite fides parallel. 
And it takes the following particular names, 
viz. Redlangle, Square, Rhombus, Rhomboid. 

33. A Redlangle is a parallelogram, having 
all its angles right ones. 

34. A Square is an equilateral redlangle; 
having all its fides equal, and its angles right 
ones* 

35. A Rhomboid is an oblique-angled pa¬ 
rallelogram. 

36. A Rhombus is an equilateral rhomboid; 
having all its fides equal, but its angles ob¬ 
lique. 

37. A Trapezium is a quadrilateral which 
hath not its oppolite fides parallel. 

38. A Trapezoid hath only one pair of 
oppolite fides parallel. 

39. A Diagonal is a right line joining any 
two oppofite angles of a quadrilateral. 

40. Plane figures that have More than four fides are, in 
general, called Polygons: and they receive other particular 
names, according to the number of their fides or angles. 

41. A Pentagon is a polygon of five fides; a Hexagon 
hath fix fides ; a Heptagon, feven ; an Oclagon, eight; a 
Nonagon, nine; a Decagon, ten; an Undecagon, eleven; 
and a Dodecagon hath twelve fides. 

42. A 
( 

\ . 
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42. A Regular Polygon hath all its fides and all its angles 
equal.—If they are not both equal, the polygon is Irregular, 

43. An Equilateral Triangle is alfo» a Regular Figure of 
three fides, and the Square is one of four; the former being 
alio called a Trigon, and the latter a Tetragon. 

44. A Circle is a plane figure bounded by 
a curve line, called the Circumference, which 
is every where equidifiant from a certain point 
within, called its Centre. 

The circumference itfelf is often called a 
circle, and alfo the Periphery. 

45. The Radius of a circle, is a right line 
drawn from the centre to the circumference. 

46. The Diameter of a circle, is a right 
line drawn through the centre, and terminat¬ 
ing in the circumference on both fides. 

47. An Arc of a circle, is any part of the 
circumference. 

48. A Chord, is a right line joining the 
extremities of an arc. 

♦ ' ' 

49. A Segment, is any part of a circle, 
bounded by an arc and its chord. 

50. A Semicircle, is half the circle, or a 
fegment cut off by a diameter. 

i he half circumference is fometimes called 
the Semicircle^ 

51. A Seflpr, is any part of a circle which 
is bounded by an arc, and two radii drawn to 
its extremities, 

52. A Quadrant, or Quarter of a circle, is 
a fecior having a quarter of the circumference 
for its arc, and its two radii are perpendicular 
to each other. 

A quarter of the circumference is fome- 
times called a Quadrant. 

53. The 
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53. The Height or Altitude of a figure, is 
a perpendicular let fall from an angle, or its 
vertex, to the oppofite fide, called the bale. 

54. In a right angled triangle, the fide op¬ 
pofite the right angle, is called the Hypothe- 
nufe ; and the other two (ides are called the 
Legs, or fometimes the Bafe and Perpendi¬ 
cular. 

55. When an angle is denoted by three 
letters, of which one Hands at the angular 
point, and the other two on the two fides, 
that which Hands at the angular point is read 
in the middle. 

56. The circumference of every circle is 
fuppofed to be divided into 360 equal parts, 
called Degrees ; and each degree into 60 Mi¬ 
nutes, each minute into ho Seconds, and fo 
on. Hence a femicircle contains 180 degrees, 
and a quadrant 90 degrees. 

57. The Meafure*of a right-lined angle, is 
an arc of any circle contained between the 
two lines which form that angle, the angular 
point being the centre ; and it is eHimated by 
the number'of degrees contained in that arc. 

58. Right lines, or chords, are faid to be 
Equidiftant irom the centre of a circle, when 
perpendiculars drawn to them trom the centre 
are equal. 

59. And the right line on which the Greater 
Perpendicular tails, is faid to be farther from 
the centre. 

* 

60. An Angle In a fegment, is that which 
is contained by two lines, drawn from any 
point in the*arc of the fegment, to the two 
extremities ot that arc. 

B A C 

61. An angle On a Segment, or an arc, is that which is 
contained by two lines, drawn from any point in the oppo¬ 
fite or fupplemental part of the circumference, to the ex¬ 
tremities of the arc, and containing the arc between them. 

62. An 
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62. An angle at the Circumference, is that 
whofe angular point is any where in the cir¬ 
cumference. And an angle at the Centre, is 
that whofe angular point is at the centre. 

63. Aright-lined figure is Infcribed in a 
circle, or the circle Circumfcribes it, wl 
all the angular points of the figure are in 
circumference of the circle. 

64. A right-lined figure Circumfcribes a 
circle, or the circle is Infcribed in it, when all 
the fides of the figure touch the circumference 
of the circle. 

65. One right-lined figure is Infcribed in 
another, or the latter Circumfcribes the for¬ 
mer, when all the angular points ol the for¬ 
mer are placed in the fides of the latter. 

/ 
\ 

66. A Secant, is a line that cuts a circle, 
lying partly within, and partly without it. m 

67. Identical figures, are fuch as have all the fides and 
all the angles ol the one, refpedlively equal to all the fides 
and all the angles of the other, each to each ; fo that if the 
one figure were applied to, or laid upon the other, all the 
fides of the one would exadlly fail upon and cover all the 
fides of the other; the two becoming as it were but one 
and the fame figure. 

68. Similar figures, are thofe that have all the angles of 
the one equal to all the angles of the other, each to each, 
and the fides about the equal angles proportional. 

69. The Perimeter of a figure, is the fum of all its fides 
taken together. 

70. A Propofition, is fomething which is either propofed 
to be done, or to be demonftrated, and is either a problem or 
a theorem. 

71. A Problem, is fomething propofed to be done. 

72. A Theorem, is fomething propofed to be demonfirated. 

73. A Lemma, is fomething which is premifed, or demon¬ 
ftrated, in order to render what follows more eafy. 

74. A Corollary, is a confequent truth, gained immedL 
ately from fome preceding truth, or demonllration. 

75. A Scholium, is a remark ®r obfcrvation made upon 
fomething going before it. 

AXIOMS. 
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AXIOMS. 

1. Things which are equal to the fame thing, are equal 
to each other. 

2. When equals are added to equals, the wholes are equal. 

3. When equals are taken from equals, the remains are 
equal. 

4. When equals are added to unequals, the wholes are 
unequal. 

v ' t / 

5. When equals are taken from unequals, the remains are 
unequal. 

6. Things which are double of the fame,thing, or equal 
things, are equal to each other. 

7. Things which are halves of the fame thing, are equal. 

8. The whole is equal to all its parts taken together. 

9. Things which coincide, or fill the fame fpace, are iden¬ 
tical, or mutually equal in all their parts. 

10. All right angles are equal to one another. 

21. Angles that have equal meafures, or arcs, are equal. 

THEOREM I. 

If two Triangles have Two Sides and the Included 
Angle in the one, equal to Two bides and the Included An¬ 
gle in the other, the Triangles will be Identical, or equal in 
all refpe&s. 

In the two triangles ABC, DEF, 
if the fide AC be equal to the fide DF, 
and the fide BC equal to the fide EF, 
and the angle C equal to the angle F ; 
then will the two triangles be iden¬ 
tical, or equal in all reipefcis. 

For conceive the triangle ABC to be applied to, or placed 
on, the triangle DEF, in fuch manner that the point C 

may 
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may coincide with the point F, and the fide CA with the 
tide FD, which is equal to it. 

Then, fince the angle F is equal to the angle C (by hyp.), 
the fide BC will fall on the fide EF. Alfo, becaufe AC is 
equal to DF, and BC equal to EF (by hyp.), the point A 
will coincide with the point D, and the point B with the 
point E ; coni’equently the fide AB will coincide with the 
fide DE ; therefore the two triangles are identical, and have 
all their other correfponding parts equal (ax. 9), namely, 
the fide AB equal to the fide DE, the angle A to the angle 
I), and the angle B to the angle E. e. d. 

THEOREM II. 

Triangles, which have Two Angles, and the Side 
which lies between them, equal, are Identical, or have their 
other Tides and Angle equal. 

Let the two triangles ABC, DEF, 
have the angle A equal to the angle 
D, the angle B equal to the angle E, 
and the fide AB equal to the fide DE ; 
then thefe two triangles will be iden¬ 
tical. 

For, conceive the triangle ABC to be placed on the trian¬ 
gle DEF, in fuch manner that the fide AB may fall exa£ily 
on the equal fide DE. Then, fince the angle A is equal to 
the angle D (by hyp.), the fide AC muft fall on the fide DF: 
and, in like manner, becaufe the angle B is equal to the an¬ 
gle E, the fide BC mult fall on the fide EF. Thus the three 
Tides ol the triangle ABC will be exablly placed on tbc three 
fides bf the triangle DEF ; and confequently the two trian¬ 
gles are identical (ax. 9), having the other two fides AC, 
BC equal to the two DF, EF, and the remaining angle C 
equal to the remaining angle F. o. e. d. 

THEOREM III., 

In an Ifofceles Triangle, the Angles at the Bafe are 
equal. Or, if a Triangle have Two bides equal, their Op- 
pofite Angles will alfo be equal. 

If the triangle ABC have the fide AC 
equal to the fide BC : then wii 1 the angle B 
be equal to the angle A. 

For, conceive the angle C to be bife&ed, 
or divided into two equal parts, by the line 
CD, making the angle ACD equal to the 
angle BCD. 

.Then, 

c 
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, Then, the two triangles A CD, BCD, have two fides and 
the contained angle of the one, equal to two fides and the 
contained angle of the other, viz. the fide AC equal to BC, 
the angle ACD equal to BCD, and the fide CD common ; 
therefore thefe two triangles are identical, or equal in all 
refpe&s (th. i.j; and confequently the angle A equal to the 
angle B. e. d. 

Carol, i. Hence, the line which bife&s the vertical angle 
of an ifofceles triangle, bifecfs the bafe, and is alfo perpen¬ 
dicular to it. 

Coral. 2. Hence too it appears, that every equilateral tri¬ 
angle is alfo equiangular, or has all its angles equal. 

THEOREM IV. 

If a Triangle have Two of its Angles equal to each other, 
the Sides Oppofite to them will alfo be equal. 

If the triangle ABC, have the angle A 
equal to the angle B, it will alfo have the fide 
AC equal to the fide BC. 

For, conceive the fide AB to he bife&ed 
in the point D, making AD equal to DB ; 

' and join DC, dividing the whole triangle 
into the two triangles ACD, BCD. Alfo, 
conceive the triangle ACD to be turned over 
upon the triangle BCD, fo that AD may fall on BD. 

Then, becauie the line AD is equal to the line DB (by 
hyp.), the point A coincides with the point B, and the point 
D with the point D Alfo, becaufe the angle A is equal to 
the angle B (by hyp.), the line AC will fall on the line BC, 
and the extremity 0 of the fide AC will coincide with the 
extremity C of the fide BC, becaufe DC is common to both ; 
confequently the fide AC is equal to BC, e. d. 

Coral. Hence every equiangular triangle, is alfo equila¬ 
teral. 

THEOREM V. , 

T riangles which have their Three Sides mutually equal, 
are Identical, or have alfo their Three Angles equal, each 
to each. 

Let the two triangles ABC, ABD, 
have their three Tides relpe&ively 
equal, viz. 'the fide AB equal to 
AB, AC to AD, and BC to BD ; 
then fhall the tw'o triangles be iden¬ 
tical, or have their angles equal, viz. 

Vol. I. U thole 
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tliofe angles that are oppofite to the equal fides; namely, the 
angle BAG to the angle BAD, the angle ABC to the angle 
ABD, and the angle C to the angle D. 

For, conceive the two triangles to be joined together by 
their longed equal fides ; and draw the line CD. 

Then, in the triangle ACD, becaufe the fide AC is equal 
to AD (by hyp.), the angle ACD is equal to the angle ADC 
(th. 2). In like manner, in the triangle BCD, the 3ngle 
BCD is equal to the angle BDC, becaufe the fide BC is 
equal to BD. Hence then, the angle ACD being equal to 
the angle A DC, and the angle BCD to the angle BDC, by 
equal additions, the fum of the two angles ACD, BCD, is 
equal to the fum of the two ADC, BDC, (ax 2), that is, the 
whole angle ACB equal to the whole angle ADB. 

Since then, the two fides AC, CB, are equal to the two 
lides AD. DB, each to each (by hyp.) and their contained 
angles ACB, ADB, alfo equal, the two triangles ABC, 
ABD, are identical (th. 1), and have the other angles equal, 
viz the angle BAC to the angle BAP, and the angle ABC 
to the angle ABD. e. d. 

THEOREM Vr. 

The Angles which one Right Line makes with another, 
on the Same Side of it, are together equal to Two Right 
Angles. 

Let the line AB meet the line CD ; then 
will the two angles ABC, ABD, taken to¬ 
gether, be equal to two right angles. 

For, fir ft, When the two angles ABC, 
ABD, are equal to each other, they are 
both of them right angles (def. 15). 

But when the angles are unequal, fuppofe BE drawn per¬ 
pendicular to CD. Then, fince the two angles EBC, EBD, 
are right angles (def. 15.) and the angle EBD is equal to 
the two angles EBA, ABD together (ax. 8), the three angles, 
EBC. EBA, and ABD, are equal to two right angles. 

But the two ap.gles EBC, EBA, are together equal to the 
angle ABC (ax. 8). Confequently the two angles ABC, 
ABD, are alfo equal to two right angles. e. d. 

Core). 1. Hence alfo, converfely, if the two angles ABC, 
ABD, on both fides of the line AB, make up together two 
right angles, then CB and BD form one continued right 
line Cp. 

CeroJ. 
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Corol. 2. Hence, all the angles which can be made, at 
any point B, by any number of lines, on the fame fide of 
the right line CD, are, when taken all together, equal to 
two right angles. 

Corol. 3. And, as all the angles that can be made on the 
other fide of the line CD are alfo equal to two right angles; 
therefore all the angles that can be made quite round a 
point B, by any number of lines, are equal to four right 
angles. 

Corol. 4. Hence alfo the whole circumfe¬ 
rence of a circle, being the fum of the mea- 
fures of all the angles that can be made about 
the centre F (def. 57), is the meafure of four 
right angles. Consequently a femicircle, or 
180 degrees, is the meafure of two right 
angles ; and a quadrant, or 90 degrees, the meafure of one 
right angle. 

THEOREM VII. 

If two Lines Interfed! each other, the Oppofite Angles 
will be equal. 

Let the two lines AB, CD interfedl in 
the point E ; then will the angle AEC be 
equal to the angle BED, and the angle 
AED equal to the angle CEB. 

For, fince the line CE meets the line 
AB, the two angles AEC, BEC, taken 
together, are equal to two right angles (th. 6). 

In like manner, the line BE, meeting the line CD, makes 
the two angles CEB, DEB equal to twTo right angles. 

Therefore the fum of the two angles AEC, BEC, is equal 
to the fum of the two CEB, DEB (ax. 1). 

And if the angle CEB, which is common, be taken away 
from them both, the remaining angle AEC will be equal to 
the remaining angle BED (ax. 3). 

And in like manner it may be fhewn, that the angle AED 
is equal to the oppofite angle BEC. 

THEOREM VIII, 

If One Side of a Triangle be produced, the Outward 
Angle will be Greater than either of the t wo Inward Oppo- 
iite Angles. j 

U 3 
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Let ABC be a triangle* having the 
fide AB oroduced to D ; then will the 
outward angle CBD be greater than 
either of the inward oppofite angles A 
or C. 

For, conceive the fide BC to be bi- 
felled in the point E, and draw the line 
AE, producing it till EF be equal to 
AE ; and join BF. 

Then, fince the two triangles AEC, BEF have the fide 
AE — the fide EF, and the fide BE = the fide CE (by 
fuppof.) and the included or oppofife angles at E alfo equal 
(th. 7.), therefore thofe two triangles are equal in all re- 
fpedis (th. 1.), and have the angle C — the correfponding 
angle EBF. But the angle CBD is greater than the angle 
EBF; confequently the laid outward angle CBD is alfo 
greater than the angle C. 

In like manner, if CB be produced to G, and AB be 
bife&ed, it may be fhewn that the outward angle ABG, or 
its equal CBD, is greater than the other angle A. 
TP ' 

THEOR.EM IX. 

T he Greater Side, of every Triangle, is Oppofite to 
the Greater Angle ; and the Greater Angle oppofite to the 
Greater Side. 

Let ABC be a triangle, having the fide 
AB greater than the fide AC ; then will 
the angle ACB, oppofite the greater fide 
AB, be greater than the angle B, oppofite 
the lefs fide AC. N > 

For, on the greater fide AB tfcke the 
part AD equal to ihe lefs.fide AC, and join CD. Then, 
fince BCD is a triangle, the outward angle ADC is greater 
than the inward oppofite angle B (th. 8). But the angle 
ACD is equal to the laid outward angle ADC, becaufe AD 
is equal to AC (th. 3). Confequently the angle ACD alfo 
is greater than the angle B. And fince the angle ACD is 
only a part of ACB, much more mufl the whole angle 
ACB be greater than the angle B. e. d. 

Again, converfely, if the angle C he greater than the 
angle B, then will the fide AB, oppofite the former, be 
greater than the fide AC oppofite the latter. 

For, if AB be not greater than AC, it mufl be either 
equal to it, or lefs than it. But it cannot be equal, for 

then 
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then the angle C would be equal to the angle B (th. 3.), 
which it is not, by the fuppofition. Neither can it be lefs, 
for then the angle C would be lefs than the angle B, by the 
former part of this ; which is aifo contrary to the fuppofi- 
tion. The tide AB, then, being neither equal to AC, nor 
lefs than it, mull neceffarily be greater, e. d. 

THEOREM X. 

The Sum of any Two Sides of a Triangle, is Greater 
than the Third Side. 

Let ABC be a triangle ; then will the 
fum of any two of its (ides be greater than 
the third fide, as for inftance, AC -f- CB 
greater than AB. 

For, produce AC till CD be equal to 
CB, or AD equal to the fum of the two 
AC 4" CB ; and join BD.—Then, be- 
caufe CD is equal to CB (by conftr.), the angle D is equal 
to the angle CBD (th. 3). But the angle ABD is greater 
than the angle CBD, confequently it mult alfo be greater 
than the angle D. And, linee the greater fide of any tri¬ 
angle is oppofite to the greater angle (th. 9), the fide AD 
(of the triangle ABD) is greater than the fide AB. But 
AD is equal to AC and CD, or AC and CB, taken together 
(by conitr.j; therefore AC + CB is alfo greater than AB. 

E. D. 

Coro/. The fhortefi difiance between two points, is a fingle 
right line drawn from the one point to the other. 

THEOREM XI. 

The Difference of any Two Sides of a Triangle is Lefs 
than the Third Side. 

Let ABC be a triangle ; then will the 
difference of any two fides, as AB — AC, 
be lefs than the third fide BC. 

For, produce the lefs fide AC to D, 
till AD be equal to the greater fide AB, 
Co that CD may be the difference of the 
two fides AB — AC ; and join BD.— 
Then, becaufe AD is equal to AB (by eonfir.), the oppofite 
angles D. and ABD are equal (th. 3). But the angle CBD 
is lefs than the angle ABD, and confequently alfo lefs than 
the equal angle D. And fince the greater fide of any triangle 

T> 
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is oppofite to the greater angle (th. 9), the Jide CD (of tlqe 
triangle BCD) is lefs than the frde B(X e. d. 

THEOREM XII. 

If a Line Interfedf two Parallel Lines, it will make the 
Alternate Angles Equal to each other. 

Let the line EF cut the twq parallel 

lines AB, CD ; then will the angle AEF 
be equal to the alternate angle EFD. 

For if they are not equal, one of them 
irmft be greater than the other ; let it be 
EFD for in fiance which is the greater, if 
polfible; and conceive the line FB to be 
drawn cutting off’the part or angle EFB equal to the angle 
AEF, and meeting the line AB-in the point B. 

Then, fince the outward angle AEF, of the triangle BEF, 
is greater than the inward oppofite angle EFB (th. 8); and 
fince thcfe two angles alfo are equal (by the conffr.) it 
follows, that thole angles are both equal and unequal at the 
fame time : which is impoffible. Therefore the angle EFD 
is not unequal to the alternate angle AEF, that is, they are 
equal to each other. e. d. 

Corol. Right lines which are perpendicular to one, of two 
parallel lines, are alfo perpendicular to the other. 

THEOREM XIII. 

If a Line, Cutting Two other Lines,1 make the Alternate 
Angles Equal to each other, thofe two Lines will be Pa¬ 
rallel. 

Let the line EF, cutting the two lines / 
AB., CD, make the alternate angles AEF, A—.—-B 
DFE equal to each other; then will AB / 
be parallel to CD. / 

For if they be not parallel, let fome / q 
other line, as FG, be parallel to AB. 
T hen, becacfe of thefe parallels, the angle 
AEF is equal to the alternate angle EFG (th. 12). But the 
angle AEb is equal to the angle EFD (by hyp.) Therefore 
the angle EFD is equal to the angle EFG (ax. 1,) that is, a 
pari is equal to the whole, which is impoffible. Therefore 
no line but CD can be parallel to AB. E. D. 

Coro]. Thofe lines which are perpendicular to the fame 
line, are parallel to each other. 

1 
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THEOREM XIV* 

If a Line Cut two Parallel Lines; the Outward Angle 
will be Equal to the Inward Oppofite one, on the Same Side ; 
and the two Inward Angles, on the Same Side, will be equal 
to Two Right Angles. 

Let the line EF cut the two parallel 
lines AB, CD; then will the outward angle 
EGB be equal to the inward oppofite 
angle GHD, on the fame fide of the line 
EF; and the two inward angles BGH, 
GHD, taken together, will be equal to 
two right angles. 

For, fince the two lines AB, CD are 
parallel, the angle AGH is equal to the alternate angle GHD 
(th. 12). But ttie angle AGH is equal to the oppofite angle 
EGB (th. 7). Therefore the angle EGB is alfo equal to the 
angle GHD (ax. 1). e. d* 

Again, becaufe the two adjacent angles EGB, BGH are 
together equal to two right angles (th. (?) ; of which the 
angle EGB has been fhewn to be equal to the angle GHD ; 
therefore the two angles BGH, GHD, taken together, are 
alfo equal to two right angles. 

Coral. 1. And, converfely, it one line meeting two other 
lines, make the angles on the fame fide of it equal, thofe 
two lines are parallels. 

Carol. 2. If a line, cutting two other lines, make the fura 
of the two inward angles, on the fame fide, lefs than two 
right angles, thofe two lines will not be parallel, but will 
meet each other when produced.' 

THEOREM XV. 

Thofe Lines which are Parallel to the Same Line, are 
Parallel to each other. 

Let the lines AB, CD be each of 
them parallel to the line EF ; then (hall 
the lines AB, CD be parallel to each 
other. 

H 

For, let the line GI be perpendicular 
to EF. Then will this line be alfo per¬ 
pendicular to both the lines AB, CD (corol. th. 12), and con¬ 
sequently the two lines AB, CD are .parallels (corol. th. 13). 
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THEOREM XVI. 

If one Side of a Triangle be produced, the Outward 
Angle will be equal to both the Inward Oppofite Angles 
taken together. 

Let the fide AB, of the triangle 
ABC, be produced to D ; then will the 
^outward angle CBD be equal to the fum 
of the two inward oppofite angles A 
and C. 

For, conceive BE to be drawn pa¬ 
rallel to the fide AC of the triangle. 
Then BC, meeting the two parallels AC, BE, makes the 
alternate angles C and CBE equal (th. 12). And AD, 
cutting the fame two parallels AC, BE, makes the inward 
and outward angles on the fame fide, A and EBD, equal to 
each other (th. 14). Therefore, by equal additions, the 
fum of the tw'o angles A and C, is equal to the fum of the 
two CBE and EBD, that is to the w’hole angle CBD (by 
ax. 2). CU e. d. 

THEOREM XVII. 

1'he Sum of all the Three Angles of any Plane Triangle, 
is equal to Two Right Angles. 

Let ABC be any plane triangle ; then 
the fum of the three angles A -f B -f C 
is equal to two right angles. 

For, let the fide AB be produced to D. 
T hen the outward angle CBD is equal to 
the fum of the two inward oppofite angles 
A-f C (th. 16). To each of thefe equals add the inward 
angle B, then will the fum of the three inward angles 
A B -f C be equal to the fum of the two adjacent angles 
ABC -f- CBD (ax. 2). But the fum of thefe two laft ad¬ 
jacent angles is equal to two right angles (th. 6). There¬ 
fore alfo the fum of the three angles of the triangle A -f- B 
-f- C is equal to two right angles (ax. 1). E. d. 

Corol. i. If two angles in one triangle, be equal to two 
angles in another triangle, the third angles will alfo be equal 
(ax. 3;, and the two triangles equiangular. 

Carol, 2. If one angle in one triangle, be equal to one 
angle in another, the iums of the remaining angles will alfo 
be equal (ax. 3]. 

Corol. 3. 
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Carol 3. If one angle of a triangle be right, the fum of 
the other two will alio be equal to a right angle, and each of 
them fingly will be acure, or lels than a right angle. 

Corel. 4. The two leaft angles of every triangle are acute, 
or each lefs than a right angle. 

* . i 1 ... f 
Vv ' » r 

THEOREM XVIII. 

In any Quadrangle, the Sum of all the Four Inward Angles, 
is equal to Four Right Angles. 

Let ,ABCD be a quadrangle; then the 
fum of the four inward angles, A -j~ B -R 
C -f- D is equal to 4 right angles. 

Let the diagonal AC be drawn, dividing 
the quadrangle into two triangles, ABC, ADC. 
Then, becaufe the fum of the three angles 
of each of thele triangles, is equal to two 
right angles (th. 17); it follows, that the fum of all the 
angles of both triangles, which make up the four angles of 
the quadrangle, mult be equal to 4 right angles (ax. 2). 

CU E. D, 

Carol. 1. Hence, if three of the angles be right ones, the 
fourth will alfo be a right angle. 

Carol. 2. Alfo, it the fum of two of the four angles be 
equal to two right angles, the fum of the remaining two 
will likewife be equal to two right angles. 

THEOREM XIX. 

Jn any Polygon, the Sum of all the Inward Angles, taken 
together, is equal to Twice as many Right Angles, wanting 
four, as the Figure has Sides. 

Let ABCDE be any polygon; the fum 
of all its inward angles, A + B -f C + 
D -)- E, is equal to twice as many right 
angles, wanting four, as the figure has E 
lides. 

For, from any point P, within it, draw 
lines PA, PB, PC, &c, to all the angles, 
dividing the polygon into as many tri¬ 
angles as it has fides. Now the fum of the three angles of 
each of thefe triangles, is equal to two right angles (th. 17); 
therefore the fum of the angles of all the triangles is equal 
to twice as many right angles as the figure has fides. But 
the fum of all the angles about the point P, which are fo 

many 
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many of the angles of the triangles, but -no part of the in¬ 
ward angles of the polygon, is equal to four right angles 
(corol. 2 th. 6,), and mult be deducted out of the former 
fum. Hence it follows that the Aim ot all the inward angled 
of the polygon alone A-pB-pC-pD-pE, is equal to 
twice as many right angles as the figure has Tides, wanting 
the faid tour right angles. Q^. e. d. 

THEOREM XX. 

If every Side of any right-lined FigMre be produced out, 
the Sum of all the Outward Angles thereby made, will be 
equal to Four Right Angles. 

Let A, By C, &c. be the outward 
angles of anv polygon, made by produc¬ 
ing all the tides; then will the fum A -P 
B -f C + D + -E, of all thofe outward 
angles, be equal to Four right angles. 

For, every one erf thefe outward angles, 
together with its adjacent inward angle, 
make up two-righ^ angles, as A -f /; equal 
to two right angles, being the two angles 
made by -one Tine meeting another (th. 6). And there 
being as many outwTard, or inwa-rd angles, as the figure has 
fides. 1 herefore the fum of ail the inward and outward 
angles, is equal to twice as many right angles as the figure 
has (ides. But the fum of all the inward angles, with four 
right angles, is equal to twice as many right angles as the 
figure has Tides (th. 19). T herefore the fum of all the in¬ 
ward and all the outward angles, is equal to the fum of all 
the inward angles and four right angles (by ax. 1). From 
each of thefe take away all the inward angles, and there 
remains all the outward angles equal to four right angles 
(by ax. 3). 

THEOREM XXI. 

A Perpendicular is the Shotted Line .that can be drawn 
from a Given Point to an Indefinite Line. And, of any 
other Lines drawn from the fame Point, thofe .that are Neareft 
the Perpendicular, are Lefs than thofe More Remote. 

If AB, AG, AD, &c, be lines drawn from 
the given point A, to the. indefinite line DE, 
of which AB is perpendicular. Then fhall 
the perpendicular AB be lefs than AC, and 
AC lefs than AD, &c. 

For, the angle B being a right one, the 
angle 
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angle C is acute (by cor. 3, th. 17), and therefore lefs than 
the angle B. But the greater angle of a triangle is fub- 
tended by the greater fide (th. 9). Therefore the tide AC is 
greater than the fide AB. 

Again, the angle ACB being acute, as before, the adja¬ 
cent angle ACD will be obtufe (by th. 6). Bnt the angle 
D is acute (corol. 3, th. 17), T herefore the angle ACD is 
greater than the angle D. And, lince the greater fide*is 
oppofite to the greater angle, therefore the fide AD is greater 
than the fide AC. e. d. 

Corol. A perpendicular is the leaft diltance of a given 
point from a line. 

THEOREM XXII. 

The Oppofite Sides and Angles of any Parallelogram are 
equal to each other ; and the Diagonal divides it into two 
Equal Parts. 

Let ABCD be a parallelogram, of which 
the diagonal is BD ; then will its oppofite 
fides and angles be equal to each other, 
and the diagonal BD will divide it into two 
equal parts, or triangles. 

For, fince the fides AB and DC are pa¬ 
rallel, as alfo the fides AD and BC (defin. 
32), and the line BD meets them ; therefore the alternate 
angles are equal (th. 12), namely, the angle ABD to the 
angle CDB, and the angle ADB to the angle CBD. Hence 
the two triangles, having two angles in the one equal to two 
angles in the other, have alfo their third angles equal (cor. 
I. th. 17), namely, the angle A equal to the angle C, which 
are two of the oppofite angles of the parallelogram. 

Alfo, if to the equal angles ABD, CDB, be added the 
equal angles CBD, ADB, the wholes will be equal (ax. 2), 
namely, the whole angle ABC to the whole ADC, which 
are the other two oppofite angles of the parallelogram. 

Q^E. D. 

Again, fince the two triangles are mutually equiangular, 
and have a fide in each equal, viz. the common fide BD ; 
therefore the two triangles are identical (th 2), or equal in 
all refpedfs, namely, the fide AB to the oppofite fide DC, and 
AD to the oppofite fide BC, .and the whole triangle ABD to 
the whole triangle BCD. CC E* D* 

Corol. 1, 
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Oirol. i. Hence; if one angle of a parallelogram be a 
right angle, all rhe other three will alio be right angles, and 
the parallelogram a reddangle. 

Cor 1 2. Hence alfo, the fum of any two adjacent angles 
of a parallelogram is equal to two right angles. 

THEOREM XXIII. 

Every Quadrilateral whole Oppofite Sides 
' Parallelogram. 

Let ABCD be a quadrangle, having 

the oppofite frdes equal, namely, the fide 

^ AB equal tq DC, and AD equal to PC ; 
then (hail thefe equal fides be alfo paral¬ 

lel, and the hgure a parallelogram. 

For, let the diagonal ED be drawn. 
Then, the triangles ABD, CBD being 
mutually equilateral (by hyp.), they are 
alfo mutually equiangular (th. 5) ; and confequently the 
oppofite fides arc parallel (th. 13); viz. the fide AB parallel 
to DC, and AD parallel to BC, and the figure is a paral¬ 
lelogram. E. D. 

\ THEOREM XXIV. 

Right Lines joining the Correfpoding Extremes of two 
Equal and Parallel Lines, are themfelves Equal and Pa¬ 
rallel. 

Let AB, DC be two equal and parallel lines; then will 
the lines AD, BC, which join their extremes, be alfo equal 
and parallel, j See the fig. above.J 

For, draw the diagonal BD. Then, becaufe AB and DC 
are parallel (by hyp,,), the angle ABD is equal to the alter¬ 
nate angle BDC (Hi. 12). Hence then, the two triangles 
having two fides and the contained angles equal, viz. the fide 
AB equal to the fide DC, and the fide BD common, and 
the contained angle ABD equal .to the contained angle BDCV 
they will have the remaining fides and angles alio refpec- 
tively equal (th. 1); confequently AD equai to BC, and alio 
parallel to it (th. 12). o. e. d. 

THEOREM XXV. 
i . i « 1 » r ' , 

< Parallelograms, or Triangles, Handing on the Same 
Bale, and between the Same-Parallels, are equal to each 
other. 

are Equal, is a 

Let 
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Let ABCD, ABEF be two parallelo¬ 
grams, and ABC, ABF two triangles, 
handing on the fame bale AB, and be¬ 
tween the fame parallels AB, DE ; then 
will the parallelogram ABCD be equal to 
the parallelogram ABEF, and the triangle 
ABC to the triangle ABF. 

For, lince the line DE cuts the two 
parallels AF, BE, and the two AD, BC, it makes the angle 
E equal to the angle AFD, and the angle D equal to the 
angle BCE (th. 14) ; the two triangles ADF, BCE are 
therefore equiangular (cor. 1, th. 17) ; and having the two 
correfponding fides AD, BC equal (th. 22), beingoppofite 
tides of a parallelogram, thefe two triangles are identical, 
or equal in all refpedds (th. 2^. If each of thefe equal tri¬ 
angles then be taken from the whole fpace ABED, there will 
remain the parallelogram ABEF in the one cafe, equal to 
the parallelogram ABCD in the other (by ax. 3). 

Aifo, the triangles ABC, ABF, on the fame bafe AB, and 
between the fame parallels, are equal, being the halves of 
the faid equal parallelograms (th. 22). e. jd. 

Cord. Parallelograms, or triangles, having the fame 
bafe and altitude, are equal. For the altitude is the fame 
as the perpendicular or diflance between the two parallels, 
which is every where equal, bv the definition of parallels. 

Cord. 2. Parallelograms, or triangles, having equal bafes 
and altitudes, are equal. For, if the one figure be applied 
with its bafe upon the other, the bafes will coincide or be 
the fame, becaule they are equal; and fo the two figures, 
having the fame bafe and altitude, are equal. 

THEOREM XXVI. 

If a Parallelogram and a Triangle Band on the Same 
Bafe, and between the Same Parallels, the Parallelogram 
will be Double the Triangle, or the Triangle Half the Pa¬ 
rallelogram. 

Let ABCD be a parallelogram, and ABE 
a triangle, on the fame bafe AB, and between 
the fame parallels AB, DE ; then will the pa¬ 
rallelogram ABCD be double the triangle 
ABE, or the triangle half the parallelogram. 

For, draw the diagonal AC of the paral¬ 
lelogram, dividing it into two equal pans 
(th. 22). Then, becaule the triangles ABC, 

ABE, 
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ABE, on the fame bafe, and between the fame parallels, are 
equal (th. 25) ; and becaufe the triangle ABC is halt the 
parallelogram ABCD (th. 22), the other equal triangle ABE 
is alfo equal to half the fame parallelogram ABCD. q^e. D. 

CoroL I. A triangle is equal to half a parallelogram of the 
fame bafe and altitude, becaufe the altitude is the perpendi¬ 
cular diffance between the parallels, which is every where 
equal, by the definition of parallels. 

Corel. 2. If the bafe of a parallelogram be half that of a 
triangle, of the fame altitude, or the bafe of the triangle be 
double that of the parallelogram, the two figures will be 
equal to each other. 

THEOREM XXVII. 

Rectangles that are contained under Equal Lines, are 
* Equal to each other. 

Let BD, FHbe two rectangles, having 
the fides AB, BC, equal to the fides EF, 
FG, each to each ; then will the redtangle 
BD be equal to the rectangle FH. 

For, draw the two diagonals AC, EG, 
dividing the two parallelograms each into 
two equal parts. Now, the two triangles 
ABC, EFG, are equal to each other (th. 1), becaufe they 
have the two fides AB, BC, and the contained angle IB 
equal to the two fides EF, FG, and the contained angle F 
(by hyp.) But tbefe equal triangles are the halves of the 
refpe&ive rectangles. And becaufe the halves, or the tri¬ 
angles, are equal, the wholes, or the rectangles DB, HF, 
are equal alfo (by ax. 6). e. 0. 

CoroL The fquares on equal lines, are alfo equal • for 
every fquare is a fpecies of re&angie. 

D_C H G 
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THEOREM XXVIII, 

The Complements of the Parallelograms, which are 
about the Diagonal of any Parallelogram, are equal to each 
other. 

Let AC be a parallelogram, BD a dia¬ 
gonal, E1F parallel to AB or DC, and 
GIH parallel to AD or BC, making AI, 
IC complements to the parallelograms 
EG, HF, which are about the diagonal 
DB: then will the complement Al be 
equal to the complement 1C. 

For, 
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For, fince the diagonal DB bifedts the three parallelograms: 
AG, EG, HF fth. 22) ; therefore, the whole triangle DAB. 
being equal to the whole triangle DCB, and the parts DEI* 
IHB relpedlively equal to the parts DGI, 1FB, the remain>- 
ing parts Al, IC muft alfo be equal (by ax. 3}. q. £. d. 

THEOREM XXIX. 

A Trapezoid, or Trapezium having two Sides Parallel, 
is equal to Half a Parallelogram, whole Bafe is the Sum of 
thofe two Sides, and its Altitude the Perpendicular Dillance 
between them. 

Let ABC D be the trapezoid, having its 
two lid.es AB, DC parallel ; and in AB 
produced take BE equal to DC, fo that 
AE may be the fum of the two parallel 
lides ; produce DC alfo, and let EF, GC 
BH be all three parallel to AD. Then is 
AF a parallelogram of the fame altitude with the trapezoid- 
ABCD, having its bafe AE equal to the fum of the parallel 
fides of the trapezoid; and it is to be proved that the tra¬ 
pezoid ABCD is equal to halt the parallelogram AF. 

Now, fince triangles, or parallelograms, of equal bafes 
and altitude, are equal (corol. 2. th. 25), the parallelogram 
DG is equal to the parallelogram HE, and the triangle CGB 
equal to ttie triangle CBH ; confequentiy the line BC bile&s, 
or equally divides, the parallelogram AF, and ABCD is the 
half of it. CL, e. d. 

-1 ■> 

THEOREM XXX, 

The Sum of all the Rediangles contained under one 
Whole Line, and the feveral Parts of another Line, any how 
divided, is Equal to the Rediangle contained under the 1 wo 
Whole Lines. 

Let AD be the one line, and AB the 
other line, divided into the pares AE, EF, 
FB ; then (hall the rediangle contained by 
AD and AB, be equal to the fum of the 
retlangles oi AD and AE, AD and EF, 
and AD and FB; thus exp re lied AD . AB 
= AD . AE + AD . EF + AD . FB. 

D G H C 

F B 

For, make the rediangle AC of the two whole lines AD, 
AB ; and draw EG, FH, perpendicular to AB, or parallel to 
AD, to which they are equal (th. 22). Then the whole 
jredfangle AC is jpade up of all the other redlangles AG, 

EH, 
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EH, FC. But thefe re&angles are contained by AD and 
AE, EG and EF, FH and FB ; which are equal to the 
redfangles of AD and AE, AD and EF, AD and FB, be- 
c-aufe AD is equal to each of the two EG, FH. Theretore 
the rectangle AD . AB is equal to the fum of all the other 
rectangles AD . AE, AD . EF, AD . FB. 

Coral. If a right line be divided into any two parts ; the 
fquare on the whole line, is equal to both the rectangles of 
the whole line and each of the parts. 

THEOREM XXXI. 

The Square of the Sum of two Lines, is greater than the 
Sum of their Squares, by Twice the Reftangle of the faid 
Li nes. Or, the Square of a whole Line, is equal to the 
Squares of its two Parts, together with Twice the Rectangle 
of thofe Parts. 

Let the line AB be the fum of any two 
lines AC, CB ; then will .the fquare of AB 
be equal to the fquares of AC, CB, together 
with twice the re&angle of AC, CB. That 
is, AB2 ■= AC2 + CB2 4- 2AC . CB. 

r. For, let ABDE be the fquare on the fum 
oc. whole line AB, and ACFG the fquare.. 
on the part AC. Produce CF and GE' to the other fides at 
Hand I.- - 

From the ’lines CH, GI, which are equal, being each 
equal to the Tides of the fquare AB or BD (th. 22), take the 
parts CF, GF, which are equal alfo, being the Tides of the 
fquare AF, and there remains FH equal to FI, which are 
alfo equal to DH, DI, being the oppofite Tides of a paral¬ 
lelogram. Hence the figure HI is equilateral; and it has 
all its angles right ones (corol. 1, th. 22); it is therefore a 
fquare on the line FI, or the fquare of its equal CB. Alfo 
the figures EF, FB are equal to two refctangles under AC 
and CB, becaufe GF is equal to A.C, and FH or FI equal 
to CB. But the whole fquare AD is made up of the four 
figures, viz. the two fquares AF, FD, and the two equal 
re6fjkngles EF, FB. That is, the fquare of AB is equal to 
the fquares of AC, CB, together with twice the rettangle 
of AC. CB. 

Corel. Hence, if a lirie be divided into two equal parts ; 
the fquare ol the whole line, will be equal to four times the 
fquare of half the line. 

M I» r 
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THEOREM XXXIT. 

The Square of the Difference of two lines, is lefs than 
the Sum of their Squares, by Twice the Rectangle of the 
fairi Lines. 

Let AC, BC be any two lines, and AB 
their difference ; then will the fquare uf AB 
be lefs than the fquares ot AC, BC, by 
twice the rectangle of AC and BC. Or, 
AB2 AC2 — 2AC. BC. 

For, let ABDE be the fquare on the dif¬ 
ference AB, andACFG the fquare on the • 
line AC. Produce ED to H ; alfo produce 
DB and HC, and draw Ki, making BI the fquare of the 
other line BC. 

Now it is Vifible that the fquare AD is lefs than the two 
fquares AF, BI, by the two rectangles EF, DI. But OF is 
equal to the one line AC, and Gii or FH is equal to the 
other hne BC; confequently the rectangle EF, contained 
under EG and GF, is equal to the rectangle of AC and BC. 

Again FH being equal to Cl or BC or OH, by adding 
the common part HC, the whole HI will be equal to the 
whole FC or equal to AC; and confequently the figure DI 
is equal to the rectangle contained by AC and BC. 

Hence the two figures EF, DI are two rectangles of the 
two lines AC, BC; and confequently the fquare of AB is 
lefs than the fquares of AC, BC, by twice the reCtangle 
AC . BC. 

THEOREM xxxirr. 

The Difference of the bquares of any two unequal Lines, 
is equal to the Rectangle under the Sum and Difference of 
the lame Lines. 

Let AB, AC be any two unequal lines; 
then will the difference oi me lqu^res of 
AB, AC be equal to a re&angle under 
their fum and difference. i har is, AB2 — 

AC* AB -j- AC . ABAC. 

For, let ABDE be the fquare of AB* and 
ACFG the fquare of AC. Produce DB 
ti l BH be equa* to AC ; draw HI parallel 
to AB or ED, and produce FC both ways 
to I and K. 
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Then the difference of the two fquares AD, AF, is evi¬ 
dently the two redangles EF, KB. But the redfangles EF, 
Btl are equal, being contained under equal lines ; for EK and 
BH are each equal to AC, and GE is equal to CB, being 
each equal to the difference between AB and AC, or their 
equals AE and AG. Therefore the two EF, KB are equal 
to the two KB, BI, or to the whole KH ; and confequently 
KH is equal to the difference of the fquares AD, Ah. But 
KH is a redangle contained under DH, or the furri of AB 
and AC, and KD, or the difference of AB and AC. There¬ 
fore the difference of the fquares of AB, AC, is equal to the 
redangle under their fum and difference. e. d. 

THEOREM XXXIV. 
K . *v ■ 

In any Right-Angled Triangle, the Square of the Hypo- 
thenufe, is equal to the Sum of the Squares of the other 
two Sides. V 

Let ABC be a right-angled triangle, 
having the right angle C ; then will the 
fquare of the hypothenufe AB, be equal 
to the fum of the fquares of the other 
two hides AC, CB. Or AB2 = AC2 
4- BC2. 

For, on AB deferibe the fquare AE, 
and on AC, CB the fquares AG, BH ; 
then draw Civ parallel to AD or BE ; 

"and join AI, BE, CD, CE. 
Now, becaufe the line AC meets the two CG, CB, fo as 

to make two right angles, thefe two make one Rraight WnP 

GB (corol. i, th. 6). And becaufe the angle FAC is equal 
to the angle DAB, being each a right angle, or the angle of 
a fquare; to each of thefe equals add the common angle 
BAC, fo will the whole angle or fum FAB, be equal to the 
whole angle CAD. But the line FA is equal to the line 
AC, and the line AB to the line x^D, being fides of the 
lame fquare ; fo that the two hides FA, .^B, and their in¬ 
cluded angle FAB, are equal to the two fides C.^, AD, and 
the contained angle CAD, each to each ; therefore the whole 
triangle AFB is equal to the whole triangle ACDfth. i). 

But the fquare AG is double the triangle AFB, on the 
fame bafe FA, and between the fame parallels FA, GB 
(th. 26) ; in like manner, the parallelogram AK is double 
the triangle ACD, on the fame bafe AD, and between the 
lame parallels AD, CK. And fince the doubles of equal 

things, 
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things, are equal (by ax, 6); therefore the fquare AG is 
equal to the parallelogram AK. 

In like manner, the other fquare BH is proved equal tp 
the other parallelogram BK. And confequently the two 
fquares AG and BH together, equal to the two parallelo¬ 
grams AK and BK together, or to the whole fquare AE. 
That is, the fum of the two fquares on the two lefs fides, 
is equal to the fquare on the greateft fide. E. D. 

Coro/. Hence, the fquare of either of the two lefs fides, 
is equal to the difference of the fquares of the hypothenufe 
and the other fide (ax. 3); or, equal to the reHangle con¬ 
tained under the fum and difference of the laid hypothenufe 
and other fide (th. 33). 

< 

THEOREM XXXV, 

In any Triangle, the Difference of the Squares of the 
two Sides, is Equal to the Difference of the Sqpares of the 
two Lines, or Diffances, included between the Extremes of 
the Bafe and the Perpendicular. 

Let ABC be any triangle, having 
CD perpendicular to AB ; then will 
the difference of the fquares of 
AC, BC, be equal to the difference 
of the fquares of AD, BD; that 
is, AC2 — BC2 = AD2 — BD2. 

For, fince AC2 is equal to AD* 4* CD* 1 , , 
and BC2 is equal to BD2 4- CD* y 34 * 

Theref. the difference between AC2 and BC* 
is equal to the difference between AD2 -f- CD* 

and BD2 -f- CD* 
or equal to the difference between AD* and BD* 
by taking away the common fquare CD2. Q+e. 

Coroh The redangle under the fum an<f difference of the 
two Tides of any triangle, is equal to the re&angle under the- 
fum and difference of the diltances between the perpendi¬ 
cular and the two extremes of the bafe, or equal to the 
redangle under the bafe and the difference or fum of the 
fegments, according as the perpendicular falls within* or 
without the triangle. 

That X a 
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That is, AC + BC . AC — BC - aD + bD. AD — BD 

Or, AC + BC.AC —BC = AB.aD —BDinthe 
2d figure. 

A fid AC + BC . AC — BC = AB . AO -f BD in the 
ift figure. 

THEOREM XXXVI. 

IN any Obtufe-angled Triangle, the Square of the Side 
ftibtendittg the Obtufe Angle, is Greater than the Sum of 
the Squares of the other two Sides, by Twice the Re&angle 
of the Bafe and the Diftance of the Perpendicular from the 
Obtufe Angle. 

Let ABC be a triangle, obtufe angled at B, and CD per¬ 
pendicular to AB ; then will the fquare of AC be greater 
than the fquares of AB, BC, by twice the reft angle of AB, 
BD. That is, AC2 = AB2 + BC2 -f 2AB . BD. See the 
I ft ftg. above, or below. 
/ x . 

For, fince the fquare of the whole line AD is equal to the 
fquares of the parts AB, BD, with twice the re&angle of 
the fame parts AB, BD (th. 31); if to each of thefe equals 
there be added the fquare of CD, then the fquares of AD, 
CD, will be equal to the fquares of AB, BD, CD, with 
twice the rediangle of AB, BD (by ax. 2). 

t V . 

But the fquares of AD, CD are equal to the fquare of 
AC ; and the fquares of BD, CD, equal to the fquare of 
BC (th. 34); therefore the fquare of AC is equal to the 
fquares of AB, BC, together with twice the rc&angle of 
AB, BD. cu e. d. 

THEOREM XXXVII. 
, • <• * 

In any Triangle, the fquare of the Side fubtending an 
Acute Angle, is Lefs than the Squares of the Bafe and the 
other Side, by Twice the Re&angle of the Bafe and the 
Diftance of the Perpendicular from the Acute Angle. 

Let ABC be a triangle, having 
the angle A acute, and CD per¬ 
pendicular to AB ; then will the 
fquare oi BC, be lefs than" the 
fquares of AB, AC, by twice the 
rectangle of AB, AD. That is, 
BC2 = AB2 4- AC2—2AB. AD. 

For, 
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For, i'n%:i,AC2is = BCa -f- AB2 -f 2AB . BD (th.36). 
To each of thefe equals add the fquare of AB, 
then is AB2 -f AC2 = BC2 + 2AB2 4- 2AB . BD (ax. 2), 

orz=:BC2 -f“ 2AB . AD (th. 30). 
, Q4.E. D. 

Again, in fig. 2, AC2 is = AD2 -T DC2 (th. 34). 
And AB2 = AD2 + DB2 + 2AD . DB (th. 21). 

Theref. AB2-f-AC1rr:BD2-|-DCa4-2AD2-|-2,\DT)B(ax.2), 
or =lBC24-2AD2+2 \D . DB (th. 34), 
or=BC2-f2AB. AD (th. 30). e. d. 

* f t ■ - 

THEOREM XXXVIII. 

In any Triangle, the Double of the Square of a Line 
drawn from the Vertex to the Middle of the Bafe, together 
with Double the Square of the Half Bafe, is Equal to the 
Sum of the Squares of the other Two Sides. 

Let ABC be a triangle, and CD the line 
drawn from the vertex to the middle of 
the bafe AB, bife&ing it into the two equal 
parts AD, DB; then will the fum of ihe 
fquares of AC, CB, be equal to twice the 
fum of the fquares of CD, BD ; or AC2-f- 
CB2 =2CD2 + 2DB2. 

For, let CE be perpendicular to the bafe AB. Then, 
fince (by th. 36) AC2 exceeds the fum of the two fquares 
AD2 and CD2 (or BD2 and CD2) by the double redangle 
2AD . DE (or 2BD . DE); and fince (by th. 37) BC2 is 
lefs than the fame fum by the faid double redangle ; it is 
jnanifeft that both AC2 and BC2 together, mull be equal to 
that lum twice taken ; the excels on the one part making up 
the defed on the other. e. d. 

THEOREM XXXIX, 

In an Ifofceles Tri angle, the Square of a Line drawn 
from the Vertex to any Point in the Bafe, together with the 
Rectangle of the Segments of the Bafe, is Equal to the 
Square of one of the Equal Sides of the Triangle. 

Let ABC be the ifofceles triangle, and 
CD a line drawn from the vertex to any 
point D in the bafe : then will the fquare of 
AC be equal to the fquare of CD together 

of AD and DB. That 
AD . DB. 

For, 

with the redangle 
is, AC2 = CD2 - 
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For, let CE bifetff the vertical angle: then will it alfo 
bifeff the bale AB perpendicularly, making AE zee: EB 
(corol. i, th. 3). 

But, in the triangle ACD, obtufe-angled at D, the fquare 
AE2 is = CD2 -f- AD2 + 2AD . DE (th. 36), 

or — CD2 4- AD . AD 4- 2DE (th. 30), /; 

or = CD2 4. AD . AE 4- DE, ' // 

or = CD2 4 AD . BE 4 DE, 
or 55: CD2 -f Ap . DB. 

THEOREM XL. 

In any Parallelogram, the two Diagonals BifeT each 
other, and the Sum oi their Squares is Equal to the Sum of 
the Squares oi all the Four Sides of the Parallelogram. 

Let A BCD he a parallelogram, whofe 
diagonals interfecl each other in E : then 
will AE be equal to EC, and BE to ED ; 
and the fum of the lquares of AC, BD, will 
be equal to the fum of the fquares of AB, 
pc, CD, DA. That is, 

AE —EC, and BE = ED, 
and AC2 -4 BD^AB2 4BC2 ~f CD2 4- DA2. 
For, the triangles AEB, DEC are equiangular, becaufe 

they have the oppofite angles at E equal (th. 7). and the two 
lines AC, BD, meeting the parallels AB, DC, make the 
angle BAE equal to the angle DCE, and the angle ABE 
equal to the angle CDE, and the fide AB equal to the fide 
DC (th. 22); therefore thefe two triangles are identical, 
and have their correfponding Tides equal (th. 2), viz. AE zz^ 
EC, and BE zzz: ED. 

Again, fince AC is bife&ed in E, the fum of the fquares 
AD2 + DC2 = 2AE2 4- 2DE2 (th. 38J. 

In like manner, AB2 4 BC2 zzz:2AE2 4- 2BE2 or 2DE2. 
There!’. AB2 4BC?-|-CD2 4-DA2===4AE2 44DE2(ax.2). 

But, becaufe the fquare of a whole line is equal to fouj* 
times the fquare of half the line (cor. th. 31), tiiat is, AC2 
p^qAE2, and BD2”4DE2. ‘ V 
’ Theref. AB24 BC24-CD2 + DA2x=zAC24-BD2 (ax. 1). 

E. D. 

THE- 
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i THEOREM XLI* 

If a Right Line, drawn through or from the Centre of a 
Circle, Biledt a Chord, it will be Perpendicular to it ; or if 
it be Perpendicular to the Chord, it will Bifecl both the 
Chord and the Arc of the Chord. 

Let AB be any chord an a circle, and CD 
a line drawn from the centre C to the 
chord. Then, if the chord is bifaffed in 
the point D, CD will be perpendicular to 
AB. 

For, draw the two radii CA, CB. Then 
the two triangles ACD, BCD, having CA 
equal to CB (def. 44), CD common, and 
AD eoual to DB (by hyp.), have all the three (ides of the 
one, equal to all the three tides of the other, and fo have 
their angles alfo equal (th. 5). Hence then, the angle ADC 
being equal to the angle BDC, thefe angles are right angles, 
and the line CD is perpendicular to A13 (def. 11). 

Again, if CD be perpendicular to AB, then will the chord 
AB be bife&ed at the point D, or have AD equal to DB* 
and the arc AEB in the point E, or have AE equal EB. 

For, having drawn CA, CB, as before. Then, in the 
triangle ABC, becaufe the fide CA is equal to the fide CB, 
their oppofire angles A and B are alfo equal (th. 3). Hence 
then, in the two triangles ACD, BCD, the angle A is equal 
to the angle B, and the angles at D are equal ldef. 11); 
therefore their third angles aie alfo equal (corol 1, th ly). 

And having the fide CD common, they have alfo the fide AD 
equal to the fids DB (th. 2). 

Alfo, fince the angle ACE is equal to the angle BCE, the 
arc AE which meafures the former (def. 57j, is equal to the 
arc BE which meafures the latter, fince equal angles mult 
have equal meafures. 

Corel. Hence a line bife&ing any chord at right angles, 
paffes through tfie centre of the circle. 

THEOREM XLII* 

If More than Two Equal Right Lines can be drawn from 
any Point within a Circle to the Circumference, that Point 
will be the Centre* 

Let 
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Let ABC be a circle, and D a point 
within it; then if any three lines DA, 
DB, DC, drawn from the point D to the 
circumference, he equal to each other, 
the point D will he the centre. 

For, draw the chords AB, BC, which 
let be bife '*ed in the pojnts E, F, and 
join DE, DF. 

Then, tire two triangles D'E, DBE, 
have the fide D A equal to the fide DB by fuppofition, the 
fide AJL equal to the lide EB by hypothecs, and the fide DE 
common; therefore thefe two triangles are identical, and 
have the angles at E equal to each other fth. 5); confe- 
quently DE is perpendicular to the chord AB (del. 11 , and 
therefore paffes through the centre of the circle (corol, 
tn. 41). 

In like manner, it may be fhewn that DF paffes through 
the centre, Confequent ly the point D is the centre of the 
circle, and the three equal lines DA, DB, DC, are radii. 

* THEOREM XLIII, 

If two Circles touch one another Internally, the Centres of 
the Circles and the Point of Contaft will be all in the 
Same Right Line. 

Let the two circles AFC, ADE touch 
one another internally in the point A ; then 
will the point A and the centres of thofe 
circles be all in the fame right line. 

For, let F be the centre of the circle 
ABC, through wh ch draw the diameter 
AFC. Then, if the centre of the other 
circle can be out of this, line AC, let it be 
fuppofed in iome other point as G ; through which draw the 
line FG cutting the two circles in B and D. 

Now, in the triangle AFG, the fum of the tyro fidps FG, 
GA is greater than the third tide AF (th. ioj, or greater 
than its equal radius FB. From each of thefe take away 

equal to one another ; conlequently GD will alfo be greater 
than GB. But ADE being the inner circle, GD is peceflarily 

1 lefs 
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lefe than GB. So that GD is both greater and lefs than GB ; 
which is abfurd. Confequently the centre G cannot be out 
of the line AFC. e. d. 

• -» , 

THEOREM XLIV. . 

If two Circles Touch one another Externally, the Cen* 
tres of the Ciieles and the Point of Contafl will be all in 
the Same Right Line. 

Let the two < ircles ABC, ADE touch one 
another externally at the point A ; then will 
the point of contaH A and the centres of the 
two circles be all in the fame right line. 

For, let F be the centre of the circle ABC, 
through which draw the diameter AFC, and 
produce it to the other circle at F. Then, if 
the centre of the circle ADE can be out of 
the line FK, let it, if poftible, be fuppofed 
in fome other point G ; and draw’ the lines 
AG, FBDQ, cutting the two circles in B and D. 

Then, in the triangle AFG, the fum of the two lides 
AF, AG is greater than the third fi le FG (th. io). But, 
F and G being the centres of the tv o circles, the two radii 
GA, Gl) are equal, as are alfo the two radii AF, FB« 
Hence the fum of GA, AF is equal to the fum of GD, BF; 
and therefore this latter fum alfo GD, BF is greater than 
GF, which is abfurd. Confequently the centre G cannot 
be out of the line FE. q^e. d. 

THEOREM XLV. 

Any two Chords in a Circle, which are Equally Diftant 
from the Centre, are Equal to each other; or if they be 
Equal to each other, they will be Equally Diftant from the 
Centre. 

Let AB, CD be any two chords at equal 
diftances from the centre G; then will thefe 
two chords AB, CD be equal to each other. 

For, draw the two radii GA, GC, and 
the two perpendiculars GE, GF, which 
are the equal diftances from the centre G. 
Then, the two right-angled trianglesGAE, 
GCF, having the fide GA equal the fide 
GC, and the fide GE equal the fide GF, the difference of 
the fqijares GA2, GE2 will be equal the difference of the 

fquares 
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fquares GC2, GF2. But AE2 is equal to 
the difference of the fquares GA2, GE2, 
and CF2 equal the difference of the fquares 
GC2, GF* (corol. th. 34); therefore the- 
fquare AE2 is equal the lquare CF2, and 
the line AE equal the line CF. But AB is 
the double of AE, and CD is the double of CF (th. 41); 
therefore AB is equal CD (by ax. 6). e. v. 

Again, if the chord AB be equal to the chord CD ; then 
will their diffances from the centre, GE, GF, alfo be equal 
to each other. 

For, fince AB is equal CD by fuppofuion, the half AE is 
equal the half CF. Alfo the radii GA, GC being equal, 
the difference of the fquares GA2, GE2 will be equal the 
difference of the fquares GC2, GF2; that is, the fquaieGE® 
equal the fquare GF2 (corol. th. ^4}, and confequently the 
diflance GE equal the diftanceGK e. d. 

Carol. Hence, if two right-angled triangles having equal 
hypothenufes, have two other hides alfo equal; then will 
the third fides be equal, and the two triangles identical, Of. 
equal in all refpedfs. 

THEOREM XLVT. 

A Right Line Perpendicular to the Extremity of a Radius, 
is a Tangent to the Circle. 

Let the line ADB be perpendicular to the 
radius CD of a ciicle ; then -ihall AB touch 
the circle in the point D only. 

For, from any other point E in the line 
AB, draw CFE to the centre, meeting the 
circle in F. 

Then, becaufe the angle D, of the triangle 
CDE, is right-angled at D, the angle at E is acute (th. 17. 
cor. q}. and coniequently lefs than the angle 1). But the 
greater fide is always oppofite to the greater angle (th. 9) ; 
therefore the fide CE is greater than the fide CD, or greater 
than its equal CF. Hence the point E is without a circle; 
and the fame for every other point in the line AB. Confe¬ 
quently the whole line is without the circle, and meets it in 
the point D only. 

Carol. Hence it follows, that a perpendicular is the 
fhorteff line which can be drawn from any point to a given 
line; fince the perpendicular CD is fhortcr than any other 
line which can be drawn from the point C to the line AB, 
the fame as theorem 21. 

wiZ' 
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THEOREM XLVII. 
i ■_ 

If a Right Line be a Tangent to a Circle ; a Radius 
drawn to the Point of Contad! will be Perpendicular to the 
Tangent. 

Let the line AB touch the circumference of a circle at 
the point D , then will the radius CD be perpendicular to 
the tangent AB. [See the laft figure.] 

For, the line AB being wholly without the circumference 
except at the point D, every other line, as CE, drawn 
from the centre C to the line AB, muft pafs out of the circle 
to arrive at this line. The line CD is therefore the fhorteft 
that can be drawn from the point C to the line AB, and con- 
feq entlv (th. 21), is perpendicular to that line. 

Corel. Hence, converfely, a line drawn perpendicular to 
a tangent, at the point of comae!, paffes through the centre 
of the circle, 

THEOREM* XLVIII. 

The Angle formed by a Tangent and Chord is Meafured 
by Half the Arc of that Chord. 

Let AB be a tangent to a circle, and CD 
a chord drawn from the point of contact C : 
then is the angle BCD meafured by half 
the arc CFD, and the angle ACD meafured 
by hall the arc CGD. 

For, draw the radius EC to the point of 
contadi, and the radius EF perpendicular to 
the chord at H. 

Then, the radius EF, being perpendicular to the chord 
CD, bifePts the arc CFD (th. 41). Therefore CF is half 
the arc CFD. 

In the triangle CEH, the angle H being a right angle, the 
fum of the two remaining angles E and C is equal to a right 
angle (corol. 3, th. 17], which is equal to the angle BCE, 
becaufe the radius CE is perpendicular to the tangent. 
From each of thefe equals take away the common part or 
angle C, and there remains the angle E equal to the angle 
BCD. But the angle E is meafured by the arc CF (def. 57), 
which is the half ot CFD; therefore the equal angle BCD 
muft alfo have the fame meafure, namely, half the arc CFD 
of the chord CD. 

Again, 
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Again, the line GEF, being perpendicu¬ 
lar to the chord CD, bife&s the are CGD 
(th. 41). Therefore CG is half the arc 
CGD. Now, fince the line CE, meeting 
FG, makes the fum of the two angles at E 
equal to two right angles (th. 6), and the 
line CD makes with AB the fum of the two 
angles at C equal to two right angles; it from thefe two 
equal fums there be taken away the parts or angles CEHF 
and BCH, which have been proved equal, there remains 
the angle CEG equal to the angle ACH. But the foimer 
of thefe, CEG, being an angle at the centre, is meafured by 
the arc CG (def, 57), eonfequently the equal angle ACD 
muff alfo have the fame meafure CG, which is half the arc 
CGD of the chordCD. e. d. 

Carol. 1. The fum of two right angles is meafured by 
half the circumference. For the two angles BCD, ACD, 
•which make up two right angles, are meafured by the arcs 
CF, CG, which make up half the circumference, JbG 
being a diameter. 

Carol* 2. Hence alfo one right angle mull have for its 
. meafure a quarter of the circumference, or 90 degrees. 

THEOREM XLIX. 

An Angle at the Circumference of a Circle, is Meafured 
by Half the Arc that fubtends it. 

Let B AC beanangleat thecircumference; 
it has for its meafure, half the arc BC which & 
fubtends it. ' ' 

♦ For, fuppofe'the'tangent DE palTing 
through the point of contact A; Then, the 
angle DAC being meafured by half the arc 
ABC, and the angle DAB by half the arc 
AB (th. 48); it follows, by equal fubtradlion, that the dif¬ 
ference, or angle- BAC, mull be meafured by half the arc 
BC, which it ftands upon, e. i>. 

THE*. 
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THEOREM L. 

All Angles in the Same Segment of a Circle, or Standing 
on the Same Arc, are Equal to each other. 

Let ACB. AD3 be two angles in the fame 
fegment ACDB, or, which is the fame thing, 
landing on the fame arc AEB ; then will 
the angle ACB be equal to the angle ADI3. 

For each of thefe angles is meafured by- 
half the arc AEB ; and thus, having equal 
meafures, they are equal to each other (ax. n). 

THEOREM LI. 

An Angle at the Centre of a Circle is Double the Angle 
at the Circumference, when both of them Hand on the Same 
Arc. 

Let ACB be an angle at the cbntre C, and 
ADB an angle at the circumference, both 
Handing on the fame arc or lame chord AB: 
then will the angle C be double of the angle 
D, or the angle D equal to half the angle C. 

For the angle at the centre C is meafured 
by the whole arc AEB (def. 57), and the 
angle at the circumference D is meafured by half the fame 
arc AEB (th. 49); therefore the angle D is only half the 
angle C, or the angle C double the angle D. 

THEOREM LII. 

An Angle in a Semicircle, is a Right Angle, 

If ABC, or ADC be a Semicircle; then 
any angle ABC in that femicircle, is a 
right angle. 

For, the angle B, at the circumference, 
is meafured by half the arc ADC (th. 49), 
that is, by a quadrant ol the circumference. 
But a quadrant is the meaiure of a right 
angle (corol. 4, th. 6 ; or corol. 2, th. 4#). Therefore the 
angle B is a right angle. 

I) 

THE 
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THEOREM LIII. 

The Angle formed by a Tangent to a Circle and a Chord 
drawn from the Point of Contact, is Equal to the Angle in 
the Alternate Segment. 

If AB be a tangent, AC a chord, and D 
any angle in the alternate fegment ADC ; 
then will the angle D be equal to the angle 
BAC made by the tangent and chord of the 
arc A EC. 

For the angle D, at the circumference, 
is meafured by half the arc AEC (th. 49); 
and the angle BAC, made by the tangent 
and chord, is alfo meafured by the fame half arc AEC 
{th. 48); therefore thefe two angles are equal (ax. 11). 

THEOREM LIV. 

The Sum of any Two Oppofite Angles of a Quadrangle In- 
fcribed in a Circle, is Equal to Two Right Angles. 

Let ABCDbe any quadrilateral infcribed 
in a circle; then fhall the fum of the two* 
oppofite angles A and C, or B and D, be 
equal to two 4ght angles. 

For the angle A is meafured by half the 
arc DCB, which it Hands upon, and the 
angle C by half the arc DAB (th. 49) ; 
therefore the fum of the two angles A and C is meafured by 
half the fum of thefe two arcs, that is, by half the circum¬ 
ference. But half the circumference is the meafure of two 
right angles (corol. 4, th. 6); therefore the fum of the two 
oppofite angles A and C is equal to two right angles. In 
like manner, it is fhewn that the fum ot the other two oppo¬ 
fite angles, D and B, is equal to two right angles, q. e. d. 

THEOREM LV. 

If any Side of a Quadrangle, Infcribed in a Circle, be 
Produced out, the Outward Angle will be Equal to the In¬ 
ward Oppofite Angle. 

If the fide AB, of the quadrilateral 
ABCD, infcribed in a circle, be produced 

to E ; the outward angle DAE will be 
equal to the inward oppofite angle C. 



THEOREMS. 3*9 

For, the fum of the two adjacent angles DAE and DAB 
is equal to two right angles (th. 6); and the fum of the two 
oppofite angles C and DAB is alfo equal to two right angles 
(th. 54) ; therefore the fum of the two angles DAE and DAB 
is equal to the fum of the two C and DAB (ax. 1). From 
each ol thefe equals taking away the common angle DAB, 
there remains the angle DAE equal the angle C. E. D. 

THEOREM LVI.. 

Two Parallel Chords Intercept Equal Arcs. 

Let the two chords AB, CD be parallel; 
then will the arcs AC, BD be equal; or 
AC = BD. 

For, draw the line BC. Then beeaufe 
the lines AB, CD are parallel, the alternate 
angles B and C are equal (th. 12). But 
the angle at the circumference B, is meafured by half the 
arc AC (th. 49) ; and the other angle at the circumference 
C is meafured by half the arc BD : the halves of the arcs 
AC, BD, and confequently the arcs themfelves, are there* 
fore equal, q^e. d. 

THEOREM LVII. 

If a Tangent and Chord be Parallel to each other, they la- 
tercept Equal Arcs. 

Let the tangent ABC be parallel to the 
chord DE; Men are the arcs BD, BE 
equal; that is, BD ==' BE. 

For, draw the chord BD. Then, beeaufe 
the lines AB, DE are parallel, the alter¬ 
nate. angles D and B are equal (th. 12). 
But the angle B, formed by a tangent and a chord, is mea¬ 
fured by half the arc BD (th. 48) ; and the angle at the 
circumference D is meafured by hall the arc BE (th. 49) ; 
the arcs BD, BE are therefore equal, o. e. d. 

THE- 
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THEOREM LVIir. 

The Angle formed. Within a Circle, by the Interfe&ion 
of two Chords, is Meafured by Half the Sum of the 1 wo 
Arcs Intercepted by thofe Chords. 

Let the two chords AB, CD inrerfe£l at 
the point E ; the angle AEC, or DEB, is 
meafured by half the fum of two arcs AC, 
DB. 

For, draw the chord AF parallel to CD. 
Then, becaufethe lines AF, CD are paral¬ 
lel, and AB cuts them, the angles on the 
fame fide A and DEB are equal (th. 14). But the angle at 
the circumference A is meafured by haif the arc BF, or of 
the fum of FD and DB (th. 4q) ; therefore the angle E is 
alfo meafured by half the fum of FD and DB. 

Again, becaufe the chords AF, CD are parallel, the arcs 
AC, FD are equal (th. 56); therefore the fum of the two 
arcs AC, DB is equal to the fum of the two FD, DB ; and 
confequently the angle E, which is meafured by half the 
latter fum, is aifo meafured by half the former, q^e. d. 

/ 

THEOREM LIX. 

The Angle formed. Without a Circle, by two Secants, is 
Meafured by Half the Difference of the Intercepted Arcs. 

Let the angle E be formed by two fecants E 
AB and CD, this angle is meafured by half 
the difference of the two arcs AC, DB, in¬ 
tercepted by the two fecants. q 

Draw the chord AFparallel to CD. Then, 
becaufe the lines AF, CD are parallel, and 
AB cuts them, the angles on the feme fide A 
and BED are equal (th. 14). But the angle A, at the cir¬ 
cumference, is meafured by half the arc BF (th. 49), or of 
the difference of DF and DB: therefore the equal angle E 
is alfo meaiured by half the difference of DF, DB. 

Again, becaufe the chords AF, CD are parallel, the arcs 
AC, FD are equal (th. 56); therefore the difference^ the 
two arcs A.C, DB is equal to the difference of the two DF, 
DB. Confequently the angle E, which is meafured by half 
the latter difference, is alfo meafured by half the former. 

E«- D. 

the 
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THEOREM LXi 
' 7 - • * " * r . / - - * . * 

The Angle formed by two Tangents/ is Meafured by Half 
the Difference of the two intercepted Arcs. 

Let EB, ED be two tangents to a circle 
at the points A, C ; then the angle E is 
meafured by half the difference of the two 
arcs CFA, CGA. 

For, draw the chord AF parallel to CD. 
Then, becaufe the lines AF, CD are pa¬ 
rallel, and AB meets them, the angles on 
the fame fide A and E are equal (th. 14). 
But the angle A, formed by the chord AF and tangent AB, 
is meafured by half the arc AF (th. 48); therefore the equal 
angle E is alfo meafured by half the fame arc AF, or half 
the difference of the arcs CFA and CF. 

r ‘ ■ * . 

Again, becaufe the tangent ED and chord AF are pa¬ 
rallel, the intercepted arcs CGA, CF, are equal (th. 57); 
the arc AF therelore, which is the difference of CFA and 
CF, is alfo the difference of CFA and CGA ; confequently 
.the angle E, which is meafured by half the former, is alfo 
meafured by half the latter. 

Cord. In like manner it is proved, that 
the angle E, formed by a tangent ECD and 
a fecant EAB, is meafured by half the dif¬ 
ference of thetwro intercepted arcs CAand 
CEB. . -, ' ' ' , ,<■ . - D F 

THEOREM/LX I. V 

V, 
If, two Lines, meeting a Circle eaph in two"Bomts, Cut 

one other, either AVithin it of Withouf it.; the Re6fangle 
of the Parts of the one, will be Equal, to the Icetiiangle of 
the Parts of the other; the Parts of each’.being meafured 
from the point of meeting to" the two interfeHi'ons with the 
circumference.' * • " 

Vo-i.r 1. Y Let 
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Let the two chords AB, CD meet each 
other in E ; the rectangle of AE, EB, is 
equal to the re£tangle of CE, ED. Or, 
AE . EB = CE . ED. 

For, through the point E draw the dia¬ 
meter EG; alfo from the centre H, draw 
the radius DH, and HI perpendicular to 
CD. 

Then, fmce DEH is a triangle, and the 
perp. HI bifefts the chord CD/(th. 41), the 
line CE is equal to the difference of the 
fegmeilts DI, El, the firm of them being 
DE. Affo, becaufe H is the centre of the 
circle, and the radii DH, EH, GH are all equal, the line EG 
is equal to the fum of the Tides DH, HE ; and EF is equal 
to their difference. 

But the red!angle of the fum and difference of the two 
fides of a triangle, is equal to the reHangle of the fum and 
difference of the fegments or the bafe (coral, th. 35) ; there¬ 
fore the rectangle of EE, EG, is equal to the rectangle of 
CE, ED. In the fame manner it is proved, that the rettangle 
of EE, EG, is equal to the reHangle of AE, EB. Conie- 
quently the rectangle ot AE, EB, is alfo equal to the rect¬ 
angle of CE, ED. Q^E. D. 

Corel. 1. When one of the lines in the 
fecond cafe,, as DE, by revolving about the 
point E, comes into the pofition of the tan¬ 
gent EC or ED, the two points C and D 
running into one; then the rectangle CE, 
ED becomes the Iquare of CE, becaufe CE 
and DE are then equal. Coniequently the 
rectangle ot the parts of the fecant, AE . E3, 
is equal to the Iquare of the tangent CE2,X 

Corel. 2. Hence both the tangents ECr EF, drawn from 
the fame point E, are equal; lince the fquare ot each is 
equal to the tame reftaugle or quantity. 

THEOREM LXII. 

In Equiangular Triangles, the Rectangles of the Correfpond- 
ing or Like Sides, taken alternately, are Equal. 

Let 
3 
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Lf.t ABC, DEF be two equiangular 
triangles, having the angle A == the 
angle D, the angle B — the angle E, 
and the angle C — the angle F ; aKo 
the like Tides AB, DE, anu AC, DF\ 
being thofe oppofite the equal angles : 
then will the redangle of AB, DF, be 
equal to the rerlangle of AC, DE. 

In BA produced take AG equal DF ; then through the 
three points B, C, G, conceive a circle BCGH to be.de- 
fcribed, meeting CA produced at H, and join GH. 

Then the angle G is equal to the angle C on the fame arc 
BH, and the angle H equal to the angle B on the lame arc CG 
(th. 50); alfo the oppolite angles at A are equal (th. 7) : 
theretore the triangle #AGH is equiangular to the triangle 
ACB, and coniequently to the triangle DFE'alfo. But th* 
two bke (ides AG, DF are alio equal by fuppolition ; confe- 
quently the two triangles AGH, DFE are indentical (th. 2), 
having the two Tides A.G, AH equal to the two DF, DE, 
each to each. 

But the re&angle GA . AB is equal to the re Bangle 
HA . AC (th. 61), and confequently the redangle DF . AB 
equal the rectangle DE . AC. e. d. 

THEOREM LXIII. 

The Redangle of the two Sides of any Triangle, is Equal 
to the Redangie of the Perpendicular on the third Side and 
the Diameter of the Circumicribing Circle. 

Let CD be the perpendicular, and CE 
the diameter of the circle about the triangle 
ABC : then the redangle AC . CB is = 
the redangie CD . CE. 

For, join BE : then in the two triangles 
ACD, ECB, the angles A and E are equal, 

'handing on the fame arc BC (th. 50); alfo the right angle D 
is equal the angle B, which is alfo a right angle, being in 
a femicircle (th 52): therefore thele two triangles have alio 
their third angles equal, and are equiangular. Hence, AC, 
CE, and CD, CB being like tides, fubtending the equal 
angles, the redangle AC . CB, of the firit and lalt of them, 

s equal to the redangle CE . CD of the other two (th. 62). * 

Y 2 THE. 
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\ 
THEOREM LX IV. 

The Square of a Line Bifeding any Angle of a Triangle, 
and terminating in the Oppofite Side, together with the 
Re£langle of the two Segments of that Side, is Equal to 
the Retiangle of the two Sides including the Bifeded 
Angle. 

Let CD bifed the angle C of the triangle 
ABC; then the fquare CD2 4~ the redangle 
AD . DB is — the redangle AC . CB. 

For, let CD he produced to meet thecir- 
cumfcribing circle at E, and join AE. 

Then the two triangles ACE. BCD are 
equiangular: for the angles at C are equal 
by fuppohtion, and the angles B and E are equal, {landing 
on the fame arc AC (th. 50); confequently the third angles 
at A and D are equal (corol. 1, th. 17) : alfo AC, CD, and 
CE, CB are like 01: correfponding fldes, being oppofite to 
equal angles: therefore the redangle AC . CB is — the 
redangle CD . CE (th. 62). But the rediangle CD . CE is 
— CD2 the redangle CD . DE (th. 30), and therefore 
alfo the redangle AC . CB is =CD2 -f- CD . DE, or equal 
CD2 4- AD ."DB, fmee CD . DE is =AD . DB(th.6i). 

• E. D, 

THEOREM LXV• 

The Redangle of the two Diagonals of any Quadrangle 
Infcribed in a Circle, is Equal to the Sum of the two Red¬ 
angles of the Oppofite Sides. 

Let ABCD be any quadrilateral infcribed 
in a circle, and AC, BD its two diagonals: 
then the redangle AC . BD is — the redan¬ 
gle AB . DC 4- the redangle AD . BC. 

For, let CE be drawn making the angle 
BCE equal the angle DC A. Then the two 
triangles ACD, BCE are equiangular; for the angles A and 

' B are equal, {landing on the fame arc DC ; and the angles 
DCA, BCEareequal by fuppofition ; confequently the third 
angles ADC, BEC are equal: alio, AC, BC, and AD, BE 
are like or correfponding lides, being oppofite the equal 
angles: therefore the red. AC . BE is rrr. AD . BC (th. 62). 

Again, 
; 
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Again, the two triangles ABC, DEC are equiangular : for 
the angles BAC, BI)C are equal, handing on the fame arc 
BC ; and the angle DCE is equal the angle BCA, by adding 
the common angle ACE to the'two equaj angles DC A, 
BCE ; therefore the third angles E and ABC are alfo equal : 
but AC, DC, and AB, DE are the like fides: therefore the 
reHangie AC . DE is — the re&angle AB . DC (th. 62). 

H enee, by equal additions, the furn of the redlangles 

AC . BE +*'AC . DE is = AD . BC 4. AB . DC. But the 

fum of the reftangles AC . BE -f* AC . DE is — the reHangle 

AC . BD (th. 30): therefore the redfangle AC . BD is = 

the reHangle AD . BC -f AB . DC (ax. ij. q^e. ,d. 

OF RATIOS AND PROPORTIONS. 

DE FINITIONS. 

Def. 76. Ratio is the proportion or relation which one 

magnitude bears to another magnitude of the fame kind, with 

reipedt to quantity. 

AW*. I he meafure, or quantify, of a ratio, is conceived, 
by confidering what part or parts the leading quantity, called 
the Antecedent, is oi the other, called the Conlequent; or 
what part or parts the number exprefh g the quantity of the 
former, is of the number denoting in like manner the latter. 
So, the ratio oi a quantity expielied by the number 2, to a 
like quantity expreffed by the number 6, is denoted by 6 
divided by 2, or | or 3 ; the number 2 being 3 times con¬ 
tained in 6, or the third part of it. In like manner, the 
ratio oi the quantity 3 to 6, is meafured by -J or 2 ; the ratio 
of 4 to 6 is ~ or I £; that of 6 to 4 is | or f ; See. 

77. Proportion is an equality of ratios Thus, 

78. Three quantities are faid to be Proportional, when the 
ratio of he fir ft to the fecond ,is equal 10 the ratio of the 
fecund to the third. As oi the three quantities a (2j b (4), 

c (8): where 4 = £ ::::::: t^ie fame ratio. 

79. Four quantities are faid to be Proportional, when the 
ratio oi the firfi to the fecond, is the fame as the ratio of the 
third to the fourth. As oi the four a (2), B (4), c (5), D (10)5 
where £ == = 2, both the fame ratio. 

Note, 
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Note. To denote that four quantities, A, b, c, d, are pro¬ 
portional, they are ufually ftated or placed thus, a : b :: c : d ; 
and read thus, as a is to b fo is c to d. But when three 
quantities are proportional, the middle one is repeated, and 
they are written thus, a : b :: b ; c. 

80. Of three proportional quantities, the middle one is 
faid to be a Mean Proportional between the other two ; and 
the laft, a Third Proportional to the firil and fecond. 

8f. Of four proportional quantities, the laff is faid to be 
a Fourth /Proportional to the other three, taken in order. 

82. Quantities are faid to be Continually Proportional, or 
in Continued Proportion, when the ratio is the fame between 
every two adjacent terms, viz. when the firft is to the fetond, 
as the fecond to the third, as the third to the fourth, as the 
fourth to the fifth and fo on, all in the fame common ratio. 

As in the quantities 1, 2, 4, 8, x6, &c ; where the com¬ 
mon ratio is equal to 2. 

83. In a feries or rank of quantities continually propor¬ 
tional, 1 he ratio of ihe firft and third is faid to be Duplicate 
to that of the nril and fecond; and the ratio of the firft and 
fourth, Triplicate to that of the firft and fecond ; and fo on. 

84. Of any number of quantities, a, b, c, d, the ratio 
of the firft. a, to the laft u, is faid to be Compounded of 
the ratios of the firft t<* the' fecond, of the fecond to the 
third, and fo on to the laft. 

8$. Inverfe ratio is, when the antecedent is made the 
confequent, and the confequent the antecedent.—Thus, if 
1 : 2 :: 3 : 6; then inverfely, 2:1:16:3. 

86 Alternate proportion is, .when antecedent is compared 
with antecedent, and confequent with confequent —As, if 
I : 2 :: 3 : 6 ; then, by alternation, or permutation, it will 
be 1 : 3 :: 2 : 6. 

87. Compounded ratio is, when the fum of the antecedent 
and confequent is compared, either witji the confequent, or 
with the Antecedent -—Thus, if 1 : 2 :: 3 : 6, then by com- 
pofition, 1 -p 2 : 1 :: 3 -f 6 : 3, and 1 + 2 : 2 :: 34-6:6. 

88. Divided ratio is, when the difference of the antecedent 
and confequent is compared, either with the antecedent or 
with the confequent.—Thus, if 1 : 2 :: 3 : 6, then, by di- 
vifion, 2 — 1 :1 :: 6 — 3:3, and 2 — 1 : 2 :: 6 — 3 : 6. 

THE- 
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THEOREM LXVI. 

Equimultiples of any two Quantities are in the Same Ratio 
as the Quantities themfelves. 

Let a and b be any two quantities, and mA, wb, any 
equimultiples of them, m being any number whatever: then 
wnll ma and wb have the fame ratio as a and B, or 
A ! B : t wa : wb. 

ror —— —, the lame ratio. 
ni A a " > 

Coro! Hence, like parts of quantities have the fame ratio 
as the wholes , becauie the wholes are equimultiples of the 
like parts, or a and b are like parts ot wa and mb. 

theorem lxvii. 
• ^ , I J!v 'V ^ 

If Four Quantities, of the Same Kind, be Proportionals ; 
they will be nr Proportion by Alternation or Permutation, or 
the Antecedents will have the oame Ratio as the Confe- 
quents. 

Let A : B :: WA : wb ; then wdll a : ma :: b : tub. 

For — =. m, and — w, both the fame ratio. 
a b ’ 

THEOREM LXVIII. 
. /> s 

If Four Quantities be Proportional ; they wdll be in Pro. 
portion by Inverlion, orlnverfeiy. 

Let a : b :: wa : wb \ then will b : a :: ws : wa. 

For 
WA 

WB 
- , both the fame ratio. 
B 

THEOREM LXIX. 

If Four Quantities be Proportional ; they will be in Pro- 
• portion by Compofiuon and Divilion. 

Let a : b :: wa : wb ; 

then wull b + a :a :: wb r wa : wa, 

and b + a : b :: wb + wa : wb. 

„ WA A , WB - B 
ror,-;-—-7—■; and ---— —— . 

WB + WA B + A WB -jr ?HA B m A 

Cor oh 
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Carol. It appears from hence, that the Sum of the Greateft 
and Leah: of four proportional quantities, of the fame kind, 
exceeds the Sum of the Two Means. For, fince- 
a : a B :: via : ma 4- WB, where a is the leaf!, and 

pi a 4- wb the greateft; then m -f 1 , a -f mb, the fum of 

the greateft and leaft, exceeds rn I . a 4- B *he fum °f 
the two means. 

THEOREM LXX. 

If, of Four Proportional Quantities, there be taken any 
Eoh;jt ultiples 'whatever of the two Antecedents, and any 
Equimultiples whatever of the two Confequents; the quan¬ 
tises refuiting will ftill be proportional. 

Let a : B :: mA : MB ; a lfo, let pA and pm A be any 
equimultiples of the two antecedents, and qB and'fMB any 
equimuiiiples of the two confequents ; then will - - - 
pA \ q b ;: pm a : qmB. 

For — — both the fame ratio. v 
pm a p a 

THEOREM LXXI. 

If there be Four Proportional Quantities, and the two 
Confequents be either Augmented or Diminifhed by Quan¬ 
tities that have the Same Ratio as the refpedlive Antece¬ 
dents; the Refults and the Antecedents will ftiil be Pro- 

Let a : B :: mA : mb, and pa and nmA any two quan¬ 
tities having the fame ratio as the two antecedent's; then will 
A : b + pa :: WA ; mb 4^ nmA. 

-p, m b 4- nmA b 4~ pa . , , r 
ror -=-= —=— , both the lame ratio. 

PlA A 

portionals 

THEOREM LXXIT. 

If any Number of Quantities be^Proportional ; either of 
the Antecedents will be to its Confequent, as the Sum of all 
the Antecedents, is to the Sum of all the Confequents. 

Let a : b :: ma : mb :: »a : pb, &c ; then will — - — 

a : b :: a 4- «a 4- wA • • B 4- mb 4- &c. 

For 
b 4~ mB 4- pb 

A 4“ TP A — J— PA 

B 
the fame ratio. 

THE- 
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1 THEOREM LXXIII. 

If a Whole Magnitude be to a Whole, as a Quantity 
taken from the fit It, is to a Quantity taken troin the other; 
the Remainder will be to the Remainder, as the whole to 
the whole. 

T -m 7n 
Let a : b :: —a : — b ; 

n n 
1 

. 771 771 
then will a: b::a — — a :b-b. 

n n 
i / 

m * 
B-B B 

n \ 
For -——— — , both the fame ratio. 

a — — a a • 
U 

THEOREM LXXIV. 
r v.’ / •* 1 1 

If Quantities be Proportional; their Squares, or Cubes* 
or any Like Powers, or Roots, of them, will alfo be Pro¬ 
portional. 

Let a : b :: «a : «b ; then will An: b° :: mnAa: wnBa. 
v 77ln Bn Bn . r ' . 
ror --= —, both the fame ratio. 

mn An An 

1 

THEOREM LXXV. 

If there be Two Sets oi Proportionals: then the Produfls 
or Rectangles ol the Correfponding Terms will alfo be Pro¬ 
portional. 

Let a : b :: wa : mb, 
and c : d :: wc : «D ; 
then will ac ; bd w«ac : mnbd. 

For 
mn bd bd 

mn AC ac’ 
both the fame ratio. 

1 

THEOREM LXXVI. 
1 < - - t 

If Four Quantities be Proportional ; the ReHangle or 
ProduH of the two Extremes, will be Equal to the Rectangle 
or Product of the two Means. And the converfe. 

Let a ; b :: via : wb ; 
then isA X x wa e== wab, as is evident. 

THE 
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THEOREM LXXVII. 

If Three Quantities be Continual Proportionals; the 
Reftangle or Produhi of the two Extremes, will be equal to 
the Square of the Mean. And the converfe. 

Let a, raA, m2 a be three proportionals, 
or A : ma :: m\ : m2 a ; 
then is a X m%A = t«2a2, as is evident. 

1 . jflnjl 4 

THEOREM LXXVIII. 

If any Number of Quantities be Continual Proportionals; 
the Ratio of the Firft to the T. hird, v i)l be duplicate or the 
Square of the Ratio of the Firft and Second , the Ratio of 
the Firft and Fourth will be tiiplicate or the cube of that 
of the Firft and Second ; and fo on. 

Let A, wa, 7«2a, m3a, &c, be proportionals; 
.T • m2a , , m%A , 0 
then is —“ m ; but—- = /tz2 ; and— zzim3 \ &c, 

A A ’A 

THEOREM LXXIX. 

Triangles, and alfo Parallelograms, having the Same 
Altitude, or that are between the Same Parallels, are to one 
another in the fame Ratio as their Bafes. 

Let the two triangles ADC, DEF, have 
the fame altitude, or be between the fame 
parallels AE, CF; then is the furLce of 
the triangle ADC to the fur face of the 
triangle DEF, as the bafe AD is to the 
bafe DE. Or, A D : DE :: the triangle 
ADC : the triangle DEF. 

For, let the bafe AD be to the bafe DE, as anyone num¬ 
ber m (2}, to any of her number #(3) ; and divide the reipec- 
tive bales into thofe parts, AB, BD, DG, GH, FIE, all 
equal to one another and from the points of divilion draw 
the lines BC, FG, FH, to the vertexes C and F. Then will 
thefe lines divide the triangles ADC, DEF into the fame 
number of parts as- their bafes, each equal to the triangle 
ABC, becaufe thofe triangular parts have equal bales and 
altitude (corol. 2, th. 25) , namely, the triangle ABC equal 
to each of the triangles BDC, DFG, GFH, HFE. So that 
the triangle ADC is to the triangle DFE, as the number of 
- . r parts 

I C F 

w 
:\ /•■ - 

uA 
A K DGHE 
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parts m (2) of the former, to the number n{3) of the latter, 
that is, as the bale AD to the bale DE (def. 79). 

In like manner, the parallelogram ADK1 is to the paral¬ 
lelogram DEFK, as the bafe AD is to the bale DE ; each of 
thefe having the fame ratio as the number of their parts, 
m to «. Q^E. D.- 

THEOREM LXXX. 

Triangles and Parallelograms, having Equal Bafes, are to 
each other as their Altitudes. 

Let AEC, BEF be two triangles, 
having the equal bales AB, BE, and 
wh'ofe altitudes are the perpendiculars 
CG, FH ; then will the triangle ABC: 
the triangle BEE' :: CG : FH. 

For, let BK be perpendicular to AB, 
and equal to CG ; in which let there ' 
be taken BLzz^ FH ; drawing AK and AL. 

Then, triangles of equal bafes and heights being equal 
(coroi. 2, th 25), the triangle ABK is = ABC, and the 
triangle ABL = BEF. But, conBdering now ABK, ABL 
as two triangles on the bafes BK. BL, and having the fame 
altitude AB, thefe will be as their bafes (th. 79], namely, 
the triangle ABK : the triangle ABL :: BK : BL. » 

But the triangle ABK zzr ABC, and the triangle ABL zzz 
BEF, alfo. BK — CG, and BL = FH. 

Theref. the triangle ABC : triangle BEF :: CG : FH. 

And fince parallelograms are the doubles of thefe triangles, 
having the fame bafes and altitudes, they will fikewife'have 
to each other the fame ratio as tneir altitudes. £. d. 

Coroi. Since, by this theorem, triangles and parallelograms, 
when their bafes are equal, are to each other as their alti¬ 
tudes ; and by the foregoing one, when their altitudes are 
equal, they are to each other as their bafes; therefore uni- 
verfally, when neither are equal, they are to each other in 
the compound ratio, or as the redtangle or produ£l of their 
bafes and altitudes. 

T H E- 
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theorem lxxxi. 

If Four Lines be Proportional ; the Redangle of the. 
Extremes will be Equal to the Refbngle of the Means. 
And, converfelv, if the Rectangle of the Extremes, ol four 
Lines, be Equal to the Rectangle ol the Means, the Four 
Linjps, taken alternately, will be Proportional. 

Let the four lines A, B, C, D be 
proportionals, or A : B :: C l O ; 
then will the redangle of A and D be 
equal to the redangle of B and C ; 
or the red angle A.D B.D 

For, let the four lines be placed, 
with their four extremities meeting 
in a common point, forming at the 
point four right angles; and draw lines parallel to them to 
complete the redarigles P, Q_, R, where P is the redangle 
of A and D, Q rite redangle of B and C} and R the red¬ 
angle of B and D. 

* 

'I'hen the redangles P and R, being between the fame 
parallels, are to each other as their bafes A and r3 (tn. 79) ; 
and the redangles Q^and R, being between the fame pa-_ 
raliels, are to each other as theif bafes C an S D. But die 
ratio of A to B is the fame as the ratio of C to D by hypo¬ 
thecs ; therefore the ratib of P to R, is the fame as the ratio 
of Q_to R; and confequeiuly the redangles P and are 
equal. E. d. 

Again, if the redangle of A and D, be equal to the 
rectangle of B and C ; thefe lines will be proportional, or 
A : B :: C : D. 

For, the redangles being placed the fame as before: then, 
becaufe parallelograms between the fame parallels, are to one 
another as their bafes, the redangle P : R :: A : B, and 
Qj R :: C : D. But as P and Qjare equal, by luppofition, 
they have the fame ratio to R, that is. the ratio of A to B 
is equal to the ratio ol C to D, or A : B :: C : D. e. d. 

Coro!, i. When the two means, namely, the fecond and 
third terms, are equal, their redangle becomes a fquare of 
the fecond term, which fupplies the place of both the fecond 
and third. And hence it follows, that when three lines are 
proportionals, the redangle of the two extremes is equal to 

A- 
' 
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the fquare of the mean; and, converfely, if the re&angle of 
the extremes be equal to the fquare ol the mean, the three 
lines are proportionals. 

Corol. 2 Since it appears, by the rules of proportion in 
Arithmetic and Algebra, that when lour quantities are pro¬ 
portional, the produft of the extremes is equal to the pro¬ 
duct of the two means; and, by this theorem, the rectangle 
of the extremes is equal to the rectangle of the two means; 
it follows, that the area or fpace of a reftangle is reprefented 
or expreiTed by the product of its length and breadth mul¬ 
tiplied together. And, in general, a rectangle in geometry 
is fimilar to the produfl of the meafures of its tvro dimen- 
fions of length and breadth, or bufe and height. Alfo, a 
fquare is fimilar to, or reprelented by, the mealure of its 
fide multiplied by itfelf. So that, what is ihewn of luch 
produffs, is to be underilood of the fquares and reffangles. 

Cirol. 3. Since the fame reafoning, as in this theorem, 
holds for any parallelograms whatever, as well as for the 
re£fangles, the lame property belongs to all kinds of paral- 
lelogiams, having equal angles, and alio to triangles, which 
are the halves ol parallelograms; namely, that if the (ides 
about the equal angles ol parallelograms, or triangles, be 
reciprocally proportional, the parallelograms or triangles will 
be equal; and, converfely, if the paraiielograms or triangles 
be equal, their tides about the equal angles will be recipro¬ 
cally proportional. 

Corol. 4. Parallelograms, or triangles, having an angle in 
each equal, are to each other as the rectangles of the tides 
which are about thefe equal angles. 

THEOREM LXXXII. 

If a Line be drawn in a Triangle Parallel to one of its Sides, 
it will cut the two other Sides Proportionally. 

Let DE be parallel to the fide BC of the 
triangle ABC; then will AD:DB::AE:EC. 

For, draw BE and CD. Then the tri¬ 
angles DBE, DCE are equal to each other, 
becaufe they have the fame bafe DE, and 
are between the fame parallels DE, BC 
(th. 25). But the two triangles A DE, DDE, 
on the bafes AD, D3, have the fame alti¬ 

tude ; 



33 4 GEOMETRY. 

tude ; and the two triangles ADE, CDE, on the bafes AE, 
EC, have alfo the fame altitude ; and beeaufe triangles of 
the fame altitude are to each other as their bafes, therefore 

the triangle ADE : BDE :: AD : DB, 
' and triangle ADE : CDE :: AE : EC. 

But BDE is zrr CDE; and equals muft have to equals the 
fame ratio; therefore AD : DB AE : EC. e. d. 

Cord. Hence alfo, the whole lines AB, AC, are propor¬ 
tional to their correfponding proportional fegments (corol. 
th. 66), 

namely, AB : AC :: AD : AE, 
and ' AB : AC :: BD : CE. 

THEOREM LXXXIII. 

A Right Line which Bifeffs any Angle ol a Triangle, 
divides the Side oppofite to the Bife&ed Angle, into Two 
Segments, which are Proportional to the two other Adjacent 
Sides. % 

Let the angle ACB, of the triangle ABC, 
be bife&ed by the line CD, making the 
angle r equal to the angle s: then will the 
fegment AD be to the figment DB, as the 
fide AC is to the fide CB. Or, - - - 
AD : DB :: AC : CB. 

/ 

For, let BE be parallel to CD, meeting 
AC produced at E. Then, beeaufe the line BC cuts the two 
parallels CD, BE, it makes the angle CBE equal to the al¬ 
ternate angle s (th. 12), and therefore alfo equal to the angle 
r, which is equal to s by the fuppofition. Again, beeaufe 
the line AE cuts the two parallels DC, BE, it makes the 
angle E equal to the angle r on the fame fide of it (th. 14). 
Hence, in the triangle BCE, the angles B and E, being each 
equal to the angle r, are equal to each other, and confe- 
quentlv alfo their oppofite fides CB, CE alfo equal (th. 3). 

But now, in the triangle ABE, the line CD, being drawn 
parallel to the fide BE, cuts the two other fides AB, AE 
proportionally (th. 82), making AD to DB, as AC to CE or 
its equal CB. cC e. d. 

THE- 
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THEOREM LXXXIV. 

Equiangular Triangles are Similar, or have their Like Sides 
Proportional. 

Let ABC, DEF be two equiangular tri¬ 
angles, having the angle A equal to the 
angle D, the angle B to the angle E, aqd 
confequently the angle C to the angie F : 
then will AB : AC :: DE : DF. 

For, make DG — AB, and DH — AC, 
and join GH. Then the two triangles 
ABC, DGH, having the two fides AB, AC, 
equal to the two AG, AH, and the con¬ 
tained angles A and D alio equal, are iden¬ 
tical, or equal in all refpeds (th. ij namely 
the angles B and C arc equal ro the angles G 
and H. But the angles B and C are equal to the angles E 
and F by the hypothefis ; therefore alfo the angles G and H 
are equal to the angles E and F (ax. i), and consequently 
the line GH is parallel to the lide EF (cor. i, th. 14). 

Hence then, in the triangle DEF, the line GH, being 
parallel to the fide EF, divides the two other fides propor¬ 
tionally, making DG : DH :: DE : DF (cor. th. 82J. But 
DG and DH are equal to AB and BC ; therefore - — - 
AB : AC :: DE : DFcue. d. 

THEOREM LXXXV• 
/ s 

Triangles which have their Sides Proportional, are Equi¬ 
angular. 

In the two triangles ABC, DEF, if 
AB : DE :: AC : DP:: BC . EF; the two 
triangles will have their correiponding an¬ 
gles equal. 

For, if the triangle ABC be not equian¬ 
gular with the triangle DEF, flip pole tome 
other triangie, as DEG, to be equiangular 
with ABC. But this is itnpotlible : tor if 
the <wo triangles ABC, Du.G were equi¬ 
angular, their lides would be proportional 
(th. 84). So that, AB being to DE as AC 
to DG, and A3 to DE as BC to EG, it follows that DG 
and EG, being fourth proportionals to the fame three quan¬ 

tities. 

C 

C 
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tities, as the two DF. EF, the former DG, EG, would be 
equal to the latter, DF, EF. Th us then, the two triangles 
DEF, DEG, having their three fides equal, would be iden-* 
tical (th. 5); which is abfurd, fince their angles are un¬ 
equal. 

Theorem lxxxvi. 

Triangles, which have an Angle in the one Equal to 
an Angle in the other, and the bides about thefe angles 
Proportional, are Equiangular. 

Let ABC, DEF be two triangles, having 
the angle A rzrthe angle D, and the fides 
AB, AC proportional to the fides DE, DF: 
then will the triangle ABC be equiangular 
with the triangle DEF. 

For, make DG zzz AB, and DH = AC, 
and joinGH. 

Then, the two triangles ABC, DGH, 
having two fides equal, and the contained 
angles A and D equal, are identical and 
equiangular (th. 1), having the angles G 
and H equal to the angles B and C. But, fince the fides 
DG, DEI are proportional to the fides DE, DF, the lineGH 
is parallel to EF (th. 82); hence the angles E and F are 
equal to the angles G and H (th. 14), and confequently to 
their equals B and C. e. d. 

THEOP.EM LXXXVI I. 

In a Right-Angled Triangle, a Perpendicular from the 
Right Angle, is a Mean Proportional between the Segments 
of the Hypothenufe ; and each of the Sides, about the 
Right Angle, is a Mean Proportional between the Adjacent 
Segment and the Hypothenufe. 

Let ABC be a right-angled triangle, and 
CD a perpendicular from the right angle 
C to the hypothenufe AB ; then will 

CD be a mean proportional between AD and DB ; 
AC a mean proportional between AB and AD ; 
BC a mean proportional between AB and BD. 

Or, AD : CD :: CD : DB ; and AB ; AC :: AC : AD ; 
and AB : BC :: BC : BD. 

< For, 

/ 
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For, the two triangles ABC, ADC, having the right angles 
at C and L) equal, and the angle A common, have their third 
angles equal, and are equiangular (cdr. I, th, 17). In like 
manner, the two triangles ABC, BDC, having the right 
angles at C and D equal, and the angle B common, have 
their third angles equal, and are equiangular. 

Hence then, all the three triangles ABC, ADC, BDC, 
being equiangular, will have their like hides proportional 

(tfi. »-() ; ■: 
viz. AD : CD :: CD : DB; 
and AB : AC :: A.C : AD; 
and AB : BC :: BC : BD. g. e, d. 

Corol. Becaufe the angle in a femicircle is a right angle 
(th. 52); it follows that if, trom any point C in the peri¬ 
phery of the femicircle, a perpendicular be drayrn to the 
diameter AB; and the two chords CA, CB, be drawn to 
the extremities of the diameter: then are AC, BC, CD the 
mean proportionals as in this theorem, or (by th. 77),- 
CD2 — AD . DB; AC2 = AB . AD; and BC2 = AB. BD* 

% 

THEOREM LXXXVIII. 

Equiangular or Similar Triangles, are to each other as the 
Squares of their Like Sides. 

Let ABC, DEF be two equi¬ 
angular triangles, AB and DE 
being two homologous or like 
fides : then will the triangle ABC 
be to the triangle DEF, as the 
fquare of AB is to the fquare of 
DE, or as AB2 to DE2. 

For, let AL and DN be the 
fquares on ABand DE ; alfo draw their diagonals B&, EM, 
and the perpendiculars CG, FH of the two triangles. 

Then, fmee equiangular triangles have their like fides 
proportional (th. 82), in the two equiangular triangles ABC, 
DEF, the fide AC : DF :: AB : DE ; and in the two ACG, 
DFH, the fide AC : DF :: CG : FH ; therefore, by equality, 
CG : FH :: AB : DE, or CG : AB :: FH : DE. 

But becaufe triangles on equal bafes are to each other as 
their altitudes, the triangles ABC, ABK, on the fame bafe 
AB, are to each other, as their altitudes CG, AK, or AB ; 
G¥e&. I. Z 
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and the triangles DEF, DEM, on the fame bafe DE, are as 
their altitudes FH, DM or DE; 

that is, triangle ABC : triangle ABK :: CG t AB, 
and triangle DEF : triangle DEM :: FH : DE. 

But it has been fhewn that CG : AB :: FH : DE; 
there!’, of equality AABC : AABK :: ADEF : ADEM, 
or alternately, as AABC : ADEF :: AABK : ADEM, 

But the fquares AL, DN, being the double of the triangles 
ABK, DEM, have the fame ratio with them ; 

therefore the AABC : A DEF :: fquare AL : fquare DN. 
CU E. D. 

, THEOREM LXXXIX. 
! I 

All Similar Figures are in Proportion to each other, as the 
Squares of their Like Sides. 

Let ABCDE,FGHIKbe 
any two fimilar figures, the 
like fides being AB, FG, 
and BC, GH, and foon in the 
fame order: then will the fi¬ 
gure ABODE be to the figure 
FGHIK, as the fquare of AB 
to the fquare of FG, or as AB2 to FG2. 

For, draw BE, BD, GK, GI, dividing the figures into 
an equal number of triangles, by lines from two equal angles 
B and G. 

The two figures being fimilar (by fuppof.), they are equi¬ 
angular, and have their like fides proportional (def. 67J. 

Then, fince the angle A is — the angle F, and the fides 
AB, AE, proportional to the fides FG, FK, the triangles 
ABE, FGK are equiangular (th. 86). In like manner, the 
two triangles BCD, GHI, having the angle C = the angle 
H, and the fides BC, CD proportional to the fides GH, HI, 
are alfo equiangular. Alio, if from the equal angles AED, 
FKI, there be taken the equal angles AEB, FKG, there 
will remain the equals BED, GK1 ; and if from the equal 
angles CDE, H1K, be taken away the equals CDB, HIG, 
there will remain the equals BDE, GIK; fo that the two 
triangles BDE, GIK, having two angles equal, are alfo equi¬ 
angular. Heqce each triangle of the one figure, is equian¬ 
gular with each correfponding triangle of the other. 

But equiangular triangles are fimilar, and are proportional 
to the fquares o! their like fides (th. 88). 

The reform 
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Therefore the A ABE ; A FGK :: AB2 : FG2, 
and A BCD : A GHI :: BC2 : GH2* 
and A BDE : A GIK :: DE2 : IK2, 

But as the two polygons are fimilar, their like fides arc 
proportional, and consequently their Squares alSo proportional; 
So that all the ratios AB2 to FG2, and BC2 to GH2, and DE2 
to IK2, are equal among themSelves, and consequently the 
correfponding triangles alSo, ABE to FGK, and BCD to 
GHI, and BDE to GIK, have all the Same ratio, viz. that 
of AB2 to FG2 : and hefice all the antecedents, or the figure 
ABCDE, have to all the consequents, or the figure FGH1K, 
ftill the Same ratio, viz. that of AB2 to FG2 (th. 72). 

Qc E* D. 

THEOREM XC. 

Similar Polygons InScribed in Circles, have their Like 
Sides, and alSo their Whole Perimeters, in the Same Ratio as 
the Diameters of the Circles in which they are inScribed. 

Let ABCDE, FGHIK 
be two fimilar figures, in¬ 
scribed in the circles, 
whofe diameters are AL 
and FM; then will each 
fide AB, BC, &c, of the 
one figure, be to the like 
fide FG, GH, &c, of the 
other figure, or the whole perimeter AB 4* BC, &c, of the 
one figure, to the whole perimeter FG -j- GH, &c, of the 
other figure, as the diameter AL to the diameter FM. 

For, draw the two corresponding diagonals AC, FH, as 
alSo the lines BL, GM. Then, Since the polygons are 
fimilar, they are equiangular, and their like fides have the 
fame ratio (def. 67); therefore the two triangles ABC, 
FGH have the angle B = the angle G, and the fides AB, 
BC proportional to the two fides FG, GH, and consequently 
thefe two triangles are equiangular (th. 86), and have the 
angle ACB FHG. But the angle ACB — ALB, Hand¬ 
ing on the Same arc AB; and the angle FHG = FMG, 
Handing on the Same arc FG ; therefore the angle ALB —- 
FMG (ax. 1). And fince the angle ABL = FGM, being 
both right angles, becaufe in a Semicircle ; therefore the two 
triangles ABL, FGM, having two angles equal, are equi¬ 
angular ; and consequently their like Sides are proportional 

Z2 , (th. 84); 



GEOMETRY. 340 

(th. 84); hence AB' : FG :: the diameter AL : the diameter 
FM. , 

In like manner, each fide BC, CD, &c. has to each fide 
GH, HI, &c, the fame ratio of AL to FM ; and conic- 
quently the Turns of them aie Fill in the fame ratio ; viz. 
AB -f- BC 4- CD, &c : FG -J- GH 4- HI, &c :: the diam. 
AL : the diam. FM (th. 72). £. E. d. 

THEOREM XCI. 

Similar Polygons Infcribedin Circles, are in Proportion 
to each other as the Squares of the Diameters ot thofe 
Circles. - 

Let ABODE. FGH1K 
be two fimilar figures, in- 
feribed in the circles, 
whole diameters are AL 
and FM ; then the furface 
of the polygon ABCDE 
will be to the furlace of 
the polygon FGHIK, as AL2 to FM2. 

For, the figures, being fimilar, are to each other as the 
fquares of their like Tides, AB2 to FG2 (th. 88). But, by 
the lafi theorem, the Tides AB, FG, are as the diameters 
AL, FM ; and therefore the fquares of the fides AB2 to 
FG2, as the fquares of the diameters AL2 to FM2 (th. 74). 
Cohfequently the polygons ABCDE, FGHIK, are alio to 
each other as the lqtiares oi the diameters AL2 to FM2 
(ax. 1). e. D. 

THEOREM XCII. 

The Circumferences of Circles ate in Proportion to each 
other as their Diameters. 

L et D, d denote the diameters of two circles, and C, c 
their cireumierentes • 

then will D : d \ \ C : r, or D : C :: d : c. 

For, by theor. 90, fimilar polygons inferibed in circles, 
Have their perimeters in the ratio of the diameters of thole 
circles. 

Now, as this property belongs to all polygons, whatever 
The number ol the fides may be; conceive the number of the 
tides to be.hide finitely great, and the length of e^ch inde¬ 
finitely imall, till they coincide with the circumference of 

the 
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the circle, and be equal to it, indefinitely near. Then the 
perimeter oh the polygon oh an infinite number of tide#?,, is 
the fame thing as the circumference of the circle. Hence 
it appears that the circumferences-of the circles, being the 
tame as the perimeters of liich polygons, are as the diameters 
oi the circles. 9^ e. d. . 

* . . ' s , • j t * , :»< •» > , — 

THEOREM XCIII.* . 

The Areas or Spaces of Circles, are to each other as the 
Squares of thveir Diameters, or oh their Radii. 

. • 1 • ' i • * • i 1 • ' * ? T V ' * *'’' ' • ' 

Let A, a be the areas or fpaces oh two circles, and D, d 
their diameters \ then A \ a \ \ D2 : d2. 

For, by theorem 91, fimilar polygons infcribed in circles 
are to each other as the fquares oh the diameters of the 
circles. : 

Hence, conceiving the number of the hides of the poly¬ 
gons to be increased more and more, or the length of the 
lides to become lefs and lefs, the polygon approaches nearer 
and nearer to: the circle, till at length, by an infinite ap¬ 
proach, they coincide and become in dfe£l equal ; and then 
it follows, that the fpaces oh the circles, which are the fame 
as of the polygons, will be to each other as the fquares of the 
diameters of the circles, e. d. 

Corol, The fpaces oh circles are alfo to each other as the 
fqparPS of the circumferences', (ince the circumferences are 
in tfie fame proportion as the diameters, by theorem 92. 

THEOREM XCIV. 

Every Circle is Equal to the Reel angle of its Radius and a 
Right Line equal to Half its Circumference. 

Conceive a regular polygon to be in¬ 
fcribed in the circle ; and radii di awn to 
all the angular points, dividing it into as 
many equal triangles as the polygon has 
lides, one of which is ABC, of which tiie 
altitude is the perpendicular CD from the 
centre to the bafe AB, 

Then the triangle ABC, being equal to 
hall a rebfangle oh equal bafe and altitude (th. 26), is equal 
to half the redtangle of the bafe AB and altitude CD, or 

fitqiul 
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equal to the reftangle of the altitude CD and half the bafe 
/lB ; confequently the whole polygon, or all the triangles 
added together which compofe it, is equal to the rediangle 
of the common altitude CD, and the halves of all the (ides, 
or the half of the perimeter of the polygon. 

Now, conceive the number of (ides of the polygon to be 
indefinitely increafed; then will its perimeter coincide with 
the circumference of the circle, and confequently the alti¬ 
tude AD will become equal to the radius, and the whole 
polygon equal to the circle. Confequently the fpace of the 
circle, or of the polygon in that (late, is equal to the redlan- 
gle of the radius and half the circumference. e. d. 

OF PLANES AND SOLIDS. 

DEFINITIONS. 

Def. Sg. The Common Sedlion of two Planes, is the 
line in which they meet, to cut each other. 

90. A Right Line is Perpendicular to a Plane, when it is 
perpendicular to every right line which meets it in that 
plane. 

91. One Plane is Perpendicular to Another, when every 
right line in the one, which is perpendicular to the line of 
their common feftion, is perpendicular to the other. 

92. The Inclination of one Plane to another, or the angle 
they form between them, is the angle contained by two 
right lines, drawm from any point in the common fedlion, 
and at right angles to the fame, one of thefe lines in each 
plane. 

93. Parallel Planes, are fuch as being produced ever fo 
far both ways will never meet, or which are every where at 
an equal perpendicular difiance. 

94. A Solid Angle, is that which is made by three or 
more plane angles, meeting each other in the fame point. 

' < 95. Si- 
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95. Similar Solids, contained by plane figures, are fuch 
as have all their folid angles equal, each to each, and are 
bounded by the fame number of fimilar planes. 

96. A Prifm, is a folid whofe ends are parallel, equal, and 
like plane figures, and its fides, connecting thofe ends, are 
parallelograms. 

97> A Prifm takes particular names according to the fi¬ 
gure of its bafe or ends, whether triangular, fquare, rectan¬ 
gular, pentagonal, hexagonal, &c. 

98. An Upright Prifm, is that which has the planejs ol 
the fides perpendicular to the planes of the ends or bafe. 

99. A Parallelopiped, or Parallelopipedon, is 
a prifm bounded by fix parallelograms, every op- 
polite two of which are equal, alike, and pa¬ 
rallel. 

100. A Rectangular Parallelopipedon, is that whofe bound¬ 
ing planes are all rectangles, which are perpendicular to each 
other. 

101. A Cube, is a fquare prifm, being bounded 
by fix equal fquare fides or faces, and are perpen¬ 
dicular to each other. 

102. A Cylinder is a round prifm, having circles 
for its ends; and is conceived to be formed by 
the revolution of a right line about the circum¬ 
ferences of two equal and parallel circles, always 
parallel to the axis. 

103. The Axis of a Cylinder, is the right line 
joining the centres of the two parallel circles, about 
the figure is defcribed. 

CD# 

which 

104. A Pyramid, is a folid, whofe bafe is any 
right-lined plane figure, and its fides triangles, 
having all their vertices meeting together in a 
point above the bafe, called the Vertex of the 
pyramid. ■ 

105. A pyramid, like the prifm, takes particular 
from the figure of the bafe. 

106. A Cone, is a round pyramid, having a cir¬ 
cular bafe; and is conceived to be generated by 
the revolution of a right line about the circum¬ 
ference of a circle, one end of which is fixed at 
a point above the plane of that circle. 

107. The 
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107. The Axis of a cone, is the right line joining the 
vertex, or fixed point, and the centre of the circle about 
which the figure isdefcrlbed. 

108. Similar Cones and Cylinders, are fuch as have their 
altitudes and the diameters qf their bafes proportional.. 

109. A Sphere, is a folid bounded by one. convex furface, 
which is every where equally diflant from a certain point 
within, called the Centre. It is conceived tp.be generated 
by the revolution of a femicircle about its diameter, which 
remains fixed. 

no. The Axis of a Sphere, is the right line about which 
the femicircle revolves ; and the centre is the fame as that 
of the revolving femicircle. 

hi. The Diameter of a Sphere, is any right line pafling 
through the centre, and terminated both ways by the furface. 

112. The Altitude of a Solid, is the perpendicular drawn 
from the vertex to the oppofite fide or bafe. 

THEOREM XCV. 
. ; —> « v '•’v I *• - «► • • 

A Perpendicular is the Shorteft Line which can be drawn 
from any Point to a Plane. 

Let AB be perpendicular to the plane 
DE ; then any other line as AC, drawn 
from the fame point A to the plane, will 
be longer than the line AB. 

In the plane draw the line BC, joining 
the, points 3, C. 

Then, becaufe the line AB is perpen¬ 
dicular to the plane DE, the angle B is aright angle (def. ,90); 
and therefore the line AB is iefs than any other line AC 
(th. 2l). q>. E. D. 

** : 'r: ‘ ■*'/' r f 

THEOREM XCVT. 

A Perpendicular Meafures the Diifance of any Point from a 
Plane. 

The diftance of one point from another is mcafurcd by a 

right line joining them, becaufe this is the fhorteft line 
which can be drawn from one point to another. So, alf'o, 
the diftance from a point to a line, is meafured by a perpen¬ 
dicular, becaufe this line is the fhorteft which can be drawn 

from 
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from the point to the line. In like manner, the diftance 
from a point to a plane, mutt be meafured by a perpendicular 
drawn from that point to the plane, becaufe this is the 
fhortcft line which can be drawrn from the point to the 
plane. 

THEOREM XCVII. 

C 

E 

A 

The Common Sedlion of Two Planes, is a Right Line, 

Let ACBDA, AEBFA be two planes 
cutting each other, and A, B two points 
in which the two planes meet; drawing 
the line AB, this line will be the common 
interfedlion of the two planes. 

For, becaufe the right line AB touches 
the two planes in the points A and B, it 
touches them in all other points (def. 2o) : 
this line is therefore common to the two planes. That is, 
the common interfedlion cf the two planes is a right line. 

E. D. 

D 

THEOREM XCrVTII. 

If a Right Line be Perpendicular to two other Right 
Lines, at their Common Point of Meeting; it will be Per¬ 
pendicular to the Plane of thofe Right Lines. 

Let the line AB make right angles with 
the lines AC, AD ; it will be perpendicular B 
to the plane CDE which palfes through 
thefe lines. 

_14 
If the line AB were not perpendicular to 

the plane CDE, another plane might pafs 
through the point A, to which the line AB 
would be perpendicular. But this is im- 
pofiible ; for, fince the angles BAC, BAD are right angles, 
this other plane mutt pafs through the points C, D. Hence, 
this plane patting through the two points A, C of the line 
AC, and through the two points A, D of the line AD, it 
will pafs through both thefe two lines, and therefore be the 
lame plane with the former. CC e. d. 

i 

THE- 
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THEOREM XCIX. 

Two Right Lines be Perpendicular to the Same Plane, 
they will be Parallel to each other. 

Let the two lines AB, CD be both of 
them perpendicular to the fame plane 
EBDF ; then will AB be parallel to CD. 

For, join B, D, by the line BD in the E 
plane. Then, becaufe the lines AB, CD 
are perpendicular to the plane EF, they are 
both perpendicular to the line BD (def. 90) 
in that plane. And becaufe AB and CD are both perpen¬ 
dicular to the fame line BD, they are parallel to each other 
(corol. th. 13). Q^e.d. 

A C 

B D ! 
-* 

Coro/. If two lines be parallel, and if one of them be 
perpendicular to any plane, the other will alfo be perpen¬ 
dicular to the fame plane. 

THEOREM C. . 

If Two Planes Cut each other at Right Angles, and a 
Right Line be drawn in one of the Planes Perpendicular to 
their Common Interfedfion, it will be Perpendicular to the 
other Plane. 

Let the two planes ACBD, AEBF cut 
each other at right angles; and the line CG 
perpendicular to their common feftion AB ; 
then will CG be alfo perpendicular to the 
other plane AEBF. 

For, draw EG perpendicular to AB. 
Then, becaufe the two lines GC, GE are 
perpendicular to the common interfe&ion 
AB, the angle CGE is the angle of inclination of the two 
planes (del. 92). But fince the two planes cut each other 
perpendicularly, the angle of inclination CGE is a right 
angle. And fince the line CG is perpendicular to the two 
lines GA, GE, in the plane AEBF, it is therefore perpen¬ 
dicular to that plane (th. 98). e. d. 

TH E- 
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THEOREM Cl. 

IF one Plane Meet another Plane ; it will make Angles 
with that other Plane, which are together Equal to 'l wo 
Right Angles. 

Let the plane ACB meet the plane AEBF ; thefe planes 
make with each other two angles whofe fum is equal to two 
right angles. 

For, through any point G, in the common fe&ion AB, 
draw CD, EF perpendicular to AB. Then, the line CG 
makes with EF two angles together equal to two right angles. 
But thefe two angles are (bydef. 92), the angles of inclina¬ 
tion of the two planes. Therefore the two planes make 
angles with each other, which are together equal to two 
right angles. 

Corol. In like manner, it may be demonftrated, that planes 
which interfeft, have their vertical or oppofite angles equal; 
alfo, that parallel planes have their alternate angles equal; 
and fo on, as in parallel lines. 

THEOREM CII. 

If Two Planes be Parallel to each other; a Right Line 
which is Perpendicular to one of the Planes, will alfo be 
Perpendicular to the other. 

Let the two planes CD, EF be parallel, 
and let the line AB be perpendicular to the 
plane CD ; then (hall it alfo be perpendicu- 
cular to the other plane EF, 

For, from any point G, in ^he plane EF, 
draw GH perpendicular to the plane CD, 
and draw AH, BG. 

Then, becaule BA, GH are both perpendicular to the 
plane CD, the angles A and H are both right angles. And 
becaufe the planes CD, EF are parallel, the perpendiculars 
BA, GH are equal (def, 93). Hence it follows that the 
lines BG, AH are parallel (def. 9). And the line AB being 
perpendicular to the line AH, is alfo perpendicular to the 
parallel line BG (cor. th. 12J. 

In like manner, it is proved, that the line AB is perpen¬ 
dicular to all other lines which can be drawn from the point 

B 

/ 
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B in the plane EF. Therefore the line AB is perpendicular 
to the plane EF (def. g&). e. b. 

; THEOREM CIU. 
I . •* ' ' i * 

If Two-Right Lines b,e Parallel to a Third Line, though 
not in the fame Plane with it ; the}7 will be Parallel to each 
other. 

Let the right lines AB, CD be each of 
them parallel' to. the third line EF, though 
not in the fame plane with it ; then will AB 
be parallel to CD, 

K 

c 

H 

AK 

Ct 

D 

For, from any point G in thedine EF, let 
GH, GI be each perpendicular to EF, in the 
planes AF, ED oi the propoled parallels. 

Then, fince the line EF is perpendicular 
to the two lines GH, GI, it is perpendicular 
to the plane GHI of thofe lines (th. 9,8). And becaufe EF 
is perpendicular to the piane GHI, its parallel AB is alfo 
perpendicular to that plane (th! 99, cor.) For the fame 
reafon, the line CD is perpendicular to the fame plane GHI. 
H ence, becaufe the two lines AB, CD are perpendicular to 
the fame plane, thele two lines are parallel (th. 99). 

, V 0;EfD. 

A ’ THEOREM CIV. 

IF T wo Lines that meet each other, be Parallel to Two 
other Lines that meet each other, though not in the fame 
Plane with them; the Angles.contained by thofe Lines will 
be equal. 

Let the two lines AB, BC be parallel to 
the two lines DE, EF ; then will the angle 
ABC be equal to the angle DEF. 

For, make the lines AB, BC, DE> EF all 
equal to each other; and join AC, DF, AD, 
BE, CF. 

Then, the lines AD, BE, joining the equal 
and parallel lines AB, DE, are equal and 
parallel (th. 24). For the fame realon, CF, BE are equal 
and parallel. Therefore AD, CF are equal and parallel 
(th. 15) ; and confequently alio AC, DF (th. 24). Hence, 
the two triangles ABC, DEF, having all their fides equal, 

/ each 

I) 
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each to each, have their angles alfo equal, and confequently 

the angle ABC = the angle DEF. Q. e. d. 

* 

THEOREM CV. 

The SefHons made by a Plane cutting two othpr Parallel 
Planes, are alio Parallel to each other. 

Let the two parallel planes AR, CD be 
cut by the third plane EFHG, in the lines 
EF, GH ; thefe two fefctions EF, GH will 
be parallel. 

Suppofe EG, FH be drawn parallel to 
each oth£r in the plane EFHG ; alfo let 
El, FKbe perpendicular to the plane CD; 
and let 1G, KH be join'ed. . 

Then EG, FH being, parallels, and El, FK, being both 
perpendicular to the plane CD, are alio parallel to each other 
(th 99) ; confequeritly the angle HFK is equal to the angle 
GE1 (th. 104). But the angle FKH is alfo equal the angle 
EiG, being both right angles; therefore the two triangles are 
equiangular (cor. 1, th. 17); and the (ides FK, El being 
the equal diifances between the parallel planes (def. 93), it 
follows that the fides FFI, EG are alfo equal (th. 2). But 
thefe two lines are parallel (by fuppof.), as w'ell as equal; 
and confequently the two EF, GH, joining thofe equal 
parallels, are alfo parallel (th: 24). Q. e. d. 

THEOREM CVT. 

If a Prifm be cut by a Plane Parallel to its Bafe, the Se&ion 
will be Equal and Like to the Bafe. 

Let AG be any prifm, and IL a plane 
parallel to the bafe AC ; then will the plane 
1L be equal and like to the bafe AC, or the 
two planes will have all their Tides and all 
their angles equal. 

For, the two planes AC, IL being paral¬ 
lel, by hypothehs; and two parallel planes, 
cut by a third plane, having parallel ledlions 
th. 105) ; therefore IK is parallel to AB, 

E 

[-1 
/ / 

Tv ! 

/ 

G 

Jy 
JL | 

AK 

A. 

Si1 L to BC, LM to CD, and 1M to AD. But AI and BK 
are parallels (by del. 96) ; confequently AK is a parallelo¬ 
gram ; and the oppofite Tides AB, IK are equal (th. 22). 

In 
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In like manner, it is (hewn that KL is z^:BC and LMm CD, 
and IM iznAD, or the tw o planes AC, IL are mutually equi¬ 
lateral. But thefe two planes, having their correfponding 
fides parallel, have the angles contained by them alfo equal 
fth. 104), namely, the angle A =: the angle I, the angle 
B =the angle K, the angle C = the angle L, and the angle 
D — the angle M. So that the two planes AC, IL have all 
their correfponding fides and angles equal, or are equal and 
like. e. 

THEOREM CVir. 

If a Cylinder be cut by a Plane Parallel to its Bafe, the 
Sedfion will be a Circle, Equal to the Bafe. 

Let AF be a cylinder, and GHI any 
feftion parallel to the bafe ABC ; then will 
GHI be a circle, equal to ^BC. 

For, let the planes KE, KF pafs through 
the axis of the cylinder MK, and meet the 
fedlionGHI in the three points H, I, L; 
and join the points as in the figure. 

Then, fince KL, Cl are parallel (by 
def. 102) : and the plane KI, meeting the 
two parallel planes ABC, GHI, makes the two fe6f ions KC, 
LI parallel (th. 105); the figure KL1C is therefore a pa¬ 
rallelogram, and confequently has the oppofite fides LI, KC 
equal, where KC is a radius of the circular bafe. 

In like manner, it is (hewn that LH is equal to the radius 
KB; and that any other lines, drawn from the point L to 
the circumference of the fe6fion GHI, are all equal to radii 
of the bafe; confequently GHI is a circle, and equal to 
ABC. E. D. 

THEOREM CVIir. 

All Prifms and Cylinders, of Equal Bafes and Altitudes, are 
Equal to each other. 

Let AC, DF be two 

prifms, and a cylinder, 

upon equal bafes AB, 
DE, and having equal 
altitudes; then will the 
fulids AC, DFbeequal. 

For, let PQ, RS be 
: 1 any 
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any two fedtions parallel to the bafes, and equidiftant from 
them. Then, by the laft two theorems, the fedtion PQ^ 
is equal to the bafe AB, and the fedlion RS equal the bafe 
DE. But the bafes AB, DE are equal, by the hypothefis; 
therefore the fedtions PQ, RS are equal alfo. And in like 
manner, it may be (hewn, that any other correfponding 
fedtions are equal to one another. 

Since then every fedlion in the prifm AC, is equal to its 
correfponding fedlion in the prifm, or cylinder RS, the 
prifms and cylinder therqfelves, which are compofed of 
thofe fedtions, mull alfo be equal. Q. E. d. 

Coni. Every prifm, or cylinder, is equal to a re&angular 
parallelopipedon, of an equal bafe and altitude. 

THEOREM CIX. 

T V G 

Redtangular Parallelopipedons, of Equal Altitudes, have to 
each other the fame Proportion as their Bafes. 

Let AC, EG be two redtan- r 
gular parallelopipedons, having 
the equal altitudes AD, EH ; 
then will AC be to EG as the 
bafe AB is to the bafe EF. 

A f 
{D 

{ K 

\H LA 
A M N 
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\ 
p For, let the proportion of the 

bafe AB to the bafe EF, be that 
of any one number rn (3) to any 
other number n (2). And conceive AB to be divided into m 
equal parts, or redtangles, AI, LK, MB (by dividing AN into 
that number of equal parts, and drawing 1L, KM parallel 
to BN). And let EF be divided, in like manner, into n equal 
parts, or redlangles, EO, PF : All of thefe parts of both 
bafes being mutually equal among themfelves. And through 
the lines of divilion let the plane fedtions LR, MS, PV pals 
parallel to AQ, ET. 

Then the parallelopipedons AR, LS, MC, EV, PG are 
all equal, having equal bafes and heights. Therefore the 
folid AC is to the Iblid EG, as the number of parts in AC 
to the,number of equal parts in EG, or as the number of 
parts in AB to the number of equal parts in EF, that is, as 
the bafe AB to the bafe EF. c^. e. d. 

' . . # . r\ r 
Corol. From this theorem, and the corollary to the laft, it 

appears, that all prifms and cylinders of equal altitudes, are 

to 
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to each other as their bafes ; every prifm and cylinder being 
equal to a re&angular paralleiopipedon of an equal bafe and 

height. 
w 

THEOREM CX. 

Re&angular Parallelopipedons, of’ Equal Bafes, are in Pro¬ 
portion to each other as their Altitudes. 

Let ABj CD be two redlan- 

gular parallelopipedons handing a-— 
on the equal bafes AE, CF; 
then will AB be to CD as the J-E/Ig -JD 
altitude EB is to the altitude 
DF. 

/ 
/ 

/ V 

1 P 
- A 'G 

For, let AG be a rectangular 
paralleiopipedon on the bafeAE, 
and its altitude EG equal to the altitude FD of the folid CD. 

Then AG and CD are equal, being prifms of equal bafes 
and altitudes. But if HB, HG be conlidered as bafes, the 
foiids AB, AG, of equal altitude AH, wiil be to each other 
as thofe bafes HB, HG. But thefe bafes HB, HG, being 
parallelograms of equal altitude HE, are to each other as 
their bafes EB, EG ; and therefore the two prifms AB, AG 
are to each other as the lines EB, EG. 'But AG is equal 
CD, and EG equal FD ; confequently the prifms AB, CD 
are to each other as their altitudes EB, FD ; that is,-- 
AB : CD :: EB : FD. e. d. 

♦ , j k. i v ^ v . . ; < * 

Carol, i. From this theorem, and the corollary to theorem 
108, it appears, that all prifms and cylinders, of equal bafes, 
are to one another as their altitudes. 

Carol. 2. Becaufe, by corollary r, prifms and cylinders are. 
as their altitudes, when their bafes are equal. And, by the 
corollary to the iaft theorem, they are as their bafes, when 
their altitudes are equal. Therefore, univerfally, when nei-’ 
ther are equal, they are ,to one another as the produft of 
their bafes and altitudes. And hencfcalfo thefe produdfs are 
the proper numeral meafures of their quantities or magni¬ 
tudes. , ' - • ,, 

THEOREM CXI. 
/ 1 » J 

Similar Prifms and Cylinders are to each other as the 
j 

Cubes of their Altitudes* or of any other Like Linear Di- 
menfioifs. 
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Let ABCD, EFGH be two fimilar 
prilms; then will the prifm CD be to 
the prifm GH, as AB3 to EF3, or as 
AD3 to EH3. 

For the folids arc to each other as 
the product ot their bales and altitudes 
(th. no, cor. 2), that is, as AC . AD 
to EG . EH. But the bafes, being 
fimilar planes, are to each other as 
the fquares oi their like fides,, that is, AC to EG as AB2 to 
EF2 ; therefore the folid CD is to the folid GH as AB2 .AD 
to EF2 . EH. But BD and FH, being fimilar planes, have 
their like lides proportional, that is, AB : EF :: AD : EH, 
or AB2 : EF2 :: AD2 : EH2 : therefore * - - - 
AB2 . AD:EF2. EH :: AB3 : EF3, or :: AD3 : EH3; and 
confequently the folid CD: folidGH: :ABJ:EFj: :AD*:EHJ. 

E. D. 

THEOREM CXII. 

In a Pyramid, a Seftion Parallel to the Bafe is fimilar to 
the Bafe; and thefe two planes are to each other as the 
Squares of their Diftances from the Vertex. 

Let ABCD be a pyramid, and EFG a fec- 
tion parallel to the bafe BCD, alfo AIH a 
line perpendicular to the two planes at H and 
I : then wilLBD, EG be two fimilar planes, 
and the plane BD will be to the plane EG 
as AH2 to AI2. 

For, join CH, FI. Then, becaufe a plane 
cutting two parallel planes, makes parallel 
feHions (th. 105), therefore the plane ABC, 
meeting the two parallel planes BD, EG, makes the feftions 
BC, Eh parallel : In like manner, the plane ACD makes 
the fe£lions CD, FG parallel. Again, becaufe two pair of 
parallel lines make equal angles (th. 104), the two EF, FG, 
which are parallel to BC, CD, make the angle EFG equal 
the angle BCD.' And, in like manner, it is ihewn, that 
each angle in the plane EG is equal to each angle in the 
plane BD, and confequently thole two planes are equian- 
gular. 

Again, the three lines AB, AC, AD, making with the 
parallels BC, EF, and CD, FG, equal angles (th. 14), and 
the angles at A being common, the two triangles ABC, AEF 

V©l, I. Aa are 
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j 

are equiangular, as alfo the two triangles ACD, AFG, and 
have therefore their like fides proportional, namely, - - 
AC : AF :: BC : EF :: CD : FG. And, in like manner, it 
may be fhewn, that all the lines in the plane EG are pro¬ 
portional to all the correfponding ones in the bale BD. 
Hence thefe two planes, having their angles equal and their 
fides proportional, are fimilar by def. 68. 

Bur, fimilar planes being to each other as the fquares of 
their like fides, the plane BD; EG :: BC2; EF2 or ;: AC2: 
AF2, by what is Ihewn above. Alfo, the two triangles 
AHC, AlF, having the .angles H and I right ones (lb. 98), 
and the angle, A common, are equiangular, and have there¬ 
fore their like fides proportional, namely, AC: AF:: AH: AI, 
or AC2 : AF2 :: AH'2 : AIL Confequently the two planes 
BD, FG, \vhich are as the former fquares AC2, AF2, will 
be alfo as the latter fquares AH2, A.I2, that is, - - - 
BD : EG :: AH2 : Ai E. D. 

THEOREM cxm. 

In a Cone, any Section Parallel to the Bafe is a Circle; and 
this Seftion is to the Bafe as the Squares of their Dillances 
from the Vertex. 

* Let ABCD be a cone, and GHI a feftion 
parallel to the hafeiBCD ; then will Gl II 
be a circle, and BCD, GHI will be to each 
other as the fquares of their dillances from 
the vertex. 

For, draw ALF perpendicular to the 
two parallel planes; and let the planes 
ACE, ADE pals through the axis of the 
cone A FIE, meeting the lection in the 
three points H, i, K, 

A 

Then, fince the fePion GHI is parallel to the bafe BCD, 
and the planes CK, DK meet them, HK is parallel to CE, 
and IK to DE (tin 105)- And becaufe the triangles formed 
by thefe lines are equiangular, KH:EC: :AK:AE: :KI :ED. 
But EC is equal to ED, being radii ol the fame circle; there¬ 
fore K! is alio equal to KH. And the fame may be finewn 
of any other lines drawn from the point K to the circum¬ 
ference ol the fettion GHI, which is therefore a circle. 

Again, by fimilar 
;Ki :ED, hence AL 

triangles, AL : AF 
2 :A1'2 :.;K12 :ED2, 

:: AK : AE or 
but Ki2 ;ED?:: 

circle 
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circle GHI : circle BCD (th. 93); therefore AL2 : AF2 
circle GHI : circle BCD. Q^e. d. 

THEOREM CXIV. 

All Pyramids, and Cones, of Equal Bafes and Altitudes, 
are Equal to one another. 

Let ABC, DEF 
be any pyramids and 
cone, of equal bafes 
BC, EF, and equal 
altitudes AG, DH : 
then will the pyra¬ 
mids and cone ABC 
and DEF, be equal. 

For, parallel to the 
bafes, and at equal didances AN, DO, from the vertices, 
fuppofe the planes IK, LM to be drawn. 

Then, by the two preceding theorems, - - - - - 
DO2 DH2 :: LM : EF, and 
AN2 AG2 :: IK : BC. 

But lince AN2, AG2 are equal to DON DH2, 
therefore IK : BC : : LM : EF. But BC is equal to 

EF, by hypothecs ; therefore IK is alfo equal to LM. 

In the fame manner it is (hewn, that any other fedlions, 
at equal diftance from the vertex, are equal to each other. 

Since then, every fedtion in the cone, is equal to the cor- 
refponding fedfion in the pyramids, and the heights are equal, 
the folids ABC, DEF, compofed of thofe fedfions, mult be 
equal alfo. Q^, e. d. 

theorem' cxv. ^ 

Every Pyramid of a Triangular Bafe, is the Third Part df 
a Prifm ol the Same Bafe and Altitude. 

Let ABCDEF be a prifm, and BDEF a 

pyramid, on the fame triangular bafe DEF : 
then will the pyramid BDEF be a third part 
of the prifm ABCDEF. s 

For, in the planes of the three fides of the 
prifm, draw the diagonals BF, BD, CD. 
Then the two planes BDF, BCD divide the 
whole prifm into the three pyramids BDEF, 

A a 2 DABC, 

A 

Nc 
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DABC, DBCF, which are proved to be all ecjual to one 
another, as follows. 

Since the oppofite ends of the prifm are equal to es. :h 
other, the pyramid whofe bafe is ABC and vertex D, > * uwal 
to the pyramid whofe bafe is DEF and vertex B (ih. ii.c), 
being pyramids of equal bafe and altitude. 

But the latter pyramid, whofe ba.e is DEF and vertex B, 
is the fame fo'id as the pyramid whofe bafe is BEF and ver¬ 
tex D, and this is equal to the third pyramid whofe bale is 
BCF and vertex D, being pyramids ot the fame altitude and 
equal bafes BEF, BCF. 

Confequentiy all the three pyramids, w'hic'h compofe the 
prifm, are equal to each other, and each pyramid is the 
third part of the prifm, or the prifm is triple of the pyra¬ 
mid. E. D. 

Carol, i; Every pyramid, whatever its figure may be, is 
the third part of a prifm of the fame bafe and altitude; 
fince the bafe of the prifm, whatever be its figure, may be 
divided into triangles, and the whole folid into triangular 
prifms and pyramids. 

Coral. 2. Any cone is the third part of a cylinder, or of a 
prifm, of equal bafe and altitude; fince it has been proved 
that a cylinder is_ equal to a prifm, and' a cone equal to a 
pyramid, of equal bafe and altitude. 

Scholium. Whatever has been demonllrated of the propor¬ 
tionality of prifms, or cylinders, holds equally true of py¬ 
ramids, or cones ; the former being always triple the latter ; 
viz. that fimilar pyramids or cones, are as the cubes of their 
like linear fides, or diameters, or altitudes, &c. 

THEOREM CXVI. 

If a Sphere be cut by a Plane, the Sedlion will be a Circle, 

Let the fphere AERF be cut by the 
plane ADB ; then will the feclion ADB 
be a circle. 

Draw the chord AB, or diameter of 
the fedlion; perpendicular to which, or 
to the fedlion ADB, draw the axis of the 
fphere ECGF, through the centre C, 
which will bifedl the chord AB in the 
point G (th. 41J. Alfo, join CA, CB ; 

and 
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and draw CD, GD to any point D in the circumference of 
the feHion ADB. 

Then, becaufe CG is perpendicular to the plane ADB, it 
is perpendicular both to GA and GD (def. 90). So that 
CGA, CGD are two right-angled triangles, having the 
perpendicular CG common, and the two hypothenufes CA, 
CD equal, being both radii of the fphere ; therefore the 
third hides GA, GD are alfo equal (cor. th. 45). In like 
manner, it is fhewn, that any other line drawn from the 
centre G to the circumference of the fedlion ADB, is equal 
to GA or GB ; confequently that fedfion is a circle. 

Corol. 1. The centre of every fedtion of a fphere is always 
in a diameter of the fphere. 

Corol. 2. The fedfion through the centre, is a circle having 
the fame centre and diameter as the fphere, and is called a 
great circle of the fphere. 

THEOREM CXVIT. 

Every Sphere is Two-Thirds of its Circumfcribing Cylinder. 

Let ABCD be a cylinder, circum¬ 
fcribing the fphere EFGH ; then will 
the fphere EFGH be two-thirds of the 
cylinder ABCD. 

For, let the plane AC be a fedfion of 
the fphere and cylinder through the 
centre I. Join AI, El. Alfo,'let FIH 
be parallel to AD or BC, and E1G and 
KL parallel to AB or DC the bafe of 
the cylinder, the latter line KL meeting BI in M, and the 
circular fedlion of the fphere in N. 

Then, if the whole plane HFBC be conceived to revolve 
about the line HF as an axis, the fquare FG will defcribe a 
cylinder AG, the quadrant I FG will defcribe a hemifphere 
EFG, and the triangle IFB will defcribe a cone IAB, Alfo, 
in the revolution, the three lines or parts KL, KN, KM, as 
radii, will defcribe correfponding circular fedlions of thofe 
folids, namely, KL a fediion of the cylinder, KN a fedlion 
of the fphere, and KM a fe$ion of the cone. 

Now, FB being equal to FI or IG, and KL parallel to 
FB, by fimilar triangles, IK is equal to KM (th. 82). And 
fince, in the right-angled triangle IKN, IN2 is equal IK2 4- 
KN2 (th. 34) j and becaufe KL is equal the radius IG or 
...... I ^ 
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IN, and KIVI zrr IK, therefore KL2 is equal KM2 -f- KN2, 
or the fquare of the longeft radius, of the faid circular fec- 
tions, is equal to the fum of the fquares of the two others. 
And becaufe circles are to each other as the fquares of their 
diameters, or of their radii, therefore the circle defcribed by 
KL, is equal to both the circles defcribed by KM and KN* 
or the feddion of the cylinder equal to the correfponding 
feddions of the fphere and cone. And as this is always the 
cafe in every parallel pofition of KL, it follows, that the 
cylinder EB, which is compofed of all the former feddions, 
is equal to the hemifphere EFG and cone IAB, which are 
compofed of all the latter feddions. 

But the cone IAB is a third part of the cylinder EB 
(cor, 2, th. 115) ; confequently the hemifphere EFG is equal 

to the remaining two-thirds; or the whole fphere EFGH 
equal to two-thirds of the whole cylinder ABCD. e. d. 

CoroL 1. A cone, hemifphere, and cylinder, of the fame 
bafe^and altitude, are to each other as the numbers 1, 2, 3. 

Corel. 2. All fphere? are to each other as the cubes of their 
diameters; thefe being like all parts of their circumfcribing 
cylinders. 

CoroL 3. From the foregoing demon Id rat ion it alfo ap¬ 
pears, that the fpherical zone or frullum, EGNP, is equal 
to the difference between the cylinder EGLO and the cone 
EMQ, all of the fame common height IK. And that the 
fpherical fegment PFN, is equal to the difference between 
the cylinder ABLO and the conic frufdum AQMB, all of 
the fame common altitude FK. 

a % 

PRO 
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PROBLEMS. 
* f ' i 

* . I . / 

PROBLEM I. 

To Bifed a Given Line AB; that is, to divide it into two 
Equal Parts. . 

P'rom the two centres A and B, with 
any equal radii, dcfcribe arcs of circles, 
interlecting each other in C and D ; and 
draw the line CD, which will bifed the 
given line AB in the point E. 

For, draw the radii AC, BC, AD, BD. 
Then, becaufe all thefe four radii are equal, 
and the fide CD common, the two triangles 
ACD, BCD are mutually equilateral : confequently they' are 
alfo mutually equiangular (th. 5], and have the angle ACE 
equal to the angle BCE. 

Hence, the two triangles ACE, BCE, having the two 
fides AC, CE equal to the two tides BC, CE, and their con¬ 
tained angles equal, are identical (th. 1), and therefore have 
the fide AE equal to EB. E. d. 

r 

At 

VL. •. 

1> 

PROBLEM II. 

To Bifed a Given Angle BAC. 

From the centre A, with any radius, de- 
fcribe an arc, cutting off the equal lines 
AD, AE; and from the two centres D, E, 
with the fame radius, deferibe arcs inter- 
fed ing in F ; then draw AF, which will 
bifed the angle A as required. 

For, join DF, EF. "1 hen the two tri¬ 
angles A OF, AEF, having the two fides 
AD, DF equal to the two AE, EE (being equal radii), and 
the hde AF common, are mutually equilateral, confequently 
they are alfo mutually equiangular (th. 5), and have the 
angle BAF equal the angle CAF. 

Scboliu turn. In the fame mannner is a given arc of a circle 
bifeded. 

2 
PRO- 
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PROBLEM III. 

V 

AD C E B 

At a Given Point C, in a Given Line AB, to Ere& a 
Perpendicular. 

From the given point C cut off any equal 
parts CD, CE of the given line; and, from 
the two centres D and E, with any one ra¬ 
dius, deferibe arcs interfering in F; then 
join CF, which will be perpendicular as 
required. 

For, draw the two equal radii DF, EF. Then the two 
triangles CDF, CEF,'having the two fides CD, DF, equal 
to the two CE, EF, and CF common, are mutually equi¬ 
lateral ; confequently they are alfo mutually equiangular 
(th. 5), and have the two adjacent angles at C equal to each 
other; therefore the line CF is perpendicular to AB 
(def. n). 

Otherwife. 

When the Given Point C is near the End of the Line. 

From any point D, affumed above the 
line, as a centre, through the given point 
C deferibe a circle, cutting the given line 
at E ; and through E and the centre D, 
draw the diameter EDF ; then join CF, 
which will be the perpendicular required. 

For the angle at C, being an angle in a femircircle, is a 
right angle, and therefore the line CF is a perpendicular 
(by def. 15J. 

.ATE CB 

PROBLEM IV. 

From a Given Point A, to let fall a Perpendicular on a 
Given Line BC. 

From the given point A as a centre, with 
any convenient radius, deferibe an arc, cut¬ 
ting the given line at the two points D and 
E ; and from the two centres D, E, with 
any radius, deferibe two arcs, interfering 
at F; then draw AGE, which will be per¬ 
pendicular to BC as required. 

For, draw the equal radii AD, AE, and 
DF, EF. Then the two triangles ADF, 

AEF, 

A 

BS- ~t=r-C 

I 

( 



PROBLEMS. 861 

AEF, having the two fides AD. DF, equal to the two AE, 
EF, and AF common, are mutually equilateral; confequently 
they are alfo mutually equiangular (th. 5), and have the angle 
DAG equal the angle EAG. Hence then, the two triangles 
ADG, AEG, having the two fides AD, AG, equal to the 
two AE, AG, and their included angles equal, are therefore 
equiangular (th. 1), and have the angles at G equal; conie- 
quently AG is perpendicular to BC (def. 11). 

Otherwife. 

When the Given point is nearly Oppofite the end of the 
Line. 

From any point D, in the given line 
BC, as a centre, defcribe the arc of a 
circle through the given point A, cutting 
BC in E ; and from the centre E, with 
the radius EA, defcribe another arc, 
cutting the former in F ; then draw AGF, 
which will be perpendicular to BC as re¬ 
quired. 

For, draw the equal radii DA, DF, and EA, EF. Then 
the two triangles DAE, DFE will be mutually equilateral; 
confequently they are alfo mutually equiangular (th. 5), and 
have the angles at D equal. Hence, the two triangles DAG, 
DFG, having the two fides DA, DG, equal to the two DF, 
DG, and the included angles at D equal, have alfo the angles 
at G equal (th. 1); confequently thofe angles at G are right 
angles, and the line AG is perpendicular to DG. 

PROBLEM V. 

At a Given Point A, in a Given Line AB, to make an Angle 
Equal to a Given Angle C. 

From the centres A and C, with any one 
radius, defcribe the arcs DE, FG. Then, 
with centre F, and radius DE, defcribe an 
arc cutting FG in G. Through G draw 
the line AG, and it will form the angle 
required. 

For, conceive the equal lines or radii, 
DE, FG to be drawn. Then the two tri¬ 

ll' £ 
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angles CDE, AFG, being mutually equilateral, are mutually 
equiangular (th. 5), and have the angle at A equal to the 
angle C. 

PROBLEM VI. 
«■* 

Through a Given Point A, to draw a Line Parallel to a 
Given Line BC. 

From the given point A drawtheline AD 
to any point in the given line BC. Then 
draw the line EAF making the angle at A 
equal to the angle at D (by prob. 5); fo 
{hall EF be parallel to BC as required. 

For, the angle D being equal to the alternate angle A, the 
lines BC, EF, are parallel by th. 13. 

D C 

PROBLEM VII. 

To Divide a Given Line AB into any propofed Number of 
Equal Parts. 

Dr aw any other line AC, forming any 

angle with the given line AB ; on which 

let off as many of any equal parts, AD, DE, 
EF, FC, as the line AB is to be divided 
into. Join BC ; parallel to which draw the 
other lines FG, EH, Dl : then thefe will 
divide AB in the manner as required.—For thofe parallel 
lines divide both the fides AJ3, AC proportionally, by th. 82. 

H G- 15 

PROBLEM VIII. 

To find a Third Proportional to Two Given Lines AB, AC. 
t 

* 

Place tjie two given lines AB, AC 
forming any angle at A ; and in AB take 
alfo AD equal to AC. Join BC, and 
draw DE parallel to it \ fo will AE be 
the third proportional fought. 

A.— 
A—■ <: 

lr li For, becaufe of the parallels BC, DE, 
the two lines AB, AC are cut propor¬ 
tionally {th. 82); fo that AB : AC :: AD or AC : AE j 
therefore AE is the third proportional toAB, AC. 

PRO- 
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PROBLEM IX. 
•* . v . %rt 

To find a Fourth Proportional to three Given Lines 
AB, AC, AD. 

v 

Place two of the given lines AB, 
AC, making any angle at A ; aifo place A__$ 
AD on AB. Join BC ; and parallel to ^ 
it draw DE : fo (hall AE be the fourth ~ c 
proportional as required. 

For, becaufe of the parallels BC, DE, £ B fit 
the two fades AB, AC are cut propor¬ 
tionally (th. 82]; fo that AB : AC :: AD : AE. 

PROBLEM X. 

To find a Mean Proportional between Two Given Lines 
AB, BC. 

Place AB, BC joined in one ftraight 
line, which bifed in the point O. Then, 
with the centre O, and radius OA or OC, 
deferibe the femicircle ADC ; to meet 
which eredf the perpendicular BD, and 
it will be the mean proportional fought, 
between AB and BC (by cor. th. 87). 

A- 
B- 

-B 

A O BC 

* 

PROBLEM XI. 

To find the Centre of a Given Circle. 
1 j 

Draw any chord AB ; and bife£t it per¬ 
pendicularly with the line CD, which will be 
a diameter (th. 41, cor.) Therefore CD 
bife&ed in O, will give the centre, as re¬ 
quired. 

t s o- 

ut
 



GEOMETRY. 

PROBLEM XII. 

To defcribe the Circumference of a Circle through Three 
Given Points A, B, C. 

From the middle point B draw chords 
BA, BC, to the two other points, and 
bifeft thefe chords perpendicularly by lines 
meeting in O, which will be the centre. 
Then from the centre O, at the diftance 
of any one of the points, as OA, defcribe 
a circle, and it will pafs through the two 
other points B, C, as required. 

For, the two right-angled triangles OAD, OBD, having 
the Tides AD, DB equal (by conftr.), and OD common, 
with the included right angles at D equal, have their third 
fides OA, OB, alfo equal (th. i). And, in like manner, it 
is fhewn that OC is, equal to OA. So that all the three 
OA, OB, OC, being equal, will be radii of the fame circle. 

PROBLEM XIII. 

To draw a Tangent to a Given Circle, through a Given 
Point A. 

When the given point A is in the cir¬ 
cumference of the circle : join A and the 
centre O; perpendicular to which draw 
BAC, and it will be the tangent, by 
th. 46. 

But when the given point A is out of 
the circle: Draw AO to the centre O ; 
on which as a diameter defcribe a femi- 
circle, cutting the given circumference in 
D ; through which draw BA DC, which 
will be the tangent as required. 

For, join DO. Then the angle ADO,, 
in a femicircle, is a right angle, and confequently AD is a 
tangent (th. 46]. 

PRO-- 



PROBLEMS. 

PROBLEM XIV. 

Upon a Given Line AB to Defcribe a Segment of a Circle*, 
that may Contain a Given Angle C. 

At the ends of the given line,make 
angles DAB, DBA, each equal to the 
given angle C. Then draw AE, BE 
perpendicular to AD, BD ; and with 
the centre E, and radius EA or EB, de¬ 
fcribe a circle; fo (hall AFB be the feg- 
ment required, as any angle F made in 
it will be equal to the given angle C. 

For, the two lines AD, BD, being 
perpendicular to the radii EA, EBUby conftr.), are tangents 
to the circle (th. 46); and the angle A or B, which is equal 
to the given angle C by conftrudfion, is equal to the angle 
F in the alternate fegment AFB (th. 53). 

PROBLEM XV. 

To Cut off a Segment from a Given Circle, that '{hall Con¬ 
tain a Given Angle C. 

D raw any tangent AB to the given 
circle ; and a chord AD to make the 
angle DAB equal to the given angle C; 
then DEA will be the fegment required, 
any angle E made in it being equal to the 
given angle C. 

For the angle A, made by the tangent 
and chord, which is equal the given angle C by conftru&ion, 
is alfo equal to any angle E in the alternate fegment (th. 53J. 

PROBLEM XVI. 

To make an Equilateral Triangle on a Given Line AB. 

From the centres A and B, with the 
diftanceAB, defcribe arcs, interfering in C. 
Draw AC, BC, and ABC will be the equi¬ 
lateral triangle. 

For the equal radii AC, BC, are, each 
#fthem, equal to AB. 

PRO- 



66 GEOMETRY. 

PROBLEM XVII 

To make a Triangle with Three Given Lines 
AB, AC, BC. 

With the centre A, and diftance AC, 
defcribe an arc. With the centre B, and 
diftance BC, defcribe another arc, cutting 
the former in C. Draw AC, BC, and 
ABC will be the triangle required. 

For the radii, or Tides ol the triangle, 
AC, BC, are equal to the given lines AC, 
BC, by conftru&ion. 

PROBLEM^ XVIII. 

To make a Square on a Given Line AB. 

Raise AD, BC each perpendicular and 
equal to AB ; and join DC ; lo fhall ABCD 
be the fquare fought. o 

For all the three fides AB, AD, BC are 
equal, by the conftrudfion, and DC is equal 
and parallel to AB (by th. 24.); fo that all the 
four Tides are equal, and the oppofite ones are 
parallel. Again, the angle A or B, of the parallelogram, 
being a right angle, the angles are all right ones (cor. 1 ,th. 22). 
Hence then, the figure, having all its Tides equal, and all its 
angles right, is a fquare (def. 34). 

PROBLEM XIX. 

To make a Reftangle, or a Parallelogram, of a Given 
Length and Breadth, AB, BC. 

Erect AD, BC perpendicular to AB, and 
each equal to BC ; then join DC, and it is 
done. 

The demonftration is the fame as the j*_Lc 
laft problem. 

And in the fame, manner is deferibed any oblique paral¬ 
lelogram, only drawing AD and BC to make the given ob¬ 
lique angle with AB, inftead of perpendicular ta it. 

p r o~ 
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PROBLEM XX. 

To Infcnbe a Circle in a Given Triangle ABC. 

Btsect the angles at A and B, with the 
two lines AD, BD. From the interfec- 
tion D, which will be the centre of the 
circle, draw the perpendiculars DE, DF, 
DG, and they will be the radii ol the 
circle required: 

For, (ince the angle DAE is equal the 
angle DAG, and the angles at E, G right 
angles (by conftr.), the two triangles ADE, ADG are equi¬ 
angular ; and, having alfo the lide AD common, they are 
identical, ami have the fides DE, DG equal (th. 2). In like 
manner it is Ihewn, that DF is equal to DE or DG. 

Therefore, if with the centre D, and diltance DE, a 
circle be defcribed, it will pafs through all the three points 
E, F, G, in which points alio it will touch the three fides of 
the triangle (th. 46J, becaufe the radij DE, DF, DG are 
perpendicular to them. 

\ 

PROBLEM XXI. 

To Circumfcribe a Circle about a Given Triangle ABC. 

Bisect any two fides with two ol the 
perpendiculars DE, DF, DG, and D will 
be the centre. 

For, join DA, DB, DC. Then the 
two right-angled triangles DAE, DBE 
have the two (ides DE, EA equal to the 
two DE, EB, and the included angles at 
E equal, thofe, two triangles are therefore 
identical (th. 1), and have the lide DA equal DB. In like 
manner it is (hewn, that DC is alfo equal to DA or DB. So 
that all the three DA, DB, DC, being equal, they are radii 
of a circle pacing through A, B, and C. 

\ ' 

PROBLEM XXII. 

To Infcribe an Equilateral Triangle in a Given 
Circle. 

Through the centre C draw any diameter AB. From 
the 

c 
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the point B as a centre, with the radius 
BC of the given circle, defcribe an arc 
DCE. join AD, AE, and ADE is the 
equilateral triangle fought. 

For, join DB, DC, EB, EC. Then 
DCB is an equilateral triangle, having 
each fide equal to the radius of the given 
circle. In like manner, BCE is an equi¬ 
lateral triangle. But the angle ADE is equal the angle CBE, 
ffanding on the fame arc AE ; alio the angle AED is equal 
the angle CBD, on the fame arc AD ; hence the triangle 
DAE has two of its angles, ADE, AED, equal to the angles 
of an equilateral triangle, and therefore the third angle at A 
is alfo equal to the fame; confequently that triangle is equi¬ 
lateral. 

PROBLEM XXIII. 

To Infcribe a Square in a Given Circle. 

Dr aw two diameters AC, BD, eroding 
at right angles in the centre E. Then 
join the four extremities A, B, C, D, with 
right lines, and thefe will form the in- 
feribed fquare ABCD. 

For the four right angled triangles AEB, 
BEC, CED, DEA are identical, becaufe 
they have the fides EA, EB, EC, ED all 

c 
/ 

equal, being radii of the circle, and the four included angles 
at E all equal, being right angles, by the conftruftion. 
Therefore all their third fides AB, BC, CD, DA are equal 
to one another, and the figure ABCD is equilateral. Alfo, 
all its four angles A, B, C, D, are right ones, being angles 
in a femicircle. Confequently the figure is a fquare. 

PROBLEM XXIV. 

To Circumfcribe a Square about a Given Circle. 

Draw two diameters AC, BD, crofiing 
at right angles in the centre E. Then 
through the four extremities of them draw 
FH, IH parallel to AC, and FI, GH 
parallel to BD, and they will form the 
fquare FGH1. 

For 
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For., the oppofite fides of parallelograms being equal, FG 
and 1H are each equal the diameter AC, and FI and GH 
each equal the diameter BD ; fo that the figure is equilate¬ 
ral. Again, becaufe the oppofite angles of parallelograms 
are equal, all the four angles F, G, H, I are right angles, 
being equal to the oppofite angles at E. So that the figure 
FGHI, having its fides equal, and its angles right ones, is a 
fquare, and its fides touch the circle at the four points A, B, 
C, D, being perpendicular to the radii drawn to thofe points. 

PROBLEM XXV. 

To Infcribe a Circle in a Given Square. 

Bisect the two fides FG, FI in the points A and B 
(lafi fig.) Then through thefe two points draw AC parallel 
to FG or IH, and BD parallel to FI or GH. Then the 
point of interfe&ion E will be the centre, and the four lines 
EA, EB, EC, ED radii of the inferibed circle. 

For, becaufe the four parallelograms EF, EG, EH, El have 
their oppofite fides and angles equal: therefore all the four 
lines EA, EB, EC, ED are equal, being each equal to half 
a fide of the fquare. So that a circle deferibed from the 
centre E, with the diftance EA, will pafs through all the 
points A, B, C, D, and will be inferibed in the fquare, or/ 
will touch its four fides in thofe points, becaufe the angles 
there are right ones. - v 

PROBLEM XXVI. 

To Circumfcribe a Circle about a Given Square. 

Draw the diagonals AC, BD, and 
their interfeftion E will be the centre. 

For the diagonals of a fquare bifefl 
each other (th. 40), making EA, EB, 
EC, ED; all equal, and confequently thefe 
are radii of a circle paffing through the 
four points A, B, C, D. 

VOL, I, JB b PRO- 
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PROBLEM XXVII. 

To Cut a Given Line in Extreme and Mean Proportion, 

Let AB be the given line to be divided 
in extreme and mean ratio, that is, fo as 
that the whole line may be to the greater 
part, as the greater part is to the lefs part. 

Draw BC perpendicular to AB, and equal 
to half AB. Join AC ; and with centre C 
and diftance CB, defcribe the circle BD; 
then with centre A and diftance AD, de¬ 
fcribe the arc DE ; fo fhall AB be divided 
in E in extreme and mean ratio, or fo that 
AB : AE :: AE : EB. 

For, produce AC to the circumference at F. Then, ADF 
being a fecant, and AB a tangent, becaufe B is a right an¬ 
gle: therefore the re&angle AF . AD is equal AB2 (cor. i, 
th. 61); confequently the means and extremes of thefe are 
proportional (th. 77), or AB: AF or AD -j- DF:: AD : AB. 
But AE is equal AD by conftru&ion, and AB = 2BC = DF; 
therefore, AB : AE -{- AB :: AE : AB; 
and by divifion, AB : AE :: AE : EB. 

PROBLEM XXVIII. 

To Infcribe an Ifofceles Triangle in a Given Circle, that 
fhall have each of the Angles at the Bafe Double the Angle 
at the Vertex. 

Draw any diameter AB of the given 
circle ; and divide the radius CB, in the 
point D, in extreme and mean ratio, by the 
laft problem. From the point B apply the 
chords BE, BF each equal to CD ; then 
join AE, AF, EF, and AEF will be the 
triangle required. 

For, through the three points C, D, F 
defcribe the circle CDF ; and draw the lines CF, DF. 

Then, becaufe CB : CD :: CD : DB (by conftr.), the 
re&angle BC . BD — CD2 (th. 77) = BF2 by conftru&ion ; 
confequently BF is a tangent to the circle CDF (corol. 1, 
th. 61 J. Hence the angle BFD, made by the tangent BF 
and chord FD, is equal to the angle BCF in the alternate 

fegment; 

A 
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fegment; to each of thefe equal angles add the.angle DFC, 
then the whole angle CFB, or its equal CBF (th. 3), is equal 
to the fum of the two DFC, DCF, which again is equal to 
the external angle BDF of the triangle CDF (th. 16). Since 
then the two angles* FBD, FDB are equal, their oppofite 
fides BF, FD are alfo equal (th. 4). But BF, CD are equal 
(by conffr.) ; therefore CD, DF are equal, being each equal 
to BF, and confequently their oppofite angles DCF, DFC 
are alfo equal (th. 3), and the fum of the two together, or 
the equal external angle BDF, is double of one of them 
BCF. But BCF is equal to EAF (th. 51), and BDF equal 
to DBF, or to AEF on the fame arc AF (th. 50); confe¬ 
quently this angle AEF is double of EAF. 

Again, the two angles AEB, AFB, being angles in a fe- 
micircle, are right angles, and the two fides BE, BA, of the 
right-angled triangle AEB, are equal to the two fides BF, 
BA, 01 the right-angled triangle AFB ; therefore the third 
fides AE, AF are equal (cor. th. 45). Hence the triangle 
AEF is ifofceles, and has each angle at the bafe double the 
angle at the vertex. 

PROBLEM XXIX, 

To Infcribe a Regular Pentagon in a Given Circle. 

Inscribe the ifofceles triangle ABC 
having each of the angles ABC, ACB 
double the angle BAC (prob. 28). Then 
bifeft the two arcs ADB, AEC, in the 
points D, E ; and draw the chords AD, 
DB, AE, EC, fo fhall ADBCE be the 
infcribed equilateral pentagon required. 

For, becaufe equal angles ftand on 
equal arcs, and double angles on double arcs, alfo the an¬ 
gles ABC, ACB being each double the angle BAC, there¬ 
fore the arcs ADB, AEC, lubtending the two former angles, 
are each double the arc BC fubtending the latter. And fince 
the two former arcs are bife&ed in D and E, it follows that 
all the five arcs AD, DB, BC, CE, EA are equal to each 
other, and confequently the chords alfo which fubtend them, 
or the five fides ot the pentagon, are all equal. 

A 
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PROBLEM XXX. 

To Infcribe a Regular Hexagon in a Given Circle. 

Apply the radius of the given circle AO, 
as a chord AB, and it will be a fide of the 
regular hexagon ABCDEF. 

For, draw the radii AO, BO, CO, DO, 
EO, FO. Then the triangle ABO being 
equilateral (by confir.), its three angles are 
all equal (cor. 2, th. 3), and any one of 
them, as AOB, is one-third of two right 
angles (th. 17), or one-fixth of four right angles, 
whole circumference is the meafure of four right angles 
(cor. 4, th. 6). Therefore the arc AB is one-fixth of the 
circumference of the circle, and confequently its chord AB 
one fide ol an equilateral hexagon infcribed in the circle. 

Corel. The fide of a regular hexagon is equal to the radius 
of the circumfcribing circle, or to the chord of one-fixth 
part of the circumference. 

But the 

PROBLEM XXXI. 

To deferibe a Regular Pentagon or Hexagon about a Given 
Circle. 

In the given circle infcribe a regular 
polygon of the fame name or number 
of fides, as ABCDE, by one of the 
foregoing problems. Then to all the 
angular points of it draw tangents (by 
prob. 13), and thefe will form the cir¬ 
cumfcribing polygon required. 

For, all the chords, or fides of the 
inferibing figure, AB, BC, &c, being 
equal, and all the radii OA, OB, &c, being equal, all the 
vertical angles about the point O are equal. But the angles 
OFF, OAF, OAG, OBG, made by the tangents and radii, 
are right angles; therefore OFF -f- OAF = two right angles, 
and OAG + OBG two right angles; confequently, alfo, 
AOE 4- AFE = two right angles, and AOB -}- AGB = 
two right angles (cor. 2, th. 18). Hence, then, the angles 
AOjS -j- AbE being = AOB -f- AGB, of which AOB is = 

AQE; 
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AGE ; confequently the remaining angles F and Gare alfo 
equal. In the fame manner it is (hewn, that all the angles 
F, G, H, I, K are equal. 

Again, the tangents from the fame point FE, FA are 
# equal, as alfo the tangents AG, GB (th. 6l, cor. 2) ; alfo, 
the angles F and G of the ifofceles triangles AFE, AGB, are 
equal, as well as their oppofite (ides AE, AB ; confequently 
thole two triangles are identical (th. 1), and have their other 
fides EF, FA, AG, GB all equal, and FG equal to the 
double of any one of them. In like manner it is (hewn that 
all the other fides GH, HI, IK, KF are equal to FG, or 
double of the tangents GB, BH, &c. 

Hence, then, the circumfcribed figure is both equilateral 
and equiangular, which was to be (hewn. 

Cord. The infcribed circle touches the middles of the 
fides of the polygon. 

PROBLEM XXXII. 

To Infcribe a Circle in a Regular Polygon. 

Bisect any two fides of the polygon 
by the perpendiculars GO, FO, and their 
interfedlion O will be the centre of the 
infcribed circle, and OG or OF will be 

.the radius. 

For the perpendiculars to the tangents 
AF, AG, pafs through the centre (cor. 
th. 47); and the infcribed circle touches 
the middle points F, G, by the lafi: corollary. Alfo, the 
two fides AG> AO, of the right-angled triangle AOG, being 
equal to the two fides AF, AO, of the right-angled triangle 
AOF, the third fides OF, OG will alfo be equal (cor. th. 45). 
Therefore the circle deferibed with the centre O and radius 
OG, wall pafs through F, and wall touch the fides in the 
points G and F. And the fame for all the other fides of the 
figure. 

A 

v 
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PROBLEM XXXIII. 

To defcribe a Circle about a Regular Polygon. 

Bisect any two of the angles, C and D, 
with the lines CO, DO ; then their inter- 
ie&ion O will be the centre of the cir- 
cumfcribing circle; and OC, orOD, the 
radius. 

For, draw OB, OA, OE, &c, to the 
angular points of the given polygon. Then 
the triangle OCD is ifofceles, having the 
angles at C and D equal, being the halves of the equal angles 
of the polygon BCD, CDE; therefore their oppofite fides 
CO, DO are equal (th. 4). But the two triangles OCD, 
OCB, having the two fides OC, CD equal to the two OC, 
CB, and the included angles OCD, OCB alfo equal, will be 
identical (th. 1), and have their third fides BO, OD equal. 
In like manner it is fnewn, that all the lines OA, OB, OC, 
OD, OE are equal. Confequently a circle defcribed with 
the centre O and radius OA, will pafs through all the other 
angular points, B, C, D, &c, and will circumfcribe the 
polygon. 

PROBLEM XXXIV. 

To make a Square Equal to the Sum of two Given Squares. 

Let AB and AC be the fides of the 
two given fquares. Draw two indefinite 
lines AP, AQ^at right angles to each 
other ; in which place the fides AB, AC, 
of the given fquares ; join BC ; then a 
fquare defcribed on BC will be equal to 
the fum of the two fquares defcribed on 
AB and AC (th. 34). 

Scholium. In the fame manner, a fquare may be made 
equal to the fum of three or more given fquares. For, if 
AB, AC, AiD he taken as the fides of the given fquares, 
then, making AE — BC, AD r= AD, and drawing DE, it 
is evident that the fquare on DE will be equal to the fum 
of the three fquares on AB, AC, AD, And fo on for 
more fquares. 

3 7 PRO- 
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PROBLEM XXXV. 

To make a Square Equal to the Difference of two Given 
Squares. 

Let AB and AC, taken in the fame 
ftraight line, be equal to the fides of the 
two given fquares.—From the centre A, 
with the diftance AB, defcribe a circle; and 
make CD perpendicular to AB, meeting the 
circumference in D : fo fhall a fquare de¬ 
ferred on CD be equal to AD2 —AC2 or AB: 
required (cor. th. 34}. 

PROBLEM XXXVI. 

To make a Triangle Equal to a Given Quadrilateral ABCD. 
* » 

Draw the diagonal AC, and parallel 

to it DE, meeting BA produced at E, 
and join CE : then will the triangle CEB 
be equal to the given quadrilateral ABCD. 

For, the two triangles ACE, ACD, 
being on the fame bafe AC, and be¬ 
tween the fame parallels AC, DE, are equal (th. 25) ; 
therefore, if ABC be added to each, BCE will be equal to 
ABCD (ax. 2). 

PROBLEM XXXVII. 

To make a Triangle Equal to a Given Pentagon ABCDE. 

Draw DA and DB, and alfo EF, 
CG parallel to them, meeting AB pro¬ 
duced at F and G ; then draw DF and 
DG; fo fhall the triangle DFG be equal 
to the given pentagon ABCDE, 

For the triangle DFA =*= DEA, and 
the triangle DGB =s= DCB (th. 25); 
therefore, bv adding DAB to the equals, 
the furns are equal (ax. 2), that is, DAB -j- DAF DBG 
= DAB DAE 4- DBC, or the triangle DFG = the 
pentagon ABCDE. 

W G 

PRO 
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PROBLEM XXXVIir. 

To make a Rectangle Equal to a Given Triangle ABC. 

Bisect the bale AB in D; then raife 
DE and BF perpendicular to AB, and 
meeting CF, parallel to AB, at E and F : 
fo (hall DF be the re&angle equal to the 
given triangle ABC (by cor. 2, th. 26). 

PROBLEM XXXIX. 

To make a Square Equal to a Given Rectangle ABCD. 

Produce one fide AB, till BE be 
equal to the other fide BC. On AE 
as a diameter defcribe a circle, meeting 
BC produced at F: then will BF be the 
fide of the fquare BFGH, equal to the 
given re£tangle BD, as required, as ap¬ 
pears by Cor. Th. 87, and Th. 77, 

c , -% 

p c \ 
* 
* 

« 
/ 
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APPLICATION of ALGEBRA 

TO 

GEOMETRY. 

When it is propofed to refolve a geometrical problem 
algebraically, or by algebra, it is proper, in the firlt place, 
to draw a figure that (hall reprefent the feveral parts or con¬ 
ditions of the problem, and to fuppofe that figure to be the 
true one. Then, having confidered attentively the nature of 
the problem, the figure is next to be prepared for afolution, 
if neceffary, by producing or drawing fuch lines in it, as ap¬ 
pear mod conducive to that end. This done, the ufual fym- 
bols or letters, for known and unknown quantities, are em¬ 
ployed to denote the given parts of the figure, or as many of 
them as neceffary, as alfo fuch unknown line or lines as may 
be eafiefl found, whether required or not. Then proceed 
to the operation, by obferving the relations that the feveral 
parts of the figure have to each other; from which, and the 
proper theorems in the foregoing elements of geometry, 
make out as many equations, independent of each other, as 
there are unknown quantities, employed in them : the refo- 
lution of which equations, in the fame manner as in arith¬ 
metical problems, will determine the unknown quantities, 
and refolve the problem propofed. 

As no general rule can be given for drawing the lines, and 
feleCting the fitted quantities to fubffitute for, fo as always 
to bring out the moft fimple conclufions, becaufe different 
problems require different methods ofifolution; the bell way 
to gain experience in this matter, is to try the folution of 
the fame problem in different ways, and then apply that 
which fucceeds bed, to other cafes of the fame kind, when 
they afterwards occur. The following particular directions, 
Jiowever, may be of fome ufe in this matter^ 

Ift, In preparing the figure, by drawing lines, let them 
be either parallel or perpendicular toother lines in the figure, 
or fo as to form fimilar triangles. And if an angle be given, 
it will be proper to let the perpendicular be oppofite to that 
£Pgle, and to fall from one end ol a given line, if pofiible. 

2nd, 
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'Duly In fele£Iing the quantities proper to fubftitute for, 
tliofe are to be chofen, whether required or not, which lie 
neared the known or given parts of the figure, and by means 
of which the next adjacent parts maybe expreffed by ad¬ 
dition and fubtra&icm only, without the intervention of 
furds. 

n^dy When two lines or quantities are alike related to other 
parts of the figure or problem> the befi: way is, not to make 
ufe of either of them feparately, but to fubditute for their 
fum, or difference, or re&angle, or the fufin of their alter¬ 
nate quotients, or for fome line or lines, in the figure, to 
which they have both the fame relation. 

4thy When the area, or the perimeter, of a figure, is given, 
or fuch parts of it as have only a remote relation to the 
parts required; it is fometimes of ufe to aflume another 
figure fimilar to the propofed one, having one fide equal to 
unity, or fome other known quantity. For, from hence the 
other parts of the figure may be found, by the known pro¬ 
portions of the like fides, or parts, and fo an equation be 
obtained. 

For examples of this matter take the following problems. 

PROBLEM I. 

In a Right-angled Triangle, having given the Bafe (3), and 
the Sum of the Hypothenufe and Perpendicular (9); to find both 
thefe t wo Sides. 

Let ABC reprefent the propofed triangle, 
right-angled at B. Put the bafe AB — 3 — by 
and the fum AC + BC of the hypothenufe 
and perpendicular = 9 =sr s; alfo, let x de¬ 
note the perpendicular BC; hence it follows 
that the hypothenufe AC will be expreffed by 
s — 

But AC2 = AB2 + BC2 (by theor. 34. Geom ) ; that is, 
(j—x)2 z=z b2 -f- x2, or s2 — 2sx -j-x2 — b2 -f- x21 or s2 — b2 

2sx; hence x 
— b‘‘ 

— 4 — BC, and s — x = -M2 

2s 2 S 
zn 5 — AC, the perpendicular and hypothenufe as required. 

PRO- 
I 
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PROBLEM IT. * 

In a Right-angled Triangle, having given the Hypothenufe (<5) ; 
and the Sum of the Bafe and Perpendicular (7) ; to find both 
tbej'e two Sides. 

Let ABC reprefent the propofed triangle, right-angled 
at B. Put the given hypothenufe AC zzz 5 — a, and the 
fum AB -f- BC of the bafe and perpendicular =7 — r; alfo, 
let x denote the bafe AB; hence it follows that the perpen¬ 
dicular BC will be expreffed by s — 'x. 

But AC2 zrz AB2 -f- BC2 by the nature of right-angled 
triangles; that is, a2 =zx2 -j- is — *)2zzz*2 -j- s2 — 2 sx 
+ x2, or 2x2 — 2sx = a2 — s2, or x2 — sx = \a2 — Jr2 ; 
hence, by completing the fquare, &c, is found x zzz Jr— 

J yf 2a2 — s2 zzz 3 = AB; and s — x = Jr -J- J yj 2a2 — s2- 
= 4 = BC ; the bafe and perpendicular required. 

Othcrwife. 

Let z denote the difference of the bafe and perpendicular, 
the fum being denoted by s, as above. Then, becaufe that, 
in any twro quantities, half their difference added to half 
the fum gives the greater quantity, , and the fame lub- 
tra&ed gives the lefs quantity (by Lx. 2, Alg. pag. 243), 
it follows that Jr -J- Jz and Jr — Jz will denote the two legs, 
or the perpendicular and bafe. Hence then a2 — (Jr -f- Jz)2 
+ (Jr — Jz)2 zzzz Jr2 -j- Jz2 ; or z2 zzz: 2a2 — r2, and z zzz: 

yj 2a2 — j2. Then the half of this being added and fub- 
tradfed with Jr the half fum, gives — — — — — — — 

Jr + \z zzz Js + \yJ2a2 — j2, and 

— Jz — Jr — J f 2a3 — r2, the fame as before. 

PROBLEM III. 

In a Reft angle > having given the Diagonal (io), and the 
Perimeter, or Sum of all the Four Sides (28); to find each of the 
Sides fever ally. 

Let ABCD be the propofed rcdfangle; 
and put the diagonal AC zr 10 z~d, and 
half the perimeter AB -f~ BC or AD -f- 
DC ss 14 zz: a ; alfo put one fide AB zz x; 
then the other fide BC wili be denoted by 
a — x, Hence, by right-angled triangles. 
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AC2 = AB2 -}- BC2, that is, d2 — x2 + (a —x)2 = 2v2 — 
2ax + a2 : confeq. x2 —ax=z \d2 —and by completing 

the fquare, &c, xz=z \a -\-\sj2d2 — a2 — 8 = AB, and 

a — xv=i\a— \\j2d2 — a2 rzr 6 rzz BC, the two Tides; and 
the fame for the other two AD, DC. 

Or, by fubftituting for the fum and difference of the two 
fides, AB, BC, this problem may be refolved, like the latter 
method of the foregoing one, by a fimple quadratic, and 
confequently without completing the fquare. 

PROBLEM IV. 

Having given the Bafe and Perpendicular of any 7 riangle; to 
find the Side of a Square Injcnbcd in the fame.. 

Let ABC reprefent the given triangle, 
and EFGH its infcribed fquare. Put the 
bafe AB — b, the perpendicular CD = ay 
and the fide of the fquare GF or GH n: 
DI = x* \ then will Cl ~ CD — D1 zzz 
a — x. 

Then, becaufe the like lines in the 
fimilar triangles ABC, GFC, are propor¬ 
tional, (by theor. 84, Gcorn.), AB : CD : 
is, b : a :: X \ a — x. Hence ah — bx -- 

ab rr ax 4- bx, and confequently x = —-—. = GF or GH 
1 J a -b 

the fide of the infcribed fquare ; which therefore is of the 
fame magnitude, whatever the fpecies or the angles of the 
triangle may be. 

PROBLEM V. 

In an Equilateral Triangle, having given the lengths of the 
three Perpendiculars, drawn from a certain Point within, M the 
three Sides; to determine the Sides. 

Let ABC reprefent the equilateral tri¬ 
angle, and DE, DF, DG the given per¬ 
pendiculars from the point D. Draw the 
lines DA, DB, DC to the three angular 
points ; and let fall the perpendicular CH 
on the bafe AB. Put the three given per¬ 
pendiculars DE — a, DF zz: by DG = r, 
and put x zrz AH or BH, half the fide of 
the equilateral triangle. Then is AC or BC z=z 2x, and by 

right-angled triangles the perpendicular CId =V/AC2 — AH2 

GF : Cl, that 
axy or — — — 

V4*: X" V3*2 = xfz- 
Now, 
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Now, ftnce the area or {'pace of a rectangle is exjarefled 
by the product of the bale and height (cor. 2, th. 81, Geom.), 
and that a triangle is equal to half a redtangle of equal bafe 
and height (cor. 1, th. 26), it follows that, 

the whole triangle ABC is = \ABx CH r= xX x^/2~*2\/3> 
the triangle ABD — \ AB X DG = x X c — cx, 
the triangle BCD = \ BC X DE — x X a =, ax, 
the triangle ACD = -§ AC X DF — x X b zz: bx. 

But the three laft triangles make up, or are equal to, the 
whole former or great triangle ; 

that is, = ax 4- bx -ft cx; hence then 

x = • C, half the fide of the triangle fought. 

Alfo, fince the whole perpendicular CH is—^3, it is 
therefore — a b -\- c. That is, the whole perpendicular 
CH, is juft equal to the fum of all the three fmaller per¬ 
pendiculars DE -f- DF -f- DG taken together, wherever the 
point D is fttuated. 

PROBLEM VI. 

In a Right-angled Triangle, having given the Bafe (3), 
and the Difference between the Hypotlienufe and Perpen¬ 
dicular (1); to find both thefe two Sides. 

PROBLEM VII. 

In a Right-angled Triangle, having given the Hypothenufe 
(5), and the Difference between the Bafe and Perpendicular 
(1) ; to determine both thele two Sides. 

PROBLEM VIII. 

Having given the Area,.or Meafure of the Space, of a 

Rediangle,, inferibed i*i a given Triangle ; to determine the 
Sides of the Redlangle. 

PROBLEM IX. 

In a Triangle, having given the Ratio of the two Sides, 
together with both the Se’gments of the Bafe, made by a 
Perpendicular from the Vertical Angle; to determine the 
Sides of the Triangle. 4 

PROBLEM X. 

In a Triangle, having given the Bafe, the Sum of the 
other two Sides, and the Length of a Line drawn from the 
Vertical Angle to the Middle of the Bafe; to find the Tides 
of the Triangle, 

PRO- 
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PROBLEM XI. 

In a Triangle, having given the two Sides, about the 
Vertical Angle, and the Line bifefting that Angle, and ter¬ 
minating in the Bafe ; tc find the Bafe. 

PROBLEM XII. 

To determine the Radii of three'‘Equal Circles, defcribed 
in a given Circle, to touch each other and alfo the Circum¬ 
ference of the given Circle. 

PROBLEM XIII. 
♦ 

In a right-angled Triangle, having given the Perimeter or 
Sum of all the Sides, and the Perpendicular let tail from the 
Right Angle on the Hypothenufe; to determine the Tri¬ 
angle, that is, its Sides. 

PROBLEM XIV. 

To determine a Right-angled Triangle ; having given the 
Perimeter, and the Radius of its Infcribcd Circle. 

PROBLEM XV. 
.1 

To determine a Right-angled Triangle ; having given the 
Lengths of tw7o Lines drawn from the acute Angles, to the 
Middle of the oppofite Sides. 

PROBLEM XVI. 

To determine a Right-angled Triangle ; having given the 
Hypothenufe, and the Difference of two Lines drawn from 
the two acute Angles to the Centre of the Inscribed Circle. 

V. . \ . 

PROBLEM XVII. 

To determine a Triangle; having given the Bafe, the 
Perpendicular, and the Ratio of the two Sides. 

PROBLEM XVIII. 

To determine a Right-angled Triangle ; having given the 
Hypothenufe, and the Side of the inferibed Square. 

PRO- 
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PROBLEM XIX. 

To determine a Triangle; having given the Bafe, the 
Perpendicular, and the Difference of the two other Sides. 

PROBLEM XX. 

To determine a Triangle; having given the Bafe, the 
Perpendicular, and the Re6fangle or Product of the two 
Sides. 

. b 

PROBLEM XXI. 
* t 

To deterrriine a Triangle; having given the Lengths of 
three Lines drawn from the three Angl'es, to the Middle of 
the oppofite Sides. • , * ' 

PROBLEM *XXII. 

In a Triangle, having given all the three Sides; to find 
the Radius of the Infcribed Circle. 

PROBLEM XXIII. 

To determine a Right-angled Triangle; having given 
the Side of the Infcribed Square, and the Radius of the In¬ 
fcribed Circle. 

PROBLEM XXIV. 

To determine a Triangle, and the Radius of the Infcribed 
Circle; having given the Lengths of three Lines drawn 

.from the three Angles, to the Centre of that Circle. 

PROBLEM XXV. 

To determine a Right-angled Triangle ; having given the 
Hypothenufe, and the Radius of the Infcribed Circle. 

PROBLEM XXVI. 

To determine a Triangle; having given the Bafe, the 
Line bifeffing the Vertical Angle, and the Diameter of the 
Circumfcribing Circle. 

END of VOL. I. 

R, Noble, Printer, 
Old Bailey, 
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Page 48, The Anfwer to Queftior^o, read 3311, is. 9^d. 

51, Line 12, for 288 readz^S |~£. 

88, Lines 9 and 10, for 834 read 560. 

129.. Anf. to Queftion 8, read 10I. 3s. 4|d. 

165. Ex. 26, far abread \ab. 
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